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PREPACB. 



The present work has been nndertaken at the request 
of many teachers, in order to be placed in the hands of 
beginners, and to serve as an introduction to the larger 
treatise published by the author; it is accordingly based 
on the earlier chapters of that treatise, but is of a more 
elementary character. Great pains have been taken to 
render the work intelligible to young students, by tUe use 
of simple language and by copious explanations. 

In determining the subjects to be included and the 
space to be assigned to each, the author has been gnided 
by the papers given at the various examinations in ele- 
mentary Algebra which are now carried on in this country. 
The book may be said to consist of three parts. The first 
part contains the elementary operations in integral and 
fractional expressions; it occupies eighteen chapters. The 
second part contains the solution of equations and pco- 
Uems ; it occupies twelve chapters. The subjects contained 
in these two parts constitute nearly the whole of every ex- 
amination paper which was consulted, and accordingly they 
are treated with ample detail of illustration and exercise. 
The third part forms the remainder of the book; it con- 
sists of various subjects which are introduced but rarely 
into the examination papers, and which are therefore more 
briefly discussed. 

The subjects are arranged in what appears to be the 
most natural order. But many teachers find it advan- 
tageous to introduce easy equations and problems at a very 
early stage, and accordingly provision has been made for 



Tl PREFACE. 

sHch a course. It will be fonnd that Chapters XIX. and 
XXL may be taken as soon as a student has proceeded as 
flEU* as algebraical multiplication. 

In accordance vdiYi the recommendation of teachers, the 
examples for exercise are very numerous. Some of these 
have been selected from the College and University exami- 
nation papers, and sonie from the works of Saundorson and 
Simpson ; many however are original, and are constructed 
with reference to points which have been shewn to be im- 
portant by the author's experience as a teacher and an 
examiner. 

The author has to acknowledge the kindness of many 
distinguished teachers who have examined the sheets of his 
work and have given him valuable suggestions. Any re- 
marks on the work, and especially the indication of diffi- 
culties either in the text or the examples, will be most 
thankfully received. 

I. TODHUNTER. 

St John's Collkob, 
Jvly 1863. 



Four new Chapters have been added to the present edi- 
tion, and also a collection of Miscellaneous Examples which 
are arranged in sets, each set containing ten examples. 
These additions have been made at the request of some 
eminent teachers, in order to increase the utility of the 
work. 

July 1867. 
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ALGEBRA FOR BEGINNERS. 



1 The Principal Signs, 

1. Algebba is the science in which we reason about 
niimbers, with the aid of letters to denote the numbers, 
and of certain signs to denote the operations pcrformea 
on the numbers, and the relations of the numbers to each 
other. 

2. Numbers may be either known numbers, or num- 
bers which have to be found, and which are therefore 
called unknoton numbers. It is usual to represent known 
numbers by the first letters of the alphabet, a, (, c, &c, 
and unknown numbers by the last letters x,y,z\ this is 
however not a necessary rule, and so need not be strictly 
obeyed. Numbers may be either whole or fmctional. The 
word quantity is often used with the same meaning as 
number. The word integer is often used instead of whole 
number, 

3. The beginner has to accustom himself to the use of 
letters for representing numbers, and to learn the meaning 
of the sipis; we shall begin by explaining the most im- 
portant signs and illustrating their use. We shall assume 
that the student has a knowledge of the elements of Arith- 
metic, and that he admits the truth of the common notions 
required in all parts of mathematics, such as, if equcds he 
added to equals the wJwles are equal, and the like. 

4. The sign + placed before a number denotes that the 
number is to be added. Thus a + & denotes that the num- 
ber represented by 6 is to be added to the number repr» 

T. A. 1 



2 THE PRINCIPAL SIGNS. 

sented by a. If a represent 9 and b represent 3, then a + ft 
represents 12. The sign + is called the plus sign, and 
a + & is read thus ^a.plus b." 

6. The sign— placed before a number denotes that the 
number is to be subtracted. Thus a—b denotes that the 
number represented by 6 is to be subtracted from the 
number represented by a If a represent 9 and b repre- 
sent 3, then a-b represents 6. The sign - is called the 
minus sign, and a — b'vA read thus *' a minus b." 

6. Similarly a + b + c denotes that we are to add b to 
a, and then add c to the result; a + b—e denotes that we 
are to add & to a, and then subtract c from the result; 
a-b'¥c denotes that we are to subtract b from a, and then 
add c to the result; a—b—c denotes that we are to sub- 
tract b from a, and then subtract c from the result. 

7. The sign = denotes that the numbers between 
which it is placed are equoL Thus a = b denotes that the 
number represented by a is equal to the number repre- 
sented by b. And a+6 = <5 denotes that the sum of the 
numbers represented by a and b is equal to the number 
represented by c; so that if a represent 9, and b represent 
3, then c must represent 12. The sign = is called the 
sign of equality, and a=6 is read thus "a equals b" or 
"a is eqiud to b." 

8. The siffn x denotes that the numbers between 
which it stands are to be multiplied together. Thus 
o X 6 denotes that the number repre'^^nted liy a is to bo 
multiplied by the number represented by b. I.f a repre- 
sent 9, and b represent 3, then a x 6 represents 27. The 
sign X is called the sign of multiplication, and a x & is 
read thus "a into b." Similarly axbxc denotes the pro- 
duct of the numbers represented by a, b, and c. 

9. The sign of multiplication is however often omitted 
for the sake of brevity ; thus ab is used instead of axb, 
and has the same meaning; so also abc is used instead of 
axbxc, and has the same meaning. 

The sign of multiplication must not be omitted when 
numbers are expressed in the ordinary way by figurea 
Thus 45 cannot be used to. represent the produet of 4 and 



THE PRmCIPAL SIGNS. 8 

5, because a different meaning has already been appro- 
priated to 45, namely, forty-jive. We must therefore re- 
present the product of 4 and 5 in another way, and 4x5 
IS the way which is adopted. Sometimes, however, a 
point is used instead of the sign x ; thus 4.5 is used in- 
stead of 4x6. To prevent anv confusion between the 
point thus used as a sign of multiplication, and the point 
used in the notation for decimal fmctions, it is advisable 
to place the point in the latter case higher up; thus 

4*5 may be kept to denote 4 + ~ . £ut in fiact the point is 

not used instead of the sign x except in cases where there 
can be no ambiguity. For example, 1.2.3.4 may be put for 
1x2x3x4 because the points here will not be taken for 
decimal points. 

The point is sometimes placed instead of the sign x 
between two letters ; so that a . & is used instead of a x A. 
But the point is here superfluous, because, as we have 
said, ab is used instead of a x &. Nor is the point, nor the 
sign X necessary between a number expressed in the or- 
dmary way by a figure and a number represented by a 
letter; so that, for example, 3a is used instead of 3xa> 
and has the same meaning. 

10. The sign -f- denotes that the number which pre- 
cedes it is to be divided by the number which follows it 
Thus a-^h denotes that the number represented by a is to 
be divided by the number represented by &. If a ^Pf®" 
sent 8, and 5 represent 4, then a■^& represents 2. The 
sign -i- is called the sign qf divinon, and a-i-h Sa read 
thus "a by hr 

There is also another way of denoting that one num- 
ber is to be divided by another; the dividend is placed 

over the divisor with a line between them. Thus ? is 

used instead oia-^h^ and has the same meaning. 

11. The letters of the alphabet, and the signs which 
we have already explained, together with those which may 
occur hereafter, are called oLg^aical symbols, because 
they are used to represent the numbers about which we 
may bo reasoning, the operations performed on them, and 

1—2 



4 EXAMPLES. L 

their relations to each other. Any collection of Algebraical 
gymbold is called an algebraiccU expression, or briefly an 
expression. 

12. We shall now give some examples as an exercise 
m the use of the symbols which have been explained; 
these examples consist in finding the numerical Talues of 
certain algebraical expressions. 

Suppose a=l, 5=2, c=3, ^=6, «=6,/=0. Then 
7a+3&-2rf+/=7-l-6-10 + = 13- 10=3. 
2a6 + 8ftc-atf+c^=4 + 48-6 + = 62-6=46. 

^ ljft.^rf^.^12 120^^^g^g_,^,^,^.j^^^ 
b cd €u: 2 15 3 

4C + 65 _ 12 + 30 _42_. 



Examples. I. 

If a=l, 5=2, c = 3, rf=4, «=5,/=.-0, find the numeri- 
cal values of the following expressions: 

L 9a+26 + 3c-?/: 2. 4«-3a-36 + 5a 

3. lae+Sbc+Bd-af, 4. Sdbc-bcd+dcde-dif. 

5. abcd-^abce + abde-i-acde+bcde. 6. ^ + - + ^-^-^. 

il»« 0%^ f^yi in— yt 

9. 

11. 

13. 



Aa4S %bc Ccd 

T^-d-J-' 


^ 12a ^ 66 ^ 20c 
^- be ^ cd^ de' 


cde 5bcd 6ade 
ab ae be ' 


_^ ^ , , 35<f« 
10. 7^ + 6crf 2a(j' 


2^ + 55 35 + 2<j a + 


b + e + d ,^ 6 + <J+3^ 


. -^ d 


2. • 12. ^_^^^^. 


a+e b4-d c+e 


tf+6+c+rf+« 
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II. Factor, Coefficient, Power, Temu, 

13. When one number consists of tlie product of two 
or more numbers, each of the latter is called a /actor of 
the product Thus, for example, 2x3x5 = 30; and each 
of the numbers 2, 3, and 5 is a /actor of the product 30. 
Or we may regard 30 as the product of the two factors, 
2 and 15, or as the product of the two factors 6 and 5, 
or as the product of the two factors 3 and 10. And so, also, 
we may consider 4ab as the product of the two factors 
4 and a&, or as the product of the two factors 4a and b, 
or as the product of the two factors 4b and a; or we may 
regard it as the product of the three teucion 4 and a and b. 

14. When a number consists of the product of two 
factors, each factor is called the coefficient of the other 
f^tor; so that coefficient is equivalent to co-/actor. Thus 
considering 4ab as the product of 4 and ab, we call 4 
the coefficient of ab, and ab the coefficient of 4; and 
considering 4ab as the product of 4a and &, we call 4a 
the coefficient of b, and b the coefficient of 4a. There will 
be little occasion to use the word coefficient in practice in 
any of these cases except the first, that is the case in which 
4 is regarded as the coefficient of ab; but for the sake of 
distinctness we 8|>eak of 4 as the numerical coefficient of 
db in 4a6, or bnefly as the numerical coefficient Thus 
when a product consists of one factor which is represented 
arithmetically, that is by a figure or figures, and of an- 
other factor which is represented algebraically, that is bjr 
a letter or letters, the lormer factor is called &e numert^ 
eal co^cient, 

15. When all the factors of a product are equal, the 
product is called a power of that factor. Thus 7 x 7 is 
called the sec&nd power of 7 ; 7 x 7 x 7 is called the third 
power of 7; 7x7x7x7 is called the /ourth power of 7; 
and so on. In like manner a x a is called the second power 
of a; axaxais called the third power of a; axaxaxa 
Ib called the /ourth power of a ; and so on. And a itself ia 
sometimes cftlled ihojirst power of a. 



6 FACTOR. COEFFICIENT. POWER. TERM& 

16. A power is more briefly denoted thua: instead of 
expressing all the equal factors, we express the factor once, 
and place over it the niunber which indicates how often it 
is to be repeated. Thus a* is used to denote axa\ a* is 
used to denote a x a x a; a^ is used to denote axay^ay^a^ 
and so on. And a^ may be used to denote the first power 
of a, that is a itself; so that a^ has ths fame meaning at a. 

17. A number placed over another to indicate how 
many times the latter occurs as a factor in a power, is 
called an ind»x qfthe power j or an exponent qf iM power; 
or, briefly, an index^ or exp<menL 

Thus, for example, in a^ the exponent is 3; in a** the 
exponent is n. 

18. The student must distinguish yery carefully between 
a coejSHcient and an exponent. Thus 3(? means three times c; 
here 3 is a coefficient. But <^ means e timee c times e; 
here 3 is an exponent. That is 

Sc=c+c+Cf 

<^=cxcxe. 

19. The second power of a, that is a', is often called the 
square of a, or a squared; and the third power of a, that is 
a\ is often called the cube of a, or a cubed. There are no 
such words in use for the higher powoi-s; a^ is read thua 
"a to the fourth poijoer^^ or briefly **'a to Uie fourth.^ 

20. If an expression -contain no parts connected by the 
signs 4- and -, it is called a simple expression. If an 
expression contain parts connected by the signs + and — 
it IS called a compound expression, and tlie parts • con- 
nected by the signs + and — are called term>s of the ex- 
pression. 

Thus ojr, 4&e, and fiaV* are sunple expressions ; a* + 5* -<^ 
Is a compound expression, and a\ ^, and <^ are its terms. 

21. When an expression consists of two terms it is 
called a binomial expression: when it consists of three 
terms it is called a trinomial expression; any expression 
consisting of several terms may be called a miUttnomiai 
expression, or a polynomial expression. 



FACTOR. COEFFICIENT. POWER. TERMS. 7 

Thus 2a + 3& is a binomial expression; a— 25 + 5c is a 
trinomial expression; and a—h-^c—d—e may be called a 
multinomial expression or a polynomial expression. 

22. Each of the letters which occur in a term is 
called a dimension of the term, and the number of the 
letters is called the degree of the term. Thus a^ft^c or 
axaxb^bxbxc h said to be of six dimensions or of 
the sixth degree. A numerical coefficient is not counted ; 
thus yd^b* and a^b* are of the same dimensions, namely 
seven dimensions. Thus the word dimensions refers to 
the number of algebraical multiplications involved in the 
term ; that is, the degree of a term, or the number qf its 
dimensions, is the sum qf the ej-ponents qf its algebraical 
/actors, provided we remember that if no exponent be 
expressed the exponent 1 must be understood, as indicated 
in Art. 16. 

23. An expression is said to be homogeneous when all its 
terms are of the same dimensions. Thus 7a^ + Sa^b + 4abo 
is homogeneous, for each term is of three dimensions. 

We shall now eive some more examples of finding the 
numerical values of algebraical exprctssions. 

Suppose a=l, b = 2, <:=3, rf=4, <?=6,/=0. Then 
52=4^ ^=8^ 5*= 16, ft« = 32. 
36'=3x4=l2, 6&» = 6x8=40, 96» = 9 x 32 = 288. 
^=6^=6, «* = 6* = 25, tf«=6"=125. 
a'6»-l X 8 = 8, 36V=3 x 4 x 9 = 108. 
d'+c»-7a5+/'=64 + 9-14 + 0=69. 
3c^-^-l0 27-12-10 6 , 



c»-2ca+6<:-23 27-18 + 16-23 1 
^ + rf» c»-a» ^ 125 + 64 27-1 
e^d " c-a 6 + 4 3-1 
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Examples. IL 

If a=l, & = 2, <?=3, rf«4, «=5,/=0, find the numerical 
▼Bines of the following expresj^iontt: 

1. a«+5«+c"+d«+«"4-/». 

2. ^-^+c"-i> + a». 

3. alx^ + hccP-dea*-^/^, 

4. c*-2c« + 4<;-13. 

6. a' + Sa-ft+SoJ^ + ft'. 

7 ^ 4. ^ _ ?? 

^' 4a &• e»** 



10. 
11. 
12. 



2e + 2 


3^-9^ 


«•-! 


7-3 -^ 


e-2^ 


«+3' 




6 ■*• . • 


"aH6» 


-^ 


66» «« + <? 
■6« «■ 


28 


— 4- — 


12 . 






13. ^ 14 ""i^* 
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IIL Remaining Sigiis, BraekeUlk 

24. The difference of two numbers is some^mes de- 
noted by the sign ~; thus a'^h denotes the difference of 
the numbers represented by a and b ; and is equal to a —6, 
or h—a, according as a is greater than h^ or less than h : but 
this symbol - is very rarely required. 

25. The sign > denotes is greater thatiy and the 
sign < denotes is less than; thus a >6 denotes that l^e 
number represented by a is greater t^an the number 
represented by 6, and 6 < a denotes that the number re- 
presented by & is less than the number represented by a. 
Thus in both cases the opening of the angle is turned 
towards the greater number. 

26. The sign .*. denotes then or there/ore; the sign '.* 
denotes since or because. 

27. The sqtiare root of any assigned number is that 
number which has the assigned number for its square or 
second power. The ci£t>e root of any assigned number is 
that number which has the assigned number for its cvibe or 
third power. The fourth root of any assigned number is 
that number which has the assigned number for its fourth 
power. And so on. 

Thus since 49=7', the square root of 49 is 7; and so if 
<!=&•, the square root of a is b. In like manner, since 
125=63, the cube root of 125 is 5; and so if a^c^, the cube 
root of a is c 

28. The square root of a may be denoted thus IJa; 
but generally it is denoted simply thus ^a. The cube root 
of a is denoted thus ija. The fourth root of a is denoted 
thus tja. And so on. 

Thus >/9=3; ^8=2. 

The sign J is said to be a corruption of the initial 
letter of the word radix. 



10 REMAINING SIGNS. BRACKETSi 

29. When two or more numbers are to be treated at 
forming one number they are enclosed withm brackete. 
Thus, suppose we have to denote that the sum of a and b 
is to be multiplied by c; we denote it thus (a + Z/)x<; or 
{a + b)xCy or simply (a -f- b)c or {a + b}c; here we mean that 
the wlholeoi a -f 6 is to be multiplied by c. Now if we omit 
the brackets we have a + bCy and this denotes that b ofdy 
is to be multiplied by c and the result added to a. Simi- 
larly, {a+b'-c)d denotes tliat the result exi»res8ed bj 
a-^b—c is to be multiplied by d, or that tiie vyhUe of 
a-^-h—c is to be multiplied by d\ but if we omit the 
brackets we have a + b—cdy and this denotes that c only 
is to be multiplied by d and the result subtracted from 

So also {a—b + c)x{d+e) denotes that the result ex- 
pressed bya-fe + cis to be multiplied by the result ex- 
pressed hy d-¥e. This may aLo be denoted simply thus 
\a-'b+c)(d+e)\ just as a x 6 is shortened into ab. 

So also »J{a+b + c) denotes that we are to obtain the 
result expressed by a + & + {;, and then take the square root 
of this result 

So also {ab)* denotes ab'Kab; and {ab^ denotes chxcibxab. 

So also (a + &-c)-?-(^+«) denotes that the result ex- 

Eressed bya+6-cistobe divided by the result expressed 
y rf+d. 

30. Sometimes instead of usine brackets a line rm 
drawn over the numb ers whic h are to be treated as formmg 
one number. Thus a-b+cxd+e is used with the same 
meaning ss (a—b+c)x{d+e), A line used for this pur- 
pose is callea a vinddum. So also (a + & — c) -4- (rf + «) may 

be denoted thus , ^ ; and here the line between 

d+e ' 

a+b—c and d + eia really a mnciUum used in a particular 
sensa 

31. We have now explained all the signs which are 
used in algebra. We may observe that in some cases the 
word sign is applied specially to the two signs + and — ; 
thus in the Rule for Subtraction we sludl spesOi of chmnsring. 
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liU ngiit^ ineaniBg the signs + and — ; and in multiplica- 
tion and division we shall speak of the Rtde qfSign$, mean« 
ing a rule relating to the signs + and ~. 

32. We shall now give some more examples of finding 
the numerical values of expressions. 

Suppose a»l, &»2, c^^ ^»5, 0»8. Then 
^(2ft + 4c)- J(4+12)«^(16)-4.- 
,y(4c-2&)«y(12-4)=y(8)-2. 

«V(264.4<?)-(2rf-6)^(4c-2&)«8x4-8x 2-32- 16-16. 
^{(«-&)(2<J-6&)}« V{(8-2)(16- 10)}- ^/(6 X 6)-6. 
{(«-<Q(& + c)-(rf-c)(c-»'a)}(a+^-{3x6-2x4}6-7x6-42. 
J^(<:»+3c^+3<;62+&»)-r Jia^+h'-^db) ' 

-y(27 + 54 + 36 + 8)-r,^(l + 4-4)-4/(126)-».l-fi. 



EZAMPLE& III. 

If a— I, &— 2, c«3, ^—6, e^Sf find the numerical 
Yulues of the following expressions : 

1. a(p^€). 2. b{c+d). 3. c{e-d). 

4. 6*(a«+<^-c«). 6. c^^-5»-^. 6. ^^^,-. 

10. (a+25+3c+5«-4(i)(6«-5rf-4c-36 + 2a). 

11. (a«+J»+c»X^-rf«-.c^. 12. (3rf«-7c^l . 
13i e^/{cP-Se)+d^{(P + Se), 

14. 4J-{n/(iJ+1) + 2} + («-^«)J(<?-4). 

15. sl(fl^-^2ab+V)x y(a?»+3a2& + 3ai>*+M). 
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IV. Change qf the order qf Termt. Like Terms. 

33. When all the terms of an expression are connected 
by the sign + it is indiflferent in what order they are 
placed; thus 5 + 7 and 7 + 5 give the same i*esult, namely, 
12; and so also a+h and b + a give the same result, namely, 
tlie sum of the numbers which are represented by a and 6. 
We may express this fact algebnucally thus, 

a+&as6 + a. 

Similarly, a + 5+c=a+c+6=6 + c + a. 

34. When an ttxpression consists of some terms pre- 
ceded by the sign + and some terms preceded by the 
sign —, we may write the former terms first in any order 
we please, and the latter terms after them in any order we 
please. This is obvious from the common notions of aritU- 
metia Thus, for example, 

7 + 8-2-3=8 + 7-2-3-7 + 8-3-2«8 + 7-3-2, 

a+5-c-«— 6+a-c— e=a+6-tf— c— 5 + a-tf-c. : 

35. In some cases we may change the order of the 
terms further, by mixing up the terms which are preceded 
by the sign - with those which are preceded by the sign +. 
Thus, for example, suppose that a represents 10, and b re- 
presents 6, and c represents 5, then 

a + b—c^a-c-^b—b—c-ha; 

for we arrive without any difficulty at 11 as the result in 
all the cases. 

Suppose however that a represents 2, b represents 6, 
and c represents 5, then the expression a — c + b presents a 
ditliculty, because we are thus apparently required to take 
a greater number from a less, namely, 5 from 2. It will 
be convenient to agree that such an expression as a— c + 6, 
when c is greater than a, shall be understood to mean the 
Bwne thing as a + 6 - c. At present we shall not use such 
an expression as a+b—c except when c is less than a + b; 
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BO that a-^h-c will not cause any difficulty. Similarly, we 
shsdi consider — 6 4- a to mean the same thing as a - 6. 

36. Thus the numerical value of an expression remains 
the same, wliatevor may be the order of the terms which 
compose it. This, as we have seen, follows partly from our 
notions of addition and subtraction, and partly from an 
agreement as to the meaning which we ascribe to an ex- 
pression when oar ordinary arithmetical notions are not 
strictly applicable. Such an agreement is called in algebra 
a convention, and conventional is the corresponding ad- 
jectiva 

37. We shall often, as in Art. 34, have to distinguish 
the terms of an expression which are preceded by the sign 
-♦- from the terms which are precedea by the sign — , and 
tlie following definition is accordingly adopted. The terms 
in an expression which are preceded by the sign + are 
called positive terms, and the terms which are preceded 
by the sign — are called negative terms. This definition is 
introduced merely for the sake of brevity, and no meaning 
is to be given to the words positive and negative beyond 
what is expressed in the definition. 

38. It will be seen that a term may occur in an ex- 
pression preceded by no sign, namely the first term. Such 
a term is counted with the positive terms, that is it is 
treated as if the sign + preceded it It will be found that 
if such a change be made in the order of the terms, as to 
bring a term which originally stood first and was preceded 
by no sign, into any other place, then itwiU be preceded by 
toe sign +. For example, 

a+&— <;=&4-a— c==&-c-f a; 

here the term a has no sign before it in the first expres- 
sion, but in the other equivalent expressions it is preceded 
by the sign -f. Hence we ha\;e the following important 
addition to the definition in Art 37 ; (/*« term he preceded 
hy no sign, the sign + is to be understood, 

39. Terms are said to be l^ce when they do not differ 
at all or differ only in their numerical coefficients ; other- 

* I they are said to be unlike. Thus a, 4a, and la are 



I 
14 LIKE TERMS. 

like temu; a*, 6a^, and 9<^ are like terms; d^, a^ and U^ 
are unlike temuk 

40. An expression which contains like terms may be 
simplified. For example, consider ti^e expression 

l^ Art 36 this expression is equivalent to 
6a-a-2a4-3&-5 + 5<;+3<;. 

Now 6a-a-2a«3a; for whatever nnmber « may re- 
present, if we subtract a from 6a we have 5a left, and*Uien 
if we subtract 2a from 5a we have 3a left. Similarly 
86- &»26; and 5c+ 36=8c Thus the proposed expression 
may be put in the simpler form 

3a + 2d + 8c 

Again; consider the expression a— 3b — 4b, This is 
equal to a -lb. For if we have first to subtract 32) from 
a number a, and then to subtract 4b from the remainder, 
we shall obtain the required result in one operation hj 
subtracting lb from a; this follows from the common no* 
tions of Arithmetia Thus 

a-36-4&=a-7&. 

41. There will be no difSculty now in g^vmg a meatt« 
ing to such a statement as the following, 

-36-4fc--7^ 

We cannot subtract 35 frx)m nothing and then subtract 
4b from the remainder, so that the statement just given is 
not here intelligible in itself, separated from the rest o7 an 
algebraical sentence in which it may occur, but it can be 
easily explained thus: if in the course of an algebraical 
operation we have to subtract Sb from a number and then 
to subtract 4b from the remainder, we may subtract 75 at 
once instead. 

As the student advances in the subject he may be led 
to conjecture that it is possible to give some meaning to 
the proposed statement by itself, that is, apart from any 
other algebraical oi)eration, and this conjecture will be 
found correct, when a larger treatise on Algebra can be 
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consulted with adyantajge; but the explanation which we 
have given will be sufficient for the present 

• 
42. The simplifving of expressions by collecting like 
terms is the essential part of the processes of Addition and 
Subtraction in Algebra, as we shall see in the next two 
Chapters. 

It may be useful for the beginner to notice that acconl- 
ing to our definitions the following expressions are all 
equivalent to the single symbol a : 

oS 1 X a, a X 1, p 
+ aS + I X a, + a X 1, + -. 
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If a»l, &»2, <;»3, ^»4, 6«6, find the numerical 
values of the following expressions: 

I. a-2b^4c, 2. a-f^^^-<^ + d*, 

3. {fl-\-h){h + c)-^ +c){c + d) + {c + d) {d+e), 
Aa+Sb 4c + Sd bd + 4e 
b + c b + d a + d + e' 
6. ia-2b+Sc)*-{b-2c + Sdy' + {c-2d+3e)\ 
6. a* - 4a»5 + SaV;^ - 4a6« + b\ 
,_ y-2ftc-t-c* g* - 4aV 4- da^c^— 4ac^ -4- c* 

^* a*-2ab+I^' b* - 4«r»c + iil/c'-4bc'+ c< • 

9. 7o~26-3c-4a + 5ft + 4r + 2a. 

10. 6o« + 3a5-2ft«-aft + 9?^-2a&-7ft". 

11. 3a*-2a« + 6rt + o'-i-a + 9a*-4a*-6aw 

,„ a* + 2a& + &' 6* + 2ftc + c* <j2 + 2cfi?+d* 

1 A r "- , - + ;; . 

a+0 o+c c+a 

13. V(4<^+6flP+^). 14. ^/(«2 + rf•+(J»-«% 

IC ^(2^2+75). 16. ^(2&«+c"-a). 
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V. Addition. 

43. It is conrenient to make three cases in Addition, 
namely, I. When the tei-ms are all like terms and have the 
same sign; 11. When the terms are all hke terms but 
have not all the same sign; 111. When the terms are not 
all like terms. We shall take these three cases in order. 

44. I. To add like terms which have the same sign. 
Add the numerical coefficients, prefix the common tifffiy 
and annex the common letters. 

For example, 6a + 3a + 7a =» 1 6a, 

^2be-1bc—9bc^ -ISbc. 

In the first example 6a is equivalent to +6a, and 16a 
to + 16a. See Art 3& 

45. II. To add like terms which have not all the 
same sign. Add all the positive numeruxd coejficients 
into one sum, and all the negative numerical coefficients 
into another; take the difference of these two sums, 
prefix the sign qf the greater, and annex the common 
letters. 

For example, 

7a-3a + lia+a-5a-2a=19a-10a=«9a, 
26c-76c~36c + 46c + 56c-6ftc=:llftc-166c=-5J<?. 

A^^\J^}: T? *^ *®™s ^^*ich are not afl like temw. 
iJrij^.t^ '^ '^^^ ^'^^ <^re like terms htf the rule 
TJJi^J!^', ^^^' ^""^ P^ ^oum tlis other ^erms each 
preceded by its proper sign. 

For example; add together 

4a+56-7c+3rf, 3a-6 + 2^ + 6rf, 9a-2d-c-d; 

and -a + 36 + 4<?-3rf + «. 

that Kk«^^SI!?^®?*n*® arrange the terms m columns, si 
^t like terms shall stand £ the same column; thus wo 
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15a + 6&-2c + 4rf+tf 



Here the terms 4a, 3a, 9a, and -a are all like terms; 
the sum of the positiye coefficients is 16; there is one term 
with a negatiTO coefficient, namely — a, of which the co- 
efficient is 1. The diflference of 16 and 1 is 15; so that 
we obtain +15a from these like temis; the sign + may 
howeyer be omitted by Art. 38. ^milarly we hare 
65 - 6 — 2& + 3&»5&. And so on. 

47. In the foQowing examples the terms «re antmged 
ffdtaUy in columns : 

«» + 2j:*- 3a?+l a*+ aft+ 6*-d 

4aj»+7«*+ «-9 3a"-3a6-76* 

-^2flj3+ «•- 9a?+8 4a"+5aft + 96» 
-3aj»- ««+10j?-1 a^-Zab-^ 



9aj*- a-l 9a* -tf 

In 'the first example we haye in the first column 
a^+4^-2jfi-S^, that is 6aj*— 6j?*, that is, nothing; this 
is usually expressed by saying the terms tchich involve a^ 
cancel each other. 

Similarly, in the second example, the terms which in- 
Yolye ab cancel each Other; and so also do the terms which 
isTolye 6". 

7«"-3^ + a 

3«» - y"+ 3^1?- y 

— 2«*+4iry+6y*— «?-2y 

-7«y- y"+ 9a?-6y 

4^ +4y»- 2r 

12«»-6«^+7^+10i»^8y 
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Add together 

1. 3a-2&, 4a-5&, 7a-ll5, a+9ft. 

2. 4a:»-3y«, a**-5y', -jr^ + y*, -2aj«+4y*. 

3. 5a+3& + c^ 3a + 3& + 3<?, a + 3& + 5<;. 

4. 34?+2y-;8f, 2jr-2y + 24r, -jp + 2y + 34r. 
6. 7a-4& + c, 6A+35-6C, -12a + 4c 

6. a?-4a+*, 3a;4-2^, a-.iP-56. 

7. a + &-c, 6+c-a, c+a-6, a + 5— & 

a a + 2& + 3c, 2a-d-2c, b-a-c, c—a—b. 
9. a-26 + 3<J-4<f, 3ft-4<j + 5rf-2a, (k?-6rf+3a-4&, 
7if-4a + 5&-4a 

10. «*-4fl^ + 5a?-3, 2«»-7aj*-14a? + 5, -a:» + 9««+a? + a 

11. ar*-2jB»+3a:», ^+«* + a?, 4Jt* + 6^, 2it?8+34r-4, 

-3a^-2a?-6. 

12. a5-3a»&+3«6'-2i», 2a'+6a^-6aft«-76*, 

a"-a6" + 2e». 

13. «»-2flkc"+a*;»+a^/ «»4 3<mj', 2a"-a«*-2^. 

14. 2a5-3a^+2a2a?, 12ad + 10a:v'-6a'a?, 

15. aj* + y*+;y», -4«'-6;»*, &c"-7j^ + 10;»*, 6y*-6;^^ 

16. 3a:"-4j:y + y«+2a? + 3y-7, 2a:*-4y*+3;i?-5y + 8, 

10a?y+8y"+9y, 6;i?^-6;ry + 3y*+7«-7y+ll. 

17. ar*-4a:»y+6a?y-4a?y» + y*, 4;»»y-12ajV+12«y'-4y* 

6a:"y» - 1 2xy^ + 6y*, 4;i!y' — 4y*, y*. 

18. st^-^fxy^^xz^-x^y-xyz-s^z^ 

s^+y^-^-yz^-ary^-y^z-xyzt 



SUBTRACTION. W 



VI. Subtraction. 

48. Suppose we hare to take 7 + 3 from 12 ; the result 
is the same as if we first take 7 from 12, and then take 3 
from the remamder; that is, the result is denoted by 
12-7-3. 

Thus 12-(7 + 3)=12-7-3. 

Here we enclose 7 + 3 in brackets in the first expression, 
because we are to take the whole of 7 + 3 from 12; see 
Art 29. 

Similarly 20-(6 + 4 + 2)=20-5-4-2. 

In like manner, suppose we have to take h-\-c from a; 
the result, is the same as if we first take h from a, and 
then take e from the remainder; that is, the result is 
denoted by «— 6 -c. 

Thus a— (&+c)=a— &— c. 

Here we enclose h-\-cm brackets in the first expression, 
because we are to take the whole oih+c from a. 

Similarly a-(&+c+rf)=a-6-<j-dL 

49. Next suppose we have to take 7-3 from 12. If 
we take 7 from 12 we obtain 12-7; but we have thus 
taken too much from 12, for we had to take, not 7, but 7 
diminished by 3. Hence we must increase the result by 3; 
and thus we obtain 12-(7-3)=«12-7 + 3. 

Similarly 12-(7 + 3-2)=12-7-3 + 2. 

In like manner, suppose we have to take h—c from a. 
If we take d from a we obtain a- 6; but we have thus 
taken too much from a, for we had to take, not &, but h 
diminished by c. Hence we must increase the result by c; 
and thus we obtain a-(&-c)=a— 6 + c. 

Similarly a-(&+c-rf)=a-6-c+d 

50. Consider the example 

a-(5 + c-^ = o-&-c+(f; 
that IB, if 5+c-J be subtracted from a the result if 
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a-b—e-¥d. Here we see that, in the expression to be 
subtracted there is a term —d, and in the result there is 
the corresponding term +d; elao in the expression to be 
subtracted there is a term + c, and in the result there is a. 
term -c; also in the expression to be subtracted there is a 
term b, and in the result there is a term — b. 

From considering this example, and the others in the 
two preceding Articles we obtain the following rule for 
Subtraction : change the signs qf aU the terms tn the ex- 
pression to be subtracted, and then collect ths terms m in 
Addition, 

For example; from 4x—3tf+2z subtract Sx^y4-z. 
Chan]^ the signs of all the terms to be subtracted ; thus 
we obtain -'Zx+y—z; then cdlect as in isuidition; thus 

4^ - 3y + 2^— 3;r + y - ;? = a?— 2y + ;8r. 

From 3aj*+&»3-6a!2-7a? + 5 take 2:i^-2aj» + 5d^ -&i?-7. 

Change the signs of aU the terms to be subtracted 
and proceed as in additicm ; thus we ha^e 

— 2«*+2a?*- 5;iJ*+Ca?+ 7 



«*+7aj'-lL»*- « + 12 



The beffinner will find it prudent at first to go through 
the operation as fully as we nave done here; but he may 
gradually accustom himself to putting down the result 
without actually changing all the signs, but merely sup- 
posmg it done. 

61. We hare seen that 

Thus oorrespon^ng to the term -c in the expression 
to be subtraxsted we have +c in the result. Hence it is 
not uncommon to find such an example as the following 
£^S?^ '""^ exercise: from a subtract -c; and the result 
^^™ -*»/+^; The beginner may explam this in the 
not in [f^if w . ' °y considering it as having a meaning, 
SSLw^}^ ^""^ ? connexion witih some other parts of au 
algebraical operation. 
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It is usual however to offer some remarks which will 
seiTe to impress results on the attention of the beginner, 
and perhaps at the same time to suggest reasons for them. 

Thus we maysay that a^^^a+e-c, so that if we subtract 
-^c from a there remains a-hc. 

Or we may say that + and — denote operations the re- 
verse of each other ; thus —c denotes the reverse of + e, and . 
so —(—c) will den(^ the reverse of the reverse of +c, that 
is, — ( ~ c) is equivalent to -»- <?. 

But, as we have implied in Art 41, the beginner must 
be content to defer untU a later j)eriod the complete expla- 
nation of the meaning of operations performed on negative 
quantities^ that is, on quantities denoted by letters with 
the sign - prefixed. 

It should be observed that the words addition and 
subtraction are not used in quite the same sense in Algebra 
as in Arithmetic. In Arithmetic addition always produces 
increase and subtraction decrease; but in Algebra we may 
speak of adding —3 to 6, and obtaining the Algebraical 
sum 2; or we may sjpeak of subtracting —3 from 6, and 
obtaining the AlgSratcal remainder S. 

Examples. VI. 

1. From *Ja + 14& subtract 4a + 106. 

2. From ea-2b-c subtract 2a-2&-3<?. 

. 3. From 3a— 2& + 3<j subtract 2a-7&-c— dL 

4. From7«"-8;p-l subtract 6^- &P+ 3, 

5. From 4a^- 3^^—2^-70? 4- 9 

subtract a?* - 2aj* - 2«2 + 7^ -^ 9. 

6. From 2a^-'2aa!+Zcfl subtract ^-odf+a". 

7. Vrom a^-Zxp-y*+pz-2jg* 

sublauct ^ + 2a^+ 5^?^? - 3y' - 2^* 

& From6a?2 + &i?y-iai?j»-4y*-7y^-64r" 

subtract 2^ - Ixy + 4az — 'Sy^ + 6yz — 6s^, 

9. From a"-3a*6+3a6*-6s subtract -a» + 3a«6-^!J<rf«+y. 

10. From 74:"'-2«*+2a?+2 subtract 4;i:S_2;ij»-2a?- 14, 

and from the remainder subtract 2a^ - ^ + 4«+ 16^ 
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VII. Brackets. 

52. On account of the extensiye nse which is made ci 
brackets in Algebra, it is necessary that the student should 
observe very carefully the rules respecting them, and we 
shall state them here distinctly. 

When an expression within a pair cf brackets is pre^ 
ceded hy the sign + the brackets may be removed* 

When an expression within a pair qf brackets is pre- 
ceded by the sign — the brackets may be removed if the 
sign of every term within the brackets be changed. 

Thus, for example, 

a—b''{c-d-\-e)=a—b-c+d-e. 

The second rule has already been illustrated in Art 50 ; 
it is in fact the rule for Subtractian. The first rule might 
be illustrated in a similar manner. 

53. In particular the student must notice such state- 
ments as the following: 

These must be assumed as rules by the student, which 
he may to some extent explain, as in Art 41. 

54. Expressions may occur with more than one pair of 
brackets : these brackets may be removed in succession by 
the preceding tules beginning with the inside pair. Thus, 
for example, 

a-{'{b-{e-d)}^a+{b-c-{'d)==a-\-b-c + dj 
a-{& + (<j-rf)}=a-{6+c-</}=a-6-c+rf, 
a-{b-(c-d)}^a-{b '•C'\-d}—a-b+c-d. 
Similarly, 

a^[b-{c-{d-e)}]=^a-lb'-{p''d+e}'] 

It will be seen in these examples that, to prevent con- 
fusion between various pairs of brackets, we use brackets 
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of different tJuipes; we might distinguish by using brackets 
of the same shape but of different sizes, 

A vinculum is equivalent to a bracket; see Art 301 
Thus, for example, 

a-[&-.(c-(rf-^')}]=a-[6-{c-(rf-a4./)}] 

^a-h+e-d+e-f, 

55. The beginner is recommended always to remove 
brackets in the order shewn in the preceding Article; 
namely, by removing first the innermost pair, next the in- 
nermost pair of all which remain, and so on. We may how- 
ever vary the order; but if we remove a pair of brackets 
including another bracketed expression within it, we must 
%ncUce no cliange in the signs qf the included expression. 
In fact such an included expression counts as a single term. 
Thus, for example, 

a+{&+(c-rf)}=a+ft+(<j-rf)=a+&+c-<l, 

a'-\b-\-\c—d)}='a-'b-{e-d)=^a-h'-e-{'d^ 
a-{b'-{c-d)}=a-b+(fi-d)=^a-b + c-d> 
Also, •a-[6-{c-(c;-^)}]-a-6 + {c-(c;-«)} 

=a—b + e—{d-e)^a-'b+c—d+e. 
And in like manner, a - [6 — (c - (rf - « -/)}] 

^a-b + {c-{d-e~^)}=^a-b-\-C'-{d-i^ 
^a—b + c-d+e-f^a-b+c-d+e-f, 

56. It is often conveniept to put two or more terms 
Withiu brackets; the rules for introducing brackets follow 
immediately from those for removing brackets. 

Any number of terms in an expression may be put 
within a pair of brackets and the sign + placed bqfore 
the whole. 

Any number qf terms in an expression may be vui 
trilhin a pair of brackets and the sign - placed b^ore 
the whole, provided th^ sign of evei^f term within ths 
brackets be changed. 
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Thus, for example, a-d+^-^+a 

=a-ft + (<:-rf+e), or =a-d+c4-(-<r^^\ 

or -a-(6-<;+rf-tf), or -a-6-(-c+rf-«). 

In like manner more than one pair of bi«cketo maw 
be introduced Thus, for example, 

EZAMPLBSL YIL 

Simplify the following expressions by removing the 
bnu.lcets and collecting like terms: 

1. 3a--6-(2a-6). 2. «-& + <?-(a-6-4 

3. l-(I-<i)'f(l-a+a«)-(l-a+a«-a'). 

fi. a-6 + c-(6-a+<:) + (<j-a + 6)-(a-<;+6). 

6. 2:i?-3y-34?-(a?-y+24r) + (a? + 4y+6;8r)-(;if-«-y). 

7. a-{6-c-(rf-«)}. 

9. a-{26-(3<j+26-a)}. 10. 2a -{6 -(a -25)}. 

11. 3a-{&+(2a-&)-(a-5)}. 

12. 7a-[3a-{4a-(6a-2«)}3. 
13. 3a-[&-{a+(6-3a)}]. 

14. 6a-[45-{4a-(6a-4&)}]. 

15. 2a-(3& + 2c)-[56-(6c-66) + 5tf-{2a-(c + 26)}]. 

16. a-[2& + {3c-3a-(a+&)} + {2a-(6+c)}]. 

17. 16-{6-2a?-[l-(3-a?)]}. 
J5. 15;c-{4-[3-5a?-(3;i?-7)]}. 

19. 2a -[2a -{2a -(2a -2^^)}]. 

20. 16-/»-[7a?-{8a?-(9a?-3^^=li)}]. 

21. 2a?-[3y-{4a:-(5y-6^i:7y)}]. 

22. 2a-[;j6+(26-c)-4c + {2a-(35-c-25)}]. 

23. a-[5&-{a-(5c-2S^-46) + 2a-(a-2d7c)}3. 

24. ;P*-[4;»3-{6;r«-(4;p-l)}]-(a?* + 4a:» + 6«» + 4«+lX 
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VIII. MtdtiplicdUion, 



/ student is supposed to know that the product 
7^ r of factors is the same in whatever order the 
Se taken; thus 2x3x6 = 2x5x3=3x5x2; 
\ like manner abc^^iu^—hca, and so on. 

"2^ .«(«+&) and («+6)c are equal, for each de- 

V^ ^.^ Muct of the same two factors; one factor 
'^ ""^ ^e other factor a + b. 

^^ ..^ ient to make three cases in Multiplication, 

/\C^ \. \L^ -multii^cation of simple expressions; II. The 

^"^l f of a compound expression by a simple ex- 

The multiplication of compound expres- 
\ ,^ ^ <^11 take these three cases in order. 

/ t^ / ^^ Appose we have to multiply Za by 46. The 

ae written at full thus 3 x a x 4 x 6, or thus 

Q id it is therefore equal to \2db. Hence we 

Jk/ ^ ^i^'*^ '^^^ ^^^ ^® multiplication of simple ex- 

'^Z ^UHplj/ together the numerical coejicients 
w«v» j,^ ters after thU prodtict* 

Thus for example, 

7a X 36c=21a6<?, 
4axbb'<Zc=^%0dbc, 

59. The potters qf the same number are multiplied 
together by (Ming the exponents. 

For example, suppose we have to multiply a' by a\ 

By Art. 16, €^=^axaxa, 

and a'^'^axa; 

therefore o^ x a^—a xaxdxax a=a^—a^*\ 

Similarlf, t^xt^^cxcxexcxcxcxc^c'^c^'^K 

In like manner the rule may be seen to be true in any 
other case. 
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60. II. Suppose we have to multiply a+5 by 3. We 
have 

Similarly, 7(a + 6) = 7a + 76. 

lu the same manner suppose we hare to multiply a-¥\ 
by c. We have 

In the same manner we have 
3(a-6)=3a-36, 7(a-ft)=7a-7&, <a-&)=«»-c&. 

Thus we have the following rule for the multiplication 
of a compound expression by a simple expression; mtUtiplp 
each term of t/ie compound expression by the simple ex- 
pression, and piU the sign of the term btfore the result; 
and collect these results to form the complete product. 

61. III. Suppose we have to multiply a+bhj c + d. 
As in the second case we have 

{a+b) {c-\-(r)=a(e+d)-^b(c-^d); 
also a(C'\-d)=ae-\-ad, b(c+d)=be+bdi 

therefore (a + b){e +d)=ac+ad-i-bc+bd. 
Again ; multiply a—bhjc-hd 

la-b){c+d)=a{c+d)-b{c-^d); 
also a{c-hd)=ae+ady b{c-k-d) = be-\-bdi 

therefore 

(a-b){C'k-d)=:ae-\-ad-{bC'\-bd)=:ac+ad-be''bd, 
Similarly ; multiply a + bhj c-d. 

s=ca'hcb-(da-\-db)=ca-^€b'-da—dbk 
Lastly; multiply a— b hy c-d, 

(a-b)(c-d)=(c-d)a-{c-d)b; 
also {c-d)a=ac-ad, {c-'d)b=bc-bd; 

therefore 

{a-bXc— d)=ac—ad - (bc''bd)= ac—ad-bc+bd. 

Let us now consider the last result. By Art 38 we 
may write it thus, 

(+a-&X+c-cO= +aC'~ad' bc+bd. 



MULTIPLICATION. 27 

"We see that corresponding to the +a which occurs 
in the multiplicand and the + c which occurs in the multi- 
plier there is a term + oc in the product ; corresponding to 
the terms +a and —d there is a term ^ad in the product; 
corresponding to the terms —h and -^c there is a term 
— hcxTi the product; and corresponding to the terms— 6 
And —d there is a term + 'bd in the product. 

Similar observations may be made respectmg the other 
three results ; and these obseiTations are briefly collected 
in the following important rule in multiplication : like signi 
prodtice + and unlike signs-. This rule is called the 
Rule of Signs, and we shall often refer to it by this name. 

62. We can now give the general rule for multip]yin|f 
algebraical expressions ; multiply each term qf the multi- 
plicand by each term qfthe multiplier; if the terms have 
the same sign prefix the sign + to the product^ if they 
have different signs prefix the sign —; then collect these 
results to form the complete prodiu:t. 

^or example ; multiply 2a + 3& - 4e by 3a — 46. Here 

(2a + 36-4<;) (3a-4&)=3a (2a + 36-4c)-46 (2a + 36-4c) 

=6a2 + 9a6-12ac-(8a6 + 126«-166c) 

= 6a^+9a6-l2a<;-8a6-126«+166c. 

This is the result which the rule will give; we may 
simplify the result and reduce it to 

6a* + a6-12ac-126«+166c. 

We might illustrate the rule by using it to multiply 
6— 3 + 2 by 7 + 3-4; it will be found that on working by 
the rule, and collecting the terms, the result is 30, that is 
5 X 6, as it should be. 

63. The student will sometimes find such examples as 
t;he following proposed: multiply 2a by — 4&, or multiply 
— 4<J by 3a, or multiply -4<: by -46. 

The results which are required are the following,^ 
2a X —46=— 8a6, 
^4ex 3a = -12a<^ 
-4cx-46« 166c 
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The student may attach a meaning^ to these operatioiui 
in the manner we have already explained ; see Article 41* 

Thus the statement --4cx -46 = 16ftc may be under* 
8t<ood to mean, that if - \c occur among the terms of a 
nmltiplicand and - 46 occur among the terms of a multi- 
plier, there will be a term 162^ in tne product c<»Tespo]id- 
ing to them. 

Particular cases of these examples are 
2ax-4--8a, 2x-4=-8, 2x-ls;=-2. 

64. Since then such examples may be given as those 
in the preceding Article, it becomes necessary to take ac- 
count of them in our rules ; and accordingly the rules for 
multiplication may be conveniently presented thus : 

To multiply simple terms; imdtiply together the nu- 
merical coefficients, put the letters coffer this product and 
determine the sign by the Ride cf Signs. 

To multiply expressions; multiply each, term in one 
expression by each term in the other by the rule for mid- 
tiplying simple terms, and collect thsse partial products to 
form the complete product, 

65. We shall now give some examples of multiplication 
arranged in a convenient form. 



a +b 
a +b 


+6» 


a +6 
a -6 


55« 
35^ 

5a^ 

8a^ 
9a^ 


aj»+3a? 
x-l 


a^+ab 

+ ab + b^ 


a^+ab 
-^ab--}^ 

3a«- 4a6 + 
a*- 2a6 + 

3a*- 4a'& + 
- 6a»6 + 

+ 


0^ + ^ 


a*+2ab + b^ 

a^-ab^c^ 
a A-b 


^-¥20^-^ 


a^~a^b + ab^ 
•^a^b-^al^ 




y 


'6«-12a6» + 15ft* 



3a*- li)a^i> + 22a^- 22ab^ + 16i^ 
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Consider the last example. We take the first term in 
the multiplier, namely a^, and multiply all the terms in the 
multiplicand oy it, paying attention to the RuU of Signs; 
thus we obtain 3a* - 4o^h + 6aW We take next the second 
term of the multiplier, namely - 2a&, and multiply all the 
terms in the multiplicand by it, paying attention to the 
Ride of Signs; thus we obtain — 6a'6 + 8a^— lOafr*. 
Then we take the last term of the multiplier, namely 36^, 
and multiply all the terms in the multiplicand by it, 
paying attention to the Rule qf Signs; thus we obtain 
+ 9a*62-i2a63+i56*. 

We arrange the terms which we thus obtain, so that 
like terms may stand in the same column; this is a very 
useful arrangement, because it enables us to collect the 
terms easily and safely, in order to obtain the final result. 
In the present example the final result is 

3a* - I0a*b + 22a"5«- 22a¥ + 166*. 

66. The student should observe that with the view of 
bringing like terms of the product into the same column 
the terms of the muItipUcsmd and multiplier are arranged 
in a certain order. We fix on some letter which occurs in 
many of the terms and arrange the terms according to the 
powers qf that letter. Thus, t£^ng the last example, we 
fix on the letter a ; we put first in the multiplicand the 
term 3a'', which contains the highest power of a, namely 
the second power; next we put the term —4ab which con- 
tains the next power of a, namely the first power; and last 
we put the term 5b% which does not contam a at all. The 
multiplicand is then said to be arranged according to 
descending powers qf a, W» arrange the multiplier in 
the same way. 

We mi|^ht also have arranged both multiplicand and 
multiplier m reverse order, in which case they would be 
arranged according to ascending potoers qf a. It is of 
no consequence which order we adopt, but wo must take 
the same order for the multiplicand and the multiplier. 

67. We shall now give some more examples. 

Multiply l+2«-3;i?"+a?* bv «■— SLc— 2. Arrange ac- 
cording to defloending powci* or dr« 
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-ac» +&i;»-4a!"-2« 

Multiply a'+J'+c*— a5-6c— caby a + 6+c. 
Arrange according to descending powers of a. 
d^-oft-ac + d*- &C + C* 

a + 6 + c 



fli — a«ft - a«c + oft' - oftc + oc* 

€^ -Softc +6" +c" 

This example might also be worked with the aid of 
brackets, thus, 

a + (6+c) 

a^-a*(6+c)+a(6«-6<j+c^ 
+a2(&+<j)-a(6+<:)(6+<;) + (5+c)(6»-&c+c«) 

Then we have a(J'-6c+(j^-a(&+c)(&+c) 

=a;&'-.&c + <;«-(&+c)(6+(?)} 
=a{6«-&c+c*-(&2+2&c+c8)} 

and (5+<;)(62-5c+0=63+c>. 

Thus, as before, the result is o' + ^^+c^-Sodtf. 
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Multiply together «-«> ar— ft, ar-a 

X —a 
X -6 

a^—ax 
—bx+ab 

a^-{a-^b)x+ab 

tfi-(a + b)3i^-^dbx 

- cx^ 4- (a + b)cx—dbe 

a^-{a + b+c)x^ + {ab-^a4;-\-bc)x—abe 

The student should notice that he can make two exer- 
cises in multiplication from every example in which the 
multiplicand and multiplier are different compound ex- 
pressions, by changing the original multiplier into the 
midtiplicand, and the original multiplicand mto multipher. 
The result obl^ed should be the same, which will oe a 
test of the correctness of his work. 
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Multiply 
1. 2x^hj4a^. % 3a* by 4a'. 3. 2a«5by2a6» 
4. ZxVzhj6xif^z^. 5. 1xyhy1p*z*. 

/ 6. 4a«-3& by 3db. ^ 7. Sa^-9ab by 3a^. 

?a Sa^-4^+5z^hj2x^. 

f 10. 2^ V + SojV'^ - hahf^ by 2^^ 

i 11. 2a?-yby 2y+a^. 

) 12. 2a:* + 4iC* + &i?+16by3a?-S, 

^ 13. «^+«»+«-l by m-X, 
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16L ^+4jj" + &c-24by j;»-4x+ll. 

17. «"-7jj"+&c + 1 by2«»-4j?+l. 

la «"+6j?*+24x+60byjr»-6j:*+iar+lZ 

19. ^-2^ + 3d?-4 by 4j:* + 3«* + 2.jp+ 1. 

20. ar*-2;ra + 3«*-2a?+l by j;« + 2Lr>+ad^+SLr+l 

21. ^-3aj?by jr+3a. 

22. a'+2aa?-jj»bya»+2aj?+««. 

23. 2ft«+3a6-a*by7a-6ft. 

24. a'-a* + t«bya«+a6-J». 

25. «'-a6+26» by fl;«+a6 4.2ft* 

26. 4J^-3*y-y«by3^-2y. 
27- «'^«^ + «y*-y»byjr+y. 

28. 2jJ» + 3jjy + 4y«by3^ + 44y+y« 

29. iP" + J^-ay+a:+y-l by ar + y-L 

30. ^ + 2icV + 4a:V+&iJy»+16y*byjr-2y. 

31. 81«* + 27a:V+9jV+3a;y»+y*by3a?-y. 

32. a!+2y^Zzhj x-2if-t-Sz. 

33. a«-aj7+ft;i?+i»»bya + 6+jr. 

34. a*+6»+<^-6c-ca-a5by«»+&+d 

35. «"+4ft«+46*a^bya«-46;c + 46V. 

36. a'-2a6 + 6«+c«bya«4-2a6+»»-c*. 

Miiltq>ly the following expressions togetker 

37. iP-a, tf?+a, «"+fl;". 
88. «+a, tf?+ft, «+c. 

39. «■-«?+«', ^■+<Mf+a«, «*-aV4^tf^ 
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68. Division, as in Arithmetic, is the inverse of Miilti- 
plicatibn. In Multiplication we determine the product 
arising from two given factors; in Division we have riven 
the product and one of the factors, and we have to deter- 
mine the other factor. The factor to be determined is 
called the quotient. 

The present section therefore is closely connected with 
the preceding section, as we have now in fact to undo the 
operations there periormed. It is convenient to make 
tnree cases in Division, namely, I. The division of one 
simple expression by another; II. The division of a com- 
pound expression by a simple expression ; III. The division 
of one compound expression by anothen 

69. I. We have already shewn in Art. 10 how to 

denote that one expression is to be divided by another. 

For example, if 5a is to be divided by 2c the quotient is 

5(1 
indicated thus: 6a -7-20, or more usually—. 

It may happen that some of the factors of the divisor 
occur in the dividend ; in this case the expression for the 
quotient can be simplified by a principle already used in 
Arithmetic. Suppose, for example, that I5a^b is to be 

divided by 6bc; then the quotient is denoted by ■ , -. 

Here the dividend 15a'6=6a*x3&; and the divisor 
6hc^2cxSb; thus the factor 3& occurs in both dividend 
aT)d. divisor. Then, as in Arithmetic, we may remove 

this common factor, and denote the quotient by -^ ; 

., 15a2& 5a" 

thus r— " -:r- . 

Gbc 2c 
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It may happen that all the focton which occur m the 
diTiaor may be remoTed in this manner. Thus supjMMe, for 
example, that 2Aabx la to be divided bj Saxi 

24abx 3&x8<u; .. 

— » — =36. 

^ax box 

70. The role with respect to the #^ of the quotient 
may be obtained from an examination of the cases which 
occur in Multiplication. 

FcHT example, we have 

4a6x3<;=12a6c; 

^^ _ \2abc ^ 12a5c . , 

therefore -j^ = 3c, — ^=4a6. 

4a6x-3tf=i-12a6c; 

-12a6c ^ -12a6c . , 

therefore '-;^ 3o, _^=4a&. 

-4a6x3tf=-12a6c; 

therefore -z^^;^-^ — sT"^ ^• 

— 4a6x -3c=«12a6c; 

therefore Z:^"--^^ -3? = -^^- 

Thus it will be seen that the Rule qf Signs holds in 
Division as well as in Multiplication. 

71. Hence we have the following rule for dividing one 
simple expression by another: Write the dividend over 
the divisor with a line between them; if the expressions 
have common factors, remove the common factors ; prefix 
the sign -^ if the expressions hare the same sign and t%e 
^gn - if they have different signs. 

72. One power of any number is divided by another 
powet* of ths smrte number, by subtracting the index qf 
t/ie liittrr pn,rei'/r"m the index cf the former. 
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For example, suppose we have to divide a" by o^. 
By Art 16, a*=axaxaxaxa, 

,, - a*axaxaxaxa , -_^ 

therefore -;= — axa— a*=sflr^, 

or axa-Ka 

«. ni^ CXCXCXCXCXCXC - -.. 

Similarly -% = =cxcx45=c'=bc'^*. 

•' c* <;xcx<;x<; 

In like mamier the rule may be shewn to be true in any 
other case. 

Or we may shew the truth of the rule thus : 
by Art 69, c*xc"=<j', 

4? 4? 

therefore 14= ^> j==^* 

73. If any power of a number occurs in the dividend 
and a higher power of the same number in the divisor, the 
quotient can be simplified by Arts. 71, and 72. Suppose, 
for example, that 4a^ is to be divided by ^cb/^; then the 

quotient is denoted by -^jr . The factor &* occurs in botli 

dividend and divisor; this may be removed, and the quo 

tient denoted by^; thus 1^ = ^. 

74. IL The rule for dividing a compound expression 
by a simple expression wiU be obtained from an examina- 
tion of the corresponding case in Multiplio^tion. 

For example, we have 

therefore "" = a - 5. 

c 

(a- 6) X — <:= — a<j ■♦• 6c ; 

nerefore =a-& 

— i/ 

3—2 
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Hence we have the followmg rale for diriding a eom- 
pound expression by a simple expression : divide eobch term 
<if t/ie dividend hy the divisor, by the ride in the firH 
€€ue, and collect the results to form the complete quotient. 

For example, = 40* — 3ftc + a<?. 

^ ' a 

76. III. To divide one compound expression by 
another we must proceed as in the operation called Long 
Division in Arithmetic. The following rule may be given. 
Arrange both dividend and divisor according to ascend- 
ing powers of some common letter, or both according t4 
descending powers <^ some common letter. Divide tJte 
first term of the dividend by the first term qf the divisor^ 
and put the result for t?^ first term of the quot%ent; mid* 
tiply the whole divisor by this term and subtract tlie 
product fr<ym the dividend. To the remainder pnn of 
many terms qf the dividend, taken in order, as may be 
required, and repeat the whole operation^ Continue the 
process until aU the terms of the dividend have been 
taken down. 

The reason tor this rule is the same as that for the 
rule of Long Division in Arithmetic, namely, that we may 
break the dividend up into parts and find how often the 
divisor is contained in each part, and then the aggregate 
of these results is the complete quotient 

76. We shall now give some examples of Division 
arranged in a convenient form. 

a+5jfl*+2fl*+!>«(^a+ft u-^bja^-l^ia-b 

a^-^-db c^-^ab 

db + 1^ -db-b^ 

db + b^ -ab-b^ 



a^b)a*-l^(a + b ^ + 3a?J^4-2aj"-3a?(^a?-l 

ab-b* -«»-3^ 

ab-b* -a^-Hw 
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3a*-6a»6 + 9a262 

-4a»&4-13a*62-22a&» 






Consider the last example. The dividend and divisor 
are both arranged according to descending powers of a. 
The first term in the dividend is 3a^ and the first term in 
the divisor is a^\ dividing the former by the latter we 
obtain 3a^ for the first tenn of the quotient. We then 
multiply the whole divisor by Za\ and place the result so 
that each term comes below the term of the dividend which 
Mmtains the same power of a ; we subtract^ and obtain 
— 4a*&+ 13a'6*; and we bring down the next term of the 
dividend, namely, —220^. We divide the first term, 
— 4a'5, by the first term in the divisor, a^; thus we obtain 
— 4ab for the next term in the quotient We then multiply 
tile whole divisor by — 4a& and place the result in order 
under those terms of the dividend with which we are now 
oecnpied; we subtract^ and obtain Sa'^*— lOo^"; and we 
bring down the next term of the dividend, namely, 16&*. 
We divide Co'ft* by a', and thus we obtain 5b^ for the next 
term in the quotient. We then multiply the whole divisor 
by 6&2^ and place the terms as before; we subtract, and 
there is no remainder. As all the terms in the dividend 
liave been brought down, the operation is completed; and 
the quotient is 3a* - 4a5 + 66'. 

It is qf great importance to arrange both dividend 
and divisor according to th^ same order of some common 
letter; and to attend to this order in every part qf the 
operation. 

77. It may happen, as in Arithmetic, that the division 
cannot be exactly performed. Thus, for example, if we 
divide a^ + 2a6 + 26^ by o + 6, we shall obtain, as in the first 
example of the preceding Article, a + 6 in the quotient, 
and there will then be a remainder ¥. This result is ex- 
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prossed in ways similar to those used in Arithmetic; thus 
we may say that 

r =a+6 + — -. 

a-¥h a+ft' 

u 
that is, there is a quotient a-hh, and a fractional part — j- 

In general, let A and B denote two expressions, and 
suppose that when A is divided by B the quotient is q^ and 
the remainder R\ then this result is expi^ssed algebrai- 
cally in the following ways, 

A^qB-^R, or A^qB^B^ 

ARAB 

The student will observe that each letter here may re* 
present an expression, simple or compound; it is often 
convenient for distinctness and brevity thus to represent 
an expression by a single letter. 

We shall however consider algebraical fractions in sub- 
sequent Chapters, and at present shall confine ourselves to 
examples of Division in wmch the operation can be exactly 
performed. 

78. We give some more examples : 

Divide «'-6;c» + 7a:"+2aj"-6a?--2 by l + 2a?-aLB*+a?*. 

Arrange both dividend and divisor according to de- 
scending powers of x. 

g^'dj^'^2a!+lja?-5a^ +7aj"+2a:»-6a?-2(^«»-2a?-2 



-2a?* +6«"-4a?-2 

-2^ -l-6aj"-4;c-2 
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Divide a»+63+c'-3a&c by a+6+c. 

. Anangothe diyidend according to descending powers 
of a. 

d' + a'^ + a'c 

—0*6 — oft*- afttf 



- abc + ac^ -b^ 

— dbc -W?-W 

It will be seen that wo arrange these terms according 
to descending powers of a; then when there are two 
terms, such t\s a*b and a% which involve the same power of 
a, we select a new letter, as h, and put the term which 
contains h before the term which does not; and again, of 
the terms oft* and dbc, we put the former first as involving 
the higher power of 6. 

This example might also be worked, with the aid of 
brackets, thus: 
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DiYide d^-(a+&+c)«"-»-(a5+ac+6c)a?-flftc by «— c 

— (a ■♦- b)s^ + (afc +«<; + b4i)x-'(xbc 

abx —abc 

Every example of Multiplication, in which the multi- 
plier and the multiplicand are different expressions, will 
Ornish two exercises in Division ; because if the product 
be divided by either factor the quotient should be the other 
factor. Thus from the examples given in the section on 
Multiplication the student can derive exercises in Division, 
and tesi the accuracy of his work. And from any example 
of Division, in which the quotient and' the divisor are 
different expressions, a second exercise may be obtained 
by making the quotient a divisor of the dividend, so that 
the new quotient ought to be the original divisor. 
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Divide 

1. 164:»by3a^. 2. 24a^by-8a^. 3. 18«V by 6*^. 
4. 24a<6»c<by-.3a«&V. 6. 20a*6*;c V by 552a:»y. 
6. 4«»~8a:«+i6^by4a?. 7. aa*-12a»+16a*by --3a», 

^- ^16a3fts-3a«&24. ^^ab by -Soft. 

10. 60a«6»c»-48a«6V + 36a«5»c*-20a^^by4aftc». 

11. «*-7;p+l2bya?-3. 13. «^+«-72by a? + 9 
13. ^x^--x'^-^^x-^h^2x-Z. 

Z^ ^*'+l4a^-4^ + 24by2^+6. 
1«* ^*' + 3^+^-lby3;r-l. 

7«»-24«» + 5ap-21 by 7^-a 
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17. ir«-lbyiP-l. 18. a8-2a«»*+&3by a-6, 

19. fl;"*-8l2^by;c-3y. 

20. st^ — 2a^ + ^^■i/* - ^ by ;p- y. 

21. ar^-y^hjx-y. 22. a' + 32&' by a+2& 

23. 2«*+27a6»-&l&*bya4-3&. 

24. ic*+ii?V + ^y* + ^V + ^ + y*byic'+y». 

25. a?' + 2A'*y4-3;»'y'-d:i*y'-2:r2/^-3y'bya:'-y". 

26. a!*-5x^ + l\a^-i2x + 6hja!*-SX'\'Z, 

27. ii?* + a;3_9<j;a_ig^_4ljy^ + 4<P^.4^ 

28. ,a?*-13af*4-36bya?* + 5j? + 6. 

29. df* + 64by a?'4-4d7 + 8. 

30. a?* + 10j?'+35^ + 50a74-24 by J^'+Sdf+i. 

31. a?*+d;3-24d?*-35iF + 67 by j7' + 2jr-S. 

32. l-^-ar'-^by l4-2j7 + a?*. 
33 iB«-2a:«4-l by^-2^4-1. 

34. a* + 2a*b* + 9b* by a^ - 2ab + 36». 

35. a«-ft«bya'-2a«6 + 2a62-6'. 

36. j?^ + 2jF'-4a7*-2a75+12j72-2a7-l bya:*+2j;-l. 

37. ^+2dr<^~3a7* + 2j7'+l by a7*-2d;»4-3^-2j7+l. 
3a a7" + a?«-2bya?* + a:*+l. 

39. a^-(af &+c)d?'+(a& + a<;+&c)d7-rtftc 

by ,r"-(a + 6)j; + a& 

40. aV + (2ac-fc2) j;2 + ^2 by ax^'-bx+c. 

41. a^—j^y — xy^ -^y^hj x^ + xy + y', 

42. ^-34?^-^*-! by j?-y-l. 

43. 49ir2+21a:y+12y;y-16;y2by Ix + Zy-^. 
—44. a24-2a& + &'-c* by a+*-c. 

-45. a'4-86'4-c'-6a&c by a2 + 4&' + c»-ac-2a&"-26c. 

--46. a»+3a«& + 3a5^+6» + c'bya + & + (J. 

47. a*(6+c) + 6''(a-c)+c2(a-&) + a&<?bya+6 + <?. 

48. a:3-2aa?'+(a'+a6-6*)^-a'&+a6*bya?-a+6. 

49. {a!+y)*-2{w-^y)z+z^hj x-\-y-z\ 

by lsC'^yf-i'2{a!+y)z'i-z\ 



42 GENERAL RESULTS 



JL, GeMToX ResidU in MuUiplicaiion, 

79. There are some examplos in Multiplication which 
occur BO often in algebraical operations that they deserve 
especial notice. 

The following three examples are of great importance. 



a +d 

a +6 


a -6 
a -& 


a +6 
a -b 


a'+oft 
+a6 + 6« 

a« + 2aft+6» 


a*-ab 
-a6 + 6« 

a^-2a&+6« 


i^-\-ab 
a» -ft* 



The first example gives the value of {a-hb)(a-^b\ that 
is, of (a + bj*; thus we have 

(a + 6)»=fl^+2a6 + ft». 

Thus tfie sqtiare qf the Mum qf two numbers is equal to 
the sum qf the squares qf the two numbers increased by 
twice t/ieir product 

Again, the second example gives 

(a-6)2=a-«-2a6+6«. 

Thus tlie square qf the difference qf two numbers t» 
equal to the sum of the squares qf the two numberM 
diminished by twice their product. 

The last example gives 

(a+6)(tf-6)=a«-6«. 

Thus the product qf the sum and difference qf tvoo 
numbers is equal to the difference qftJieir squares. 

80. The results of the preceding Article fiimish a 
simple example of one of the uses of Algebra; we may 
say that Algebra enables us to prove general theorems 
respecting numbers, and also to express those theorems 
brv^y. 
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For example, the result (a +« (a -6) =«'-&* is proved 
to be true, and is expressed thus by symbols more com- 
pactly than by words. 

A general result thus expressed by symbols is often 
called a/ormu2a. 

81. We may here indicate the meaning of the sign a 
which is made by combining the signs + and -, and which 
]]| called the dovMe sign. 

Since {a+by-^a^-^2ah-^h\ and (a-6)»=a«-2a6+6«, 
we may express these results in one formula thus: 
(a±&)2=a'±2a6+62, 

where ± indicates that we may take either the sign + or 
the sign — , keeping thrcmghout the upper sign or the 
lower sign, a ± 6 is read thus, " a plus or minus fc." 

82. We shall devote some Articles to explainmg the 
use that can be made of the formulae of Art. 79. We shall 
repeat these formulae, and numher them for the sake qf 
easy and distinct -rejeretice to them. 

(a+5)» =a« + 2a& + 6' (1) 

{a-'bf ^a*-^db^V (2) 

(a + &)(a-5)=a»-6' (3) 

83 The formulae will sometimes be of use i? -A^rith- 
metical calculations. For example; required the difference 
of the squares" of 127 and 123. By the formula (3) 

(127)*-(123)« = (127 + 123)(127-123) = 250x4 = 1000. 

Thus the required number is obtamed more easily than 
it would be by squaring 127 and 123, and subtractmg the 
second result from the first. 

Again, by the formula (2) 

(29)«= (30 -1)2 =900 -60 4. 1=841 ; 
and thus the square of 29 is found more easily than bj 
multiplying 29 by 29 directly. 

Or suppose we have to multiply 63 by 47. 

By the formula (3) 

63x47=(60 + 3)(60-3)=(50)«-3«=2500-9=2491. 
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84. Suppose that we require the square of 3dr+2y. 
We can of course obtain it in the ordinary war, that is by 
multiplying Zx + 2y by ^x + 2y, But we can also obtain it 
in another way, namely, by employing t^e formula (1). 
The formula is true whatever number a may be, and what- 
ever number h may be; so we may put Zx for a, and 2y 
Sor h. Thus we obtain 

(3a? + 2y)« = (3^/+2(3;F2y) + (2yf =9a^+ 12j:2f + 42/«. 

The beginner will probably think that in such a case he 
does not gain any Uimg by the use of the formula, fof 
he will believe that he could have obtained the required 
result at least as easily and as safely by ^ommon work 
as bv the use of the formula. This notion may be correct 
in this case, but it will be found that in more complex 
cases the formula will be of great service. 

85. Suppose wc require the square of x-^-y-hz. J}q» 
iioto^+^ by a. 

Then x+y+z=a+z; and by the use of (1) we have 

= ar* + 5bn/ + V* + 2Aj2r + 23/ar + :?». 

Thm{x-^y+z^=x'-\-y^+z^-^2xu+2yz + 2xz, 

Suppose we require the square of jr — g + r — #. Denote 
p-gby aand r-< by &; then p—q+9 — #=a+6. 

By the use of (1) we have 

(a+&)*=a»+2a&+6»=Cp-^)«+2<i?-^)(r-»)+(r-»)« 

Then by the use of (2) we express (p-q)* and (r--*)", 

aims (p-q-^r-sY 

z=p^-2pq-^q^-\-2{pr-ps—qr+q8)-{-f^—2r8'^'i^ 

=i|2+g^+r"+**+2pr+2g<-2p^-2p<-2^r-2r*. 

Suppose we require the product of /?— g+r-# and 
p-q-r + s. 

hdtp-q=a and r-9=b; then 

p-q-^r-s-=a+bf andi?-g— r+#»=a— & 



IN MULTIPLICATION. 45 

Then t>y the use of (3) we have 

(a+6)(a-i>)=a«-6»=(i?-g)»-(r-4r)P; 
and by the use of (2) we have 

—jp* + 2* - *^ - «* - 2/?^ + 2r#. 

86. The method exhibited in the preceding Article 
is safe, and should therefore be ac opted by the beginner; 
as he becomes more familiar with the subject he may 
dispense with somo of the work. Thus in the last examples 
ho will be able to omit that part relating to a and 6, and 
simply put down the following process; 

(p-^+r-«)(i?-g-r+*) = {p-fi'+(r.-«)}{p-g'-(r-»)} 

=(jt,-g)S_(r-*)*=jt?a~2/?^ + g2-(r»-2r< + 

=/?* — 2/?3' + S'^ — r* + 2r* — «•; 

or more briefly still, 

(l?-fi'+r-»)Cp-g-r+*)=-(i>-3')'-(^-«)' 

=p^ - 2pq + ^2 - r" + 2r* - s\ 

But at first the student will probably find it prudent to 
go through the work fuUy as in the preceding Article. 

87. The following example will employ all the three 
fermuke. 

Find the product of the four factors a+b+e, a-^h-c^ 

Take the first two factors; by (3) and (1) we obtain 

(a + & + c)(a + 6-c)=(a4-6)2-c2=a'« + 2at;+6*-c''. 

Take the last two factors ; by (3) and (2) we obtain 

(a-6+<?)(& + c-a) = {c + (a-&)}{c-(a-5)} 

= c»-(a-d)»=c»-a«+j2/z6-ft«. 

We have now to multiply together a*-k-2ah + b^-c^ and 
€^-a2+2a6-6* Wo obtain 
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(ii^+2a54.ft«~c*)(c«-a«+2afc-.6^ 

={2a6+(a«+6»-c«)} {2a6-vp**+6«-<j»)} 

=:(2a6)«-.(a*+ft«-c«)» 

=4aV-{{a«+6«)»-2(a»+M)c»+<?»} 

=4a«6«-a*-2aV-6*+2aV+26«c«-tf« 

88. There are other results in Multiplication which are 
of less importance than the three formulsB given in Art 82, 
I'Ut which are deserving of attention. We place them here 
in order that the stuoent may be able to refer to them 
when they are wanted; they can be easily verified by 
actual multiplication. 

(a + 6)(a«-a6+6»)=a? + &», 

(a-&)(a»+a6+5«)=a»-6«, 
(a+6)»=(a-i-6)(a« + 2a«> + 52)=«' + 3a22> + 3a6« -!->«, 
(a-6)»=(a-6)(a»-2a6 + &^=a8-3a«i> + 3a5«-5», 

=:a«+6» + c» + 3a«(6 + c) + 36«(a+c) + 3c«(a4.6) + 63f&c. 

89. Useful exercises in Multiplication are formed by 
lequiring the student to shew tliat two expressions agree ia 
givmg tiie same result For example, shew that 

(a-&)(6-c)(c-a) = a«(c-6)+68(a-<.)+c«(6-a). 

If we multiply a—h by h—c we obtain 

then foy multiplying this result by <;— a we obtain . 
cat - c6* — ac* + 6c* - a'& + oft* + a^ - a5<j, 
that is a«(c-6)+6*(a-c)+c«(6-a). 

Again* 8hewthat(a-6)»+(6-c)"+(<?-a)» 
=2{c-6)(C''a)+2^-a)(6-c)4.2(a-6)(a-e). 
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By using fonntila (2) of Art 82 we obtain ^ 

(a-6)2+(6-c)«+(c-a)« 

=a2-2a6+ft"+6'-2ft<?+tf*+tf*-2ac+a* 
=2(a*+6»+c»-a&-ac-ftc). 
And ((?-6)(c-a)=<^— ca-cJ-l-aft, 

(6-a)(ft-c)=6»-6a-6<?+flk?, 
(a-ft)(a— <;)=a"-a6— ac+ftc; 
therefore (c— 6) (c— a) + (ft — a) (&— c) + (a — ft) (a - e) 
=€^+l}^+<^—ab—a4:-bc; 
therefore (a -ft)' + (ft -<?)■+(<; -a)* 

=2(c-ft)(c-a) + 2(ft-a)(ft-c)^-2(a-ft)(a-c). 
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Apply the formulse of Art. 82 to the following sixteen 
examples in multiplication : 

1. (Ux+Uyf, 2. {1a^-5y^\ 

a (a}* + 2af-2f. 4. (;p"-6jp+7)». 

5. (2«"-3«-4)«. 6. (a:+2y+3^)*. 

7. («"+ajy + y*)(a:"+j:y-3^). 

S. («*+ajy+y")(«»-d7y+2^). 

9. (;p"+iry + y")(a?*-ary-2^*). 

10. (ai'+xy-y^)(x'-xy + y'). 

11. (dj" + 2aj» + 3a?+l)(«»-2;p"+3a?-l). 

12. («-3)«(;p«+6a?+9). 13. (a+ft)«(a"-2a6-6^ 
14. (2a?+3y)"(4dj" + 12;ry-9y"). 

16, (aa!+by){aa!'-by){aV-\-l^^ 
16. (flw? + fty? {ax- byf. 
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BfaWr that the following resolts are true: 
17. (a■+6^(c"+rf^=(ac^-M)»+(a<l-6c)^ 
la (a+6+c)«-i-a^ + 6'+<J«=(a + 6)«+(6+c)»+(c+a)« 

19. (a-6)(6-c)(c-a)=&tf((j-&)+<»(a-c)+a&(&-a). 

20. (a-&)»+6»-a»-3a6(5-a). 

21. (a+6+c)'-a(6+<;-a)-6(a+<j-6)-<J<a + 5-c) 

»=2(a« + 6» + c«). 

22. (a^+a5 + 5"}*-(aF-aft+&«)"=4a&(a«+&«). 

23. (a4-& + c)»-a»-6»-c"=«3(a+6)(&+<;)(<;+a). 

24. (a+&+c)(a& + 6c+ca) = (a+6)(6+c)'<?+a)+a^c. 

26. (a + &)(&+c-a)(c + a-&) 

=a(6^+c»-a«)+«»(c'+««-6«). 

26. (a+& + c)3-(&+c-a)»-(a-6+c)3-^(a+&-<?)» 

= 24a5c. 

27. (a+5+<?)*+(a+&-c)"+(a-&+r)*+(&+c-a)" 

2a (a+5)»+2(a«-&»)+(a-2>)'=(2a)'. 

29. (a-6)» + (&-c)» + (c-o)«=3(a-&)(6-c)(<J-a). 

30. (a-&)3 + (a+&)»+3(a-&)»(a+&) + a(a + &)»0i- 6) 

= (2a)» 

31. (a + 6)*(&+tf-a)(c+a-6) + (a-&)«(a+&+^)(a+6-c) 

= 4tf6c*. 

32. a(& + c)(6*+c«-.a")+&(c+a)((;«H-a«-5«) 

+c(a+ &)(«* + 6'-c*)=2a6c(a+&+c). 

33. {a-h){x-a){X'-h)'^{b-c){x-h){x-'C) 

+ (c-a){x-c)(x—a) = {a—b)(p'-c)(a—c). 

34. (a+6)2+(a+(;)*+(a+(f)«4-(6+r)* + (& + (/)«4-(c+d02 

35. {(<w? + 5y)* + {ay - bx)-} {{ax + &y)» ~ (a^/ + bxY] 

= («*-&*) (^-y*). 

36. (cy - bzy + {az - «?)' + (&a? - ay)* + (oar + &y -»- c;2f)2 
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XI. Faetort. 

90. In the preceding Chapter we have noticed some 
general results in Multiplication ; these results may also be 
r^arded in connexion with Division, because every ex- 
ample in Multiplication fiimisi^es an example or examples 
m Division. We shall now appiv some of these results 
to find what expressions will divide a given expression, or 
in other words to resolve expressiont into their factors, . 

91. For example, by the use of formula (3) of Art 82 
we have 

««-&*=(a«+&«)(a»-62)=(««+5«)(a4.&)(a-&); 
a»-*P=(a* + &*)(a*-&*)=(a*+&*)(a2+fi»)(a + &)(a-6). 

Hence we see that ^— (^ is the product of the fonr 
factors <!*+&*, a* + &2, a + 6, and a-ft. Thus a^-6" is 
divisible by any of these &ctors, or by the product of any 
two of them, or by the product of any three of them. 

Agam, 

(a2+a&+6»)(a*-a5 + 5«)=(a2+6«+a&)(a2+62-a&) 

Thus a* +«'&* + &* is the product of the two factors 
a^^ab + b^ and a^-<ib-^b\ and is therefore divisible by 
either of them. 

Besides the results which we have already given, we 
shall now place a few more before the student. 

92. The following examples in division may be easily 
Terined. 



5rf*=«"+*'y+^+y". 



and so on. 

T.A. 
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Also 



and so on. 
Also 



and soon. 

The student can can7 on those operations as far as 
he pleases, and he will thus gain confidence in the truth of 
the statements which we slmll now make, and which are 
ctrictlj demonstrated in the higher parts of larger works 
on Algebra. The following are the statements: 

flf — y" is divisible by a:— y if n be any whole number ; 

^— y" is divisible by a?+y if n be any even whole numjcr; 

of" f y" is divisible by a? + y if n be any odd whole number. 

We might also put into words a statement of tho forma 
of the quotient in the three cases; but the student will 
most readily learn these forms by looking at the above 
examples and, if necessary, carrying the operations still 
farther. 

We may add that j:** + y" is never divisible by a:4-y or 
a:-y, when n is an even whole number. 

93. The student will be assisted in remembering the 
results of the preceding Article by noticing the simplest 



FACTOnS. 6i 

ease in each of the four results, and referring iviher cases 
to it. For example, suppose we wish to consider whether 
as'—y' is divisible by it—p or by w + y; the index 7 is an 
odd whole number, and the simplest case of this kind is 
a-y, which is divisible hyx—y, but not by > + y; so we 
infer that aF—y^ is divisible hj x-y and not by 47-^y. 
Again, take a^—y^; the index 8 is an even whole number, 
and the simplest case of this kind is a^—y^^ which is 
divisible both by x-y and /^+y ; so we infer that a^— y* 
18 divisible both'by x—y and x-¥y. 



94. The following are additional examples of resolving 
expressions into factors. 

8J^-27c'=(26)3-(3<;)3=(2&-3c){(2ft)24.26x3c+(3c)«) 
= (26 - 3c) (46« + 6&C + 9c«) ; 

{2(a6+«0 + (a"+6»-c*-rf«)}{2(a5+crf)-(a«+6«-c»-rf«) 

= {2a& + 2c<]? + a« + &«-c»-c?«}{2a& + 2crf-a«-&2+c3+d*} 

-{(a+&)«-(c-(f)*}{(c+rf)«-(a-&)«} 

=(a+6+c— </)(a+&— c+rf)(a— 6+c+flf)(6+<j+rf— a). 

96. Suppose that (aj" - 6j?y + 6.y") {x - 4y ) is to be divid- 
ed by aj"-7a^+12y". We might multiply «*-6a^+6y* 
by iP— 4y, and then divide the result by a^-lxy->fYl^, 
But the form of the question suggests to us to try if 
x—Ay is not a fekctor of a^—^lxy-^- 12y*; and we sliall find 
that a^- 7a^+ 12y2=(a?-3y) (a?- 4y). Then 

(x^'-Sxy+ei/*) (x-4y) ^ a^-Sary+ey" ^ 
(a?-3y)(a:-4y) «-3y^ * 

and by divisioo we find that 



a^-bxy-^ey' 
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96. The atudent with a littja practice will be aMe t0 
resolve certain triiuHxiials into two binomial factors. 

For we haye generally 

(« + a)(^+&)=4j"+(a+6)«+a&; 

suppose then we wish to know if it be possible to resolve 
4?^ + 741? +12 into two binomial factors; we must find, if 
possible, two numbers such that their sum is 7 and their 
product is 12 ; and we see that 3 and 4 are -sucih numbers. 
Thus 

««+7fl?+12 = (a?+3)(a?+4). 

Similarly, by the aid of the formula 

we can resolve «*— 7a?+ 12 into the &ctors (a? -3) (x-^4). 

And, by the aid of the formula 

(^+a)(4?-6)=a?'+(a-&)a?-a&, 
we can resolve a^+x- 12 into the factors (a?+4)(«-3). 

We shall now give for exercise some misoeUaneoiia 
examples in the preceding Chapt^. 
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Add together the followii^ expresdons: 

1. o(a+&-i;), 6(6+c— a), c(a+c-6). 

2. a(a-&+c), b{b-c+a), e(c-^a-hb). 

3. a(a— 6+c+rf), b(a+b-c + d), c(a + 5+<;-^ 

d(-a-\-b+e+d). 

4. 3a-(4&-7c), 3*-(4<?-7a), Sc-{4a-1b). 
6. 9a-(66 + 2c), 9&-(6<J + 2a), 9c-(6a+2»). 
«. (a+6)a? + (a + c)y, (6-c)a:+(6-c)y, 

(c-a)«+(5-a)y. 
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7. (;af-«)(a+6) + («-y)(a-&), (a?+y)a+(#+«)^ 

(y-4r)tf+(flf-y)&. 

8. (a-6)«+(6-<?)y-^(tf-a)*, 
a(y+4f)+&(;8r+«)+c(a?+y), ax-^ly-¥cz, 

9. 2(«+6-c)i+(a+6)y+2<Mr, 
2(a+c-6)*+(«+c)jr^264f, 2(6+c-a)af+(6 + <:)y4'2<?^. 

Sisipfify the foUowixig expressioiis: 

11. a-2(6+3a)-3{6+^(tf-6)}. 

12. (a+6)(6-|:c)-(<?+rf)(<^+a)-(«+c)(^-rf). 

13. 4a-[a»-{26(;j+y)-2&(«-jr)}]» 

1-5. <»-[66-{a-3(<J~6) + 2<J-(a-26-<j)}J 

16. 6a-7(&-c)-[6a-(35+2<?)+4<j-{2a-(&+c-a)}]. 

17. (a?+3)»-3(a?+2)»+3(af+l')»-«». 

la (^+y)"+(a?+y)V+(«+y)y-{3i«V+5y'*+2y^- 

19. (H-«)»+(l+«)^+(l+a?)j^+y* 

-{3^(a?+i)+jr(y+l)+2ajy+l}. 

20. a(6+o)»+6(«+<!r)»+c(aH-6)'+(a-&)(a+<:)(ft-c) 

-(a-i««»)(a-c)(6-c)-(a-6)(a-<?)^+c). 

(a + 5)(g+c)-(64-d)(flg-fc) 



21* 
22. 



a«-3ad + 2y a«~7a&^-l2y 
a-25 "" a-35 



«^ 3a»-7a%-«a6'+6ft» 6«»-26a*&+40ai^-20^ 

*3. r + -** — r • 

a+6 a—o 



5M. 
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DiTide 

26. ««+y»+2aj»y"by(«+y)«. 

27. (a•-3a«&^.6aft«-3^(a-26)bya■-3a5+25*. 

28. (4?»-9d:V + 23ay«-lfiy8)(a?-7y)by^-&iy+7y». 

29. a«+a*6*+ftPby(a2-a6+2r«)(a«+a&+ft«). 

30. a»-ft»+a«ft«(a*-ft*)by(a«-a5+5»)(a«+aft + n 

31. 4a2&«+2(3a*-26*)-a6(6a«-llft»)by(3a-d)(a+6> 

32. (^-3a? + 2)(;i?-3)by««-.6a?+a; 

33. (4;»-3a?+2)(a?+4)bya:*+;c-2. 

34. {a«+aa?+iBa)(a^+iB») by a*+aV+«* 
33. (a*+aV+M)(a+6)bya«+a6+ft«. 

36. 6(«»+a»)+aa?(ai«-a«) + a«(ii?+a)by(a+5)(«+oX 

Resolye the following expressions into factors: 

37. «2 + 9a:+20. 38. a^+Ux+ZO. 
39. ;i?*-I5a?+6a 40. a?*-20^+100. 
41. «*+a?-132, 42. ^-7^-44, 

-43. a?*- 81. N44. a?' +126. 

\45. «8-256. N46. 4i?«-64. 

47. a*+9a6+20&« 4a ^«-13^y + 42y«. 

49. (a+6)"-llc(a+&)+30c". 

60. 2(a?+y)«-7(a?+y)(a+6) + 3(a-f6)« 

Shew that the following results are true: 

61. (a+26)a«-(6+2a)6»=(a-&)(a+6)». 

62. a(a-2&)»~6(&-2a/=(a-6)(a+d)». 
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XII. Chreatest Common Measure. 

97. In Arithmetic a whole number which divides 
another whole number exactly is said to be a measure of 
it, or to measure it; a whole number which divides two 
or more whole numbers exactly is said to be a common 
measure of them. 

In Algebra an expression which divides another ex- 
pression exactly is said to be a measure of it, or to measure 
it; an expression which divides two or more expressions 
exactly is said to be a common measure of them. 

98. In Arithmetic the greatest common measure of 
two or more whole numbers is the greatest whole number 
which will measure them all. The term greatest common 
measure is also used in Algebra, but here it is not verv 
appropriate, because the terms greater and less are sel- 
dom applicable te those algebraical expressions in which 
definite numerical values have not been assigned te the 
various letters which occur. It would be better to speak 
of the highest ccmimon measure, or of the highest common 
dimsor; but in conformity with established usage we 
shall retain the term greatest common measure. 

The letters g.c.m. will often be used for shortness 
instead of this term. 

We have now te explain in what sense the term is used 
in Algebra. 

99. It is usual te say, that by the greatest common 
measure of two or more simple expressions is meant the 
greatest expression which will measure them all; but 
this definition will not be fully understood until we have 
given and exempHfied the rule for finding the greatest 
common measm*e of simple expressions. 

The following is the Rule for finding the o.o.M. of 
simple expressions. Find by Arithmetic the g.cm. qf 
the numerical coefficients; after this number put every 
letter which is common to all the expressions, and give 
to each letter respectively the least index which U has 
in tJie expressions. 
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100. For example; required the o.aM. of IMbh and 
20€^lr^d. Here the numerical coefficients are 16 and 20, 
and their o.aM. ia 4. The letters common to both the 
expressions are a and b ; the least index of is 3, and 
the least index of & ia 2. Thus we obtam 4a^¥ as the re- 
quired G.aM. 

Agam; required the o.cm. of SaVcVy^r*, 12a*5c«V, 
and \%€^<?x^. Here the numerical coefficients are 8, 
12, and 16; and their a.c.M. is 4. The letters common to 
all the expressions are a, c, ;ir, and y ; and their least indices 
are resp^tiyely 2, 1, 2, and 1. Thus we obtain 4aHa^ as 
the required o.cm. 

101. The following statement gives the best practical 
notion of what is meant by the term greatest common 
measure, in Algebra, as it shews the sense of the word 
greatest here. When two or more expressions are dimd^d 
by their greatest common measure^ the qvotienU have no 
common measure. ' 

Take the first example of Art 100, and divide the ex- 
pressions by their o.cm.; the quotients are 4ae and 5bd^ 
and these quotients have no common measure. 

Again, take the second example of Art 100, and 
divide the expressions bv their g.cm.; the quotients are 
7i^ca?2^, Za'bp^ and ^a^rj^, and these quotients have no 
common measure. 

102. The notion which is supplied by the preceding 
Article, with the aid of the Chapter on Factors, will enable 
the student to determine in many cases the o.cm. of com- 
pound expressions. For example; required the g.cm. of 
4a»(a + 6)» and 6a«^(a*-ft»). Here 2a is the g.cm. of the 
factors 4a* and 6ab; and a + 6 is a factor of (a + 6)« and 
of a^-b\ and is the only common factor. The product 
2a{a + b) is then the G.c.11. of the given expressions. 

But this method cannot be applied to complex ex« 
amplee, because the general theoiv of the resolution of 
expressions into fiictors is beyond the present stage of 
the students knowledge; it is therefore necessary to adopt 
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another method, and we shall now give the usual definition 
and rule. 

103; The followmg may be given as the definition of 
the greatest common measure of compound expressions. 
Let two or more compound expressions contain poteers 
qf soms common letter; then the factor of highest di- 
mensions in that letter which divides all the expressions 
is called their greatest common measure. 

104. The following is the Rule for finding the greatest 
common measure of two compound expressions. 

Lei A and B denote the two expressions; let them 
he arranged according to descending powers qf some 
common letter, and suppose the index of the highest 
ptywer of tJiat letter in A not less than the index (f the 
highest power qf that letter in B. Divide A by B; 
then maJke the remainder a divisor and B the dividend. 
Again make the new remainder a divisor and the pre- 
ceding divisor the dividend. Proceed in this way until 
there is no remainder; then the last divisor is the 
greatest comnwn measure required. 

105. For example; required the G.aH. of a^—4a+S 
and 44j8 - 9aj* - 16a: + 18. 

«»-4a?+3j4ij8- 9x^-l5x-^lS {^4x+l 
4afl-iex^ + l2x 

1a^-27x+lS 
7ii?^-2ai? + 21 



«- 3. 

«-3J^-4a?+3 U-1 
x^-Zx 



— ;i? + 3 
—.a? + 3 



Thus 4T-3 is the o.cm. required. 
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106. The rule which is giyen in Art 104 dependB on 
the following two principles. 

(1) If P measure A, it will measure mA, For let 
a denote the quotient when A is divided by P; then 
A—aP\ therefore mA=maP; therefore P measures 
tnA, 

(2) If P measure A and B^ it will measure TnA^nB. 
For, since P measures A and B, we may suppose A = aPj 
and B^hP; therefore mA:i^nB=^{ma^nb)P; therefore 
P measures mA ^ nB, 

107. We can now demonstrate the rule which is given 
in Art 104. 

Let A and B denote the two ex- B) A (p 

Sressions. Divide -4 by -B; let p pB 

enote the quotient, and C the re- 

mainder. Divide B by C\ let q dio- C) B Kq 

note the quotient, and D Uie remain- qC 

der. Divide C by />, and suppose 

that there is no remainder, and let r D) C (,r 

denote the quotient r/> 

Thus we have the following results: 

A=pB+G, B=qC-\-D, C=rD. 

We shall first shew that D U a common measure of 
A and B. Because C=rD^ therefore D measures Ci 
therefore, by Art 106, D measures ^Q and also qC+D; 
that is, Z> measures B. Again, since I> measures B and Oj 
it measures pB + C; that is, D measures A, Thus D 
measures A and B, 

We have thus shewn that D is a common measure of 
A and B; we shall now shew that it is their greatest 
common measure. 

By Art. 106 every common measure of A and B mea- 
sures A -pBy that is C; thus every common measure of 
A and ^ is a common measure of B and G, Similarly, 
every common measure of B and C is a common measure 
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of C and D, Therefore every common measure of A and 
^ is a measure of />. But no expression of higher dimen- 
sions than D can divide 7>. Therefore D is the greatest 
common measure of A and B, 

108. It is obvious that, every measure cf a common 
measure qf two or more expressions is a common measure 
qf those expressions, 

109. It is shewn in Art 107 that every common 
measure of A and B measures />; that is, every common 
mrcasure of ttco expressions measures their greatest com" 
mon measure. 

110. We shall now state and -exemplify a rule which 
is adopted in order to avoid fractions in the quotient; by 
the use of the rule the work is simplified. We refer to the 
Chapter on the Greatest Common Measure in the larger 
Algebra, for the demonstration of the rule. 

Before placing a fresh term iu any quotient, we may 
divide the divisor, or the dividend, by any expression 
which has no factor which is common to the expressions 
whose greatest common measure is required; or, we 
may multiply the dividend at such a stage by any ex- 
pression which Jias no factor tliat occurs in the divisor. 

111. For example; required the g.o.m. of 2d?' -7a? +6 
and 3aj»-7a?+4L Here we take 2x^-lx + 5 as divisor; 
but if we divide 3x^ by 207^ the quotient is a fraction ; to 
avoid this we multiply the dividend by 2, and then divide. 

2«*-7a?+6; ex^-Ux+ 8 C3 
6a?2-21a?+15 



7x^ 7 

If we now make 7iP-7 a divisor and 2:»'~7^ + 5 the 
dividend, the first term of the quotient will be fractional ; 
but the fjEtctor 7 occurs in every term of the proposed 
divisor, and wg remove this, and then divide. 
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— &P + 5 



Thnt W6 obtaiii «— 1 as the o.o.]f. reqfiiiiecL 

Hera it wiU be seen that we used the seoond part of 
the role of Art. 110, at the beginning of the pfocesB, and 
the finit part of the rale later. The first part of the rale 
should be used if possible ; and if not, the second part. We 
have used the word expretsian in stating the rale^ but in 
the examples which the student will haye to solye, the 
fiEustors introduced or removed will be almost always nu- 
m^nealfactort, as they are in the preceding ezampfe. 

We wfll now giye another example; required the b.om, 
of 2«*-7«»-4«^+«-4 and 3«*-llJ^-2a?*-4a?-16. 

Multiply the latter expression by 2 and then take it for 
diyidend. 

6j?*-21dj"-12ir«+3a?--12 

- «■+ &c*-ll«-20 

We may multiply every term of this remainder by — 1 
before using it as a new diyisor ; that is, we may change 
the sign of every term. 

a?»-8«» + lU+20^2a?»- Toj"- 4a*+«-4 (,2«+9 
2a?*-l&B8+22iiJ*+40JJ 

9aj»-26dJ*- 39«- 4 
9;i?»-72««+ 99«+180 



46aj«- 138a?- 184 



Here 46 is a factor of every term of the remainder; we 
remove it before usmg the remainder as a new divisor. 
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— 5a?" + 15^ + 20 
Thus 9fi—Zx^k is the o.o m. required. 

112. Suppose the original expressions to contain a 
common factor F^ which is obvious on inspoction ; let 
A =aF and B=bF, Then, by Art 109, /* wiU be a factor 
of the o.CM. Find the a.o.H. of a and b, and multiply it 
by F; the product will be the g.o.m. of ^ and B. 

113. We now proceed to the g.cm. of more than two 
compound expressions. Suppose we require the q.cm. of 
three expressions A, B, G. Find the o.o.m. of any two of 
them, say of ^ and B; let D denote this a.o.M.; then the 
G.O.M. of /> and C will be the required a.o.iL of A, B, and G. 

For, by Art 108, eyery common measure of D and G is 
a common measure of ^, B, and G; a^d by Art 109 eyery 
common measure of A, B, and (7 is a common measure of 
D and G. Therefore the a.aic of 2> and (7 is the o.ojf. 
of J[, B, and G. 

114. In a similar manner we may find the o.o.m. of 
/bur expressions. Or we may find the o.o.m. of two of 

the glyen expressions, and also the o.ojf. of the other two; 
then the o.c.m. of the two results thus obtained will be 
the o.aM. of the four given expressions. 



Examples. XIL 

Fmd the greatest common measure in the following 
examples: 

1. 15j?*, ISafl. 2. 16a^, iOa^b\ 

ft. 4(«+l)», 6(jb"-1). «. 6(«+l)», 9(««-l). 
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10. «*-9x+14, «»-llj- + 28L 

11. <a!*+2j?-120, a^-2j--8a 

12. «*-15« + 36, «»-9x-36. 

13. «»+6j:» + 13jr-«-12, 4r'4-7;e»+ie^+l«. 

14. «»-9;i^+23x-I2, «»-iai:»+28Jf-l«. 

15. «»-29x + 42, «3 + a:*-35jr + 49. 

16. «»-41«-30, «»-lla^ + 25a?+25. 

17. «»+7«*+17a? + V5, «»+8j:"+19j?4-12. 
la j^-10«* + 26a?-8, a!»-9j^ + 23a:-12. 

19. 4(aJ»-a?-r I), 3(j?* + d:* + l). 

20. 5(aJ»-;l? + l), 4(45«-l). 

21. ea^+x-2, 9a^ + 4Sx^ + 52x+\S, 

22. «»-4a:» + 2x+3, 2j:*-9a:' + 12d:*-7. 

23. as^+x^-S, dJ*-3;r' + 2. 

24 «»-2a?' + 3a?-6, a?*-j?3-j:»-2j?. 

25. ar*-l, 3ic' + 2j:*+4d:* + 2x* + ar. 

26. J?*-9a:*-30j?-25, a:" + ar*-7a^ + 5a?. 

27. 35a!>+47««+13a?+l, 42a?* + 41a:»-9;B»-9J?-l. 
2a «*-3«» + 6a?*-7a:»+ap*-3ar+l, 

«• — a:" + 2j:* — flc* + 2«* — a? + 1. 

29. 2^-6«» + 3a^-ar+l, «'-3;t« + x"-4a;* + 12a?-4, 

30. jp«-l, d7^<»+«»4«8 + 2jB' + 2j7* + 2j^+a?*+« + l. 

31. «*-3a?-70, a^~39;i? + 70, ic>-4ai?+7. 

32. a^-xy-U^, a?' + 6ary + 6y". 

33. 2a?' + Zax + a«, 3a?' + 2ax - a*. 

34. a?'-3a»a?— 2a", a^—aa^-4(^, 

86. 34J*-3J?V+^'-y't ^cV-'^^+y" 
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XIIL Least Common Multiple. 

115. In Arithmetic a whole number which is measured 
by another whole number is said to be a multiple of it ; a 
whole number which is measured by two or mere wliol^ 
numbers is said to be a common fntUtiple of them. 

116. In Arithmetic the least common multiple of two 
or more whole numbers is the least whole number which 
is measured by them all. The term least common multiple 
is also used in Algebra, but here it is not very appropriate; 
see Art 98. The letters l.c.m. will often be used for 
shortness instead of this term. 

We have now to explain in what sense the term is used 
in Algebra. 

117. It is usual to say, that by the least common mul- 
tiple of two or more simple expressions, is meant the least 
expression which is m^easuredoy them all; but this defi- 
nition will not be fully understood until yv^e have given and 
exemplified the rule for finding the least common multlpld 
of simple expressions. 

The following is the Rule for finding the l.o.m. of 
simple expressions. Find by Arithmetic the l.c.m. of the 
numerical coefficients; after this number put evei'y letter 
which occurs in the expressions, and give to each letter 
respectively the greatest index which it has in the ex- 
pressions, 

118. For example; required the l.o.m. of 16d*&c and 
ZOaWd, Here the numerical coeflScients are 16 and 20, 
and their L.C.M. is 80. The letters which occur in the ex- 
pressions are a, &, c, and d-, and their greatest indices are 
respectively 4, 3, 1, and 1. ' Thus we obtain H(ia*l^cd as the 
required L.C.M. 

Again ; required the L.C.M. of ^^l^c^ar^yj^, I2a*bcai^, 
and lad'^c^a^y*. Here the l.cm. of the numerical coefficients 
is 48. The letters which occur in the expressions are 
ay b, c, X, y, and z; and their greatest indices are respec- 
tively 4, 3, 3, 6, 4, and 3. Thus we obtain 48a*6Va?«y V as 
the reqiured L.aM. 
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119. The following statement gives the best practical 
notion of what is meant by the term least common multiple 
in Algebra, as it shew? the sense of the word lecut here. 
W%en the hast common multiple of two or more express 
Horn 19 divided by those expressions the quotients have no 
common measure. 

Take the first example of Art 118, and divide the l.c.m. 
by the expressions; the quotients are 61M and 4ac and 
these quotients have no common measure. 

Again ; take the second example of Art 118, and divide 
the L.O.M. by the expressions; tiie quotients are 6a^ry*, 
^c^a^ffz^, and ^db^j^sfl, and these quotients have no com- 
mon measure. 

120. The notion which is supplied by the preceding 
Article, with the aid of the Chapter on Facton, will enable 
the student to determine in many cases the l.c.m. of com- 
pound expressions. For example, required the Lcx. of 
4a*{a+by and 6a&(a>-M). The l.o.m. of 4<iF and Gab is 
I2a^b. Also {a + br and a^-b' have the common factor 
a+b, so that (a + 6) (a + 6) (a -6} is a multiple of (a +6)* 
and of «'—&•; and on dividing this by (a+bf and a*— 6" we 
obtain the duotients a—b and a + 6, which have no common 
measure. Thus we obtain 12a%(a + ft)"(a-6) as the re- 
quired L.aM. 

121. The following may be given as the d^nition qfths 
IkCM. qf tvoo or more compound expressions. Let two 
or more compound expressions contain powers of some 
common letter; then the expression of lowest dimensions 
in that letter which is measured by each of these expres- 
sions is called their least common multiple. 

122. We shall now shew how to find the L.O.M. of two 
compound expressions. The demonstration however will 
not be fully understood at the present stage of the student's 
knowledge. 

Let A and B denote the two expressions, and 7> their 
irreatest common measure. Suppose A —aD^ and B = bD. 
Then from the nature of the greatest common measure, a 
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and h have no common factor, and therefore their least 
common multiple is ah. Hence the expression of lowest 
dimensions which is measured by aZ> and hD is obD, And 

abD=^Ab=Ba=~. 

Hence we have the following Rule for finding the l.o.m. 
of two compound expressions. Divide the product qf the 
expresnons by their g.cm. Or we may give the rule thus : 
Divide one of the expresHons by their o.aM, and mul- 
tiply the qtiotient by the other expresiion. 

123. For example; required the L.aM. of a^—ia+S 
and 4^?* - 9«* - 16a: + 18. 

The G.CM. is ^—3; see Art. 105. Divide «■— 4^ + 3 
by a?- 3; the quotient is a— I. Therefore the l.o.m. is 
(a?-l)(4i'-9a?*— 15a?+18); and this gives, by multiplying 
out, 4a?*-13;B»-6ar^ + 33^-18. 

It is however often convenient to have the L.O.M. 
expressed in &ctors, rather than multiplied out We 
know that the ajo.M., which is ;p-3, will measure the ex- 
pression 4a^-^9a^—15x-^lS; by division we obtain the 
quotient Hence the l.c.m. Is 

(«-3)(^-l)(4;c" + 3a?-6). 

For another example, suppose we require the L.b.M. of 

aB*-7a?+6 and 3a;* -7a? + 4. 

The Q.O.M. is a?- 1 : see Art. 111. 
Also (2a;8-7a:+6)-5-(ii?-l) = 2a?-6, 

and (3a?2-7a?+4)-5-(d?-l)=3a?-4. 

Hence the uom. is 

(a? -1) (2a? -6) (3a? -4). 

Again; required the l.c.m. of 2a?*-7a?'— 4a?^+a?-4, 
and 3a?*-lla;'-2a?«-4a?-16. 

The G.O.M. is a?"-3a?— 4: see Art. 111. 

Also 
(2a?*-7«»-4a?*+a?-4)-^(a;*-3a?-4) = 2a^-a?+l, 
and 
(3a?»-ll«»-2aj»-4«-16)^(^-3«-4)=3aj«-2a?+4. 

T.A. 5 
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Hence the l.g.m. ia 

(««-3;»-4)(2^«-;i?+l)(34^-ar+4). 

124. It Sr obvious that, every multiple of a common 
multiple qftvjo or more expressions is a common multiple 
qf those expressions. 

125. Every common multiple of two expressions is a 
multiple qf their least common multiple. 

Let A and B denote the two expressions, M their 
I..C.M.; and let JV denote any other common multiple. Sup- 
pose, if ]K>S8ible, that when N is divided by M there is a 
remainder R\\etq denote the quotient. Thus R = N- qM. 
ICow A and B measure M and Nj and therefore they mea^ 
sure R (Art 106). Kut by the nature of division R \& of 
lower dimensions than j/; and thus there is a commou 
multiple of A and B which is of lower dimensions than 
their l.cm. This is absurd. Therefore there can be no 
remainder R\ that is, JV is a multiple of M, 

126. Suppose now that we require the l.o.k. of three 
compound expressions. A, B, C, Find the l.c.m. of any 
two of them, say of A and B\\ei M denote this l.c.m. ; 
then the l.c.m. of M and C will be the required L.C.M. of 
Ay B, and a 

For eveiy common multiple of M and (7 is a common 
multiple of A, B, and C, by Art. 124. And every common 
multiple of A and ^ is a multiple of My by Art 125 ; hence 
evenr common multiple of M aad (7 is a common multiple 
of A, B, and C. Tlierefore the l.c.m. of M and C is the 
L.C.M. of A, B, and C, 

127. In a similar manner we may find the L.G.M. of four 
expressions. 

1 2S. The theories of the greatest common measure and 
of the least common multiple are not necessary for the 
subsequent Chapters of the present work, and any diffi- 
culties which the student may find in them may be post- 
poned until he has road the Theory of Equations. The 
examples however attached to the preceding Chapter and 
to the present Chapter should be carefully worked, on ac- 
count of the exercise wliich they afford in all the funda- 
mental processes of Al$^ebra. 
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Examples. XIIL 

Ifind the least common multiple in the following ex- 
amples: 

1. 4a^, eoft*. 2. 12a»&2c, 18a6V. 

6. 4a(a+&), 62>(a' + 6^. 6. a»-6*, a'-ft'. 

7. J?*-3«-4, «"-d?-12. 

9. 12d;* + 6«-3, 6j?' + ^-j?. 

10. «»-6j7*+lldr-6, *3~9a?« + 26«-24. 

11. a^-laf-ey a^'^Sai'+naf+lO. 

12. d?* + a:»+2;!p'4-4f+l, d?*-l. 

13. ^-24J«-3a?» + 8jF-4, a?*-6jj» + 20j?-16L 

14. a^+d^ji^+a^, a^'-oj^-a^x + a^^ 
16. 4a»&2c, 6a6»<;«, ISa'bc^. 

16. 8 (a* -6"), 12 (a + ft)*, 20(a--&)". 

17. 4(a+6), 6(a«--&2), 8(a' + 65). 

18. 15 (a'b-<a^), 21 {a* -ab^y 36(a5'+J^ 

19. iu»-l, a^+ly a^-l. 

20. ii?»-l, flj' + l, fl?*+l, «8_i. ,V 

21. a:»-l, a^+ly aj'-l, ar' + l. 

22. ;c' + 3a? + 2, af^ + 4x + 3, a^ + 6x + 6. 

23. aj2 + 2a?-3, a?' + 3^-^-3, ;p> + 4;r*+ir-«. 
84. «*+6a?4-10, ;i?»-19;c-30, «»-15;iy-60. 

6—2 
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XIV. FracHoM. 

129. In this Chapter and the following four Chapten 
we shall treat of Fractions; and the student will find that 
the rules and demonstrations closely resemble tiiose with 
which he is already familiar in Arithmetic. 

130. By the expression ? we indicate that a unit is 

to be divided into h equal parts, and that a of such parts 

are to be taken. Here j- is called a fraction; a is called 

the numer(Uor, and h is called the denominator. Thus 
the denominator indicates into how many equal parts the 
unit is to be divided, and the numerator indicates how 
many of those parts are to be taken. 

Every integer or int^ral expression may be considered 
as a fraction with imity for its denominator; that is, for 

example, *~T' &+c=— -.. 

131. In Algebra, as in Aiithmetic, it is usual to give 
the following Rule for expressing a fraction as a mixed 
quantity: Divide tha numerator by t/ie denominator, as 

Jar 09 possible, and annex to the quotient a fraction 
having the remainder for numerator^ and the divisor fof 
denominator. 

Examples. -=- = 3a + y . 

a'+3a& 2db 

a+6 a+b 

iB»-6a?-H4 ^ . -fl?+2 
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The student is recommended to pay partievlar atien- 
tion to the last step ; it is reallv an example of the use of 
brackets, namely, + ( - j? + 2} = - (j? - 2). 

132. Rule for multiplying a fraction by an integer. 
Either multiply the numerator hy that integer^ or divide 
the denominator by that integer. 

Let r denote any fraction, and e any int^w; then 
will £ X <j= -r- . For in each of the fractions £ and -r- the 



nnit-is divided into h equal parts, and e times as many 

. . , , ae , a ^ ac , ., a 

parts are taken m -i- as m r ; hence ^r- is c times r . 



This demonstrates the first form of the Rula 

Again; let j- denote any fraction, and e any integer; 

then will tz^c=^. For in each of the fractions ^ 

a 
and 7 the sune nuniber of parts is taken, but each part 

in ^ is c times as large as each part in j- , because in 

a 

J- the nnit is divided Into c times as many parts as in 

i ; hence Ti&e tnnes -,- . 
6' h he 

• This demonstrates the second form of the Rule. 

133. Rule for dividing a fraction by an integer. Either 
multiply the denominator by that integer, or divide the 
numerator by that integer. 

Let 7 denote any fraction, and c any integer ; then 

win t-^e= ^ . Yorfhe times ^, by Art 132; and 
oe tf 00 

therefore j- is -th of ^ . 
be e b 

This demonstrates the first form of the Rule. 
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Again; let -t- denote any fractaon^ and e any integer; 
then will y^<'=i- ^^^ T ^ ^ ^mns& ,, by Art 132; 

and therefore ^ is -th of -r- . 
be b 

This demonstrates the second form of the Rule. 

134. 1/ the numerator and denominator qfanfffrao- 
tion be multiplied by the same integer, the value qf the 
fraction ie not altered. 

For if the numerator of a fraction be multiplied by any 
int^;er, the fraction will be multiplied by that integer; 
and the result will be divided by that inte^r if its de- 
nominator be multii>lied by that integer. But if we multiply 
any number by an integer, and then divide the result oy 
the same integer, the number is not altered. 

The result may also be stated thus : if the numerator 
and denominator of any fraction be divided by the same 
integer, the value of the fraction is not altered. 

Both these verbal statements are included in the alge- 
braical statement r = v^ . 
b be 

This result is of veiy greait importance ; many of the 
operations in Fractions depend on it, as we shall see in the 
next two Chapters. 

135. The demonstrations given in this Chapter are 
satis&ctory only when every letter denotes some positive 
fo/iole number; but the results are assumed to be true 
whatever the letters denote. For the grounds of this 
assumption the student may hereafter consult the larger 
Algebra. The result contained in Art. 134 is the most 
important-; the student will therefore observe that hence- 
forth we assume that it is always true in Algebra that 

r = r- , whatever a, &, and e may denote. 

For example, if we put -1 for c we have £ = --^- 



/ 
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Soalso 

In like maimer, by assoming that ? x <; is always equal 
to V- we obtain such results as the following : 

Examples. XIY. 
Exprass the following fractions as mixed quantiiies: 

*^- ^+3 • ^* ~~^3 • 

Multiply 
Diyide 



"• '-^^^y'^'^^<^^^ 
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ZV. Reduction of FracHoru. 

139. The result contained in Art 134 will now be 
applied to two important operations, the reduction of a 
fraction to its lowest terms, and the reduction of fractiong 
to a common denominator. 

^ 137. Rule for reducing a fraction to its lowest terms. 
Divide ths numerator and denominator qf the fraction 
by their greatest common measure, 

ISa^b^c 
For example; reduce ^^ , to its lowest terms. 

The G.o.M. of the numerator and the denominator is 

4a'5'; dividing both numerator and denominator by 4a^&', 

4ac Aac 

we obtain for the required result -7-3. That is, ~r^ is 

equal to »^ . , but it is expressed in a more simple 

form ; and it is said to be in the lowest terms, because it 
cannot be further simplified by the aid of Art 134. 

Again ; reduce ^ , ^"I ,, — --7: to its lowest terms. 

The G.0.1C. of the numerator and the denominator is 

47—3; dividing both numerator and denominator by sb'-Z 

x—\ 
we obtain for the required result -—^ — . 

4*1/ 4" oX ~" o 

In some examples we may perceive that the numerator 
and denominator have a common factor, without using the 
rule for finding the o.aif. Thus, for example, 

(a-&)»~c» ^ (a-6-t-g)(a-6~g) _ q-&-fg 
a^—lfi+cj* {a+b + c){a-b-c)'' a+b+o* 
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138. Role for reducing fractioRs to a common denomi- 
nator. Multiply the numerator qf each fraction by 
all the dewrminators except its awn, for the numerator 
corresponding to that fraction; and multiply cUl the 
denominators together for the common denominator. 

For example ; reduce r > 3 » a^d ^ to a common de- 
nominator. 

a _adf «_^ g ML 
h^ldf' d'dlif' f^fbd' 

«, • aclf cbf , ehd j... - ^, 

^ hd?* ^f* *"^ fhd ^'^ fractions of the same 

value respectively as T > j> and y, and they have the 
common denominator Idf 

The Rule given in this Article will always reduce frac- 
tions to a common denominator, but not al^icays to the 
lowest common denominator; it is therefore often con- 
venient to employ another Rule which we shall now give. • 

139. Rule for reducing fractions to their lowest com- 
mon denominator. ' Find the feast common multiple of 
the denominatorsj and take this for the common denomi- 
fiator; then for the nev) numerator corresponding to any 
qf t?^ proposed fractions, multiply the numerator of that 
fraction by the quotient which is obtained by dioiding 
the least common multiple by the denominator of that 

fraction. 

For example; reduce — , — , — to the lowest com- 
*^ yz^ zx^ xy 

mon denominator. The least common multiple of the do 

nominators is xyz\ and 

^ — £?. A- ^ ^ ^^ 

yz" xyz^ za~xyz* xy'^xyi* 
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Examples. XY. 



Reduce the following fractions to their lowest terms: 



1. 



11. 
13. 
16. 
17. 
19. 
21. 
23. 
26. 



8. 



12a<ya? « a^ + ab 

18««6^y* 

10a*j? 

a?2+6d? + 6* 

2^+a?-15 

2a^«-19a?+35" 

g*-(a4-&)j?4-a& 
a:*+(c— a)a?— ac* 

(«+6)*-(a+c)*' 

fl?'-10a?-l-21 
a?*-46J?-21' 

a?' + a?-42 
a?3-10a?=' + 21d?4-18 

20;i;' + a?-12 
12;i?»-6aj» + 6ar-6* 

2;g»~5a^'~8a?-16 
2iif' + lla?* + l6j?+16* 

a^-8a?~3 
«*-7^ + l" 



3. 



a' + a5 






2a6 • 

4(a + &)« 

^+10^+21 
^-2a?-16 " 



10. 



12. 



14. 



16. 



18. 



20. 



22. 



33:* -t- 233? -36 
4a:« + 33a?-27' 

A''+a?+10C^/ 

3^-f93?-f20 

a^+7a^+14j?+8* 

63^— 11a? -K 5 
3«»-2«*-l* 

a!»-2ai* + 2a2ar-a»' 

a?'-3a*3?-4-2g» 
23?* + a«* + a"a? — 4a' ' 



a?» +a» 
**• d?*+aV+a** 



33?*-14j?»-9a? + 2 
2a:*-93?»-143? + 8* 
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Reduce the following firactions to their lowest common 
denominator : 

Ss ^ -i- -^ 34. _1- ^_ -J^ 

__ a J? a* a« 

36. 



37. 

38. 



*-a' a-*' «»-«•' <^-ai»- 
g b ab y 

1 ay 3 4 5 

47— a' «*+a*+a*' d^-a*' 



fto 1 1 g« 

1 1 



#»-(&+<?)« +6d* 



76 ADDITION OR SUBTRACTION 



XYI. Addition or Suhtraction cf FraeHom. 

140. Rale for the addition or snbtraction of frac- 
tions. Reduce the fractions to a common denominator^ 
then add or subtract the numerators and retain the conh- 
mon denominator, 

ExampleBb Add "j~*<>"r~« 

Here the fractions have already a common denominator, 
and therefore do not require reducing; 

a-^c a-e a-^c+a—e 2a 
b b b "ft' 

- 4a-3ft . - 3a-46 

From take^ . 

c c 

4a-3& 3g-46 ^ 4a-3&-(3g-46) 

e e e 

_ 4g~3ft~3g + 46 _ a + 6 

" c ^ c ' 

The student is recommended to put down the work at 
full, as we have done in this example, in order to ensure 
accuracy. 

Add -4rL to -^. 
a+6 a—b 

Here the common denominator will be the product oC 
a-^b and a—b, that is a*—b\ 

e _ c{a-b) e _ <?(a-f&) 
a+6" a«-ft«' a-6" a^-ft* * 

mrefore c _c^ c(a--b)^c{a^b) 
ca—c b-¥c a-\-d> _ 2ea 
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V «+6 . , a—h 
jrrom — ; taKe — ^ • 
a— 6 a+h 

The common denommator is a'-5'. 
Therefore ^^^fr-^^C^-^^^-C^-^)* 

^3r Art 123 the l.cjc. of the denominators is 

d?-H _ (j?-H)(4a?* + 3a?--6) 
«2-4a?+3""(a?-l)(;p-3)(4a,-* + 3a?-6)* 

4d?'-3a?+2 _ (4a;'-3a?+2)(j'-l) 
4«»-»a;«-15a?+18"(a?-l)(a:-3)(4a:2+3a?-6)' 

Therefore ^"'^ 4.^-3^+2 



«»-4^+3 4a^»-9^-15a7 + 18 

^ (a?+l)(4j:» + 3a?-6)-(4;g»-3J?+2)(j?-l) ' 
** (^-l)(a:-3)(4^ + 3a?-6) 

48»4-7;g'^3a?-g-(4dr»-7J?' + 5a?-2) 
•" (a?-l)(a?-3)(4aj2+3ar-6) 

^ 14g»-8a?-4 

■■(»-l)(«-3)(4af»+3a;-6)* 
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141. We have sometimes to reduce a mixed quantitp 
to a fraction; this is- a simple case of addition or sul>- 
traction of fractions. 

yj, , b a b ae b ac + b 

Examples. «+-=- + - = — 4-- = . 

^ c I c c c c 

2ab a iah a(a+b) 2db a*+3oft 
a+ ~ " " 

;r»-5jr4-12~(a?~2) _ jg'-5a?4-12-ar+2 .a?»-6J?+14 
" «"~3dr + 4 "" d?*-3a? + 4 «*-3a? + 4 ' 

142. Expressions may occur inTolving both addition 
and subtraction. Thus, for example, simplify 

a ah a^ 



a+b 1 a + 6 a + 6 o + 6 a + 6 
«— 2 fl; + 3 ^—2 



The L.O.M. of the denominators is {c^-l^ifl^-^l^ 
that is a* -6*. 

g _ a{a-b){a^+b^ _ a^-a^ + a^b^-at^ 
a+b" a*-b' " a\-b* * 

ab _ ab (a* -tb*) _c^b-\-db^ 



(^-b*~ a*-b* ~ a*-6*~' 

a« ^ a^(a^-b^ _ a*-a*b^ 
a^+b^ a*-&* a*-6* • 

Therefore — -? + -„ — rs — «-t3 

_ a*-a^b + q^b^-'ab^ + a^b + at^-{a*-a^ 
a*-b* 
a^-c^b-^a^U^-ab^ + a'b+ai^-a^+a^ 2a*^ 
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SimpKfy (^.j)%.^) + (ft_c)(6-a) + (c-a)(c-5)- 

. The beginner should pay particular attention to this 
example. He is very liable to take the product of the 
denominators for the common denominator, and thuB to 
render ihe operations extremely laborious. 

The second fraction contains the factor 9- a in its de* 
nominator, and this factor differs from the factor a-h\ 
which occurs in the denominator of the first fraction, only 
in the sign of each term ; and by Art. 135, 

h h 

Also the denominator of the third fraction can be put 
in a form which is more convenient for our object ; for by 
tiie Rule of Signs we have 

Hence the proposed expression may be put in the form 

a h c 

{a-h){a-c) {b-c){a-b) ^ {a-c){b-c) ' 

and in this form we see at once that the L.C.M. of the de- 
nominators is (a — 6) (a — c) {b — c). 

By reducing the fractions to the lowest common deno- 
minator the proposed expression becomes 

. a (b—c)—b (a—c) + c (a—b) 
{a-b){a-c){b-c) ' 

XI- ^. db'-ac—cib-hbC'hac—bc . ^ . . « 

143. In this Chapter we have shewn how to combine 
two or more fractions into a single fraction; on the other 
hand we may, if we please, break up a single fraction into 
two or more fractions. For example, 

Sbc—Aac+5ab _ 35c _ 4ac 5ab _ 3 _ 4 5 
abe " abc dbc abc" a b e' 
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BXAMFLBL XYL 

Find the TBhie of 

• a-6"*'a + 6- 

4. _f t, 

a-b a+6" 

ic 1 1 1 
6. J-^-^ 



«+y «*-y*' 




2a~26 26-2a' 

10. -^^-?^-J?£. 
a— a? a-i-x a^—afl* 



11. 



g-25 6~3g 4gj> + 36g 
Sc 2a eac * 

12 ^"^ -I- ^ _ ^+^^ 
.^ ib-a . b-2a . 3a?(g-&) 
,.3 6 &r-7 
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15. -^-A. + : ^ 



«-2 x + 2 {x+^f 
^^^" i^-^ ^Tb" a*^' 

18 _i 2 , 1 

a?+l a? + 2"*";ir+3* 

,o ^ ^ u ^ 

y x+y x-y' 

21. X r -, 

X-l X+l 

22. x^A:^-^,. 

X-fl x-l 

23. JL+ _?__?. 

24. _?_ + -«_+'*«'»* 

25. -^ + ^ + ^. 
«•-! «-l «+l 

"^ a-a? a'-¥x c?-k-3^ 

3 1 a?+lO 



27. 



2;i?-4 a? + 2 2a?8 + 8' 



28 -j__ ^-3 , ^ 

29. _1 +_^^ L_ 

«*-«* (a?+a)* (x-a)** 
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30. 
81. 






ay+y* a^+sy* 



32. ^^^^^^ -^"2 



33. 



4^+1 "^jra-x + l of+l' 
1 2 



(a?-3)(a:-4) («-2)0-4) •(a^-2){ar-3)• 



l 2jr-3 1 



a?(d?+l) a?(d: + l)(jp+2) 4?(d? + 2)' 

- l-2jy ar+1 1 

^*^- 3(^-^+1) ■** 2(^ + 1) "*■ 6 (0:4- !)• 



36. 


4r2-^+y2 "or + y j?» + yS' 


37. 


1 , ^-y , ary-2^ 


a^-y a^+jn/ + j/* a^-y^ ' 


38. 


a?+l a?-l 2 



39 ^g + ^ , a-^ ^2(^jr+¥y)^ 
aje+by ax— by aV + b^y^ 



2x 
40, 



41. -. 



x^-x^ + l a^-x+l s^ + x-^-l' 
12 3 



d?»-7tr+12 a?*-4d? + 3 *''-6a? + 4" 

,« 1 1 4a 2a 

42. — : 1 + 



1 1 2& 4y 

^ 1 ^_L.._3 3_^ 

i;— 3a a?+3a x-{-a x—a 



43. 
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4B. -J ^+?__i- + _L- 

^ «-26 a-6 a a+b a+-2b' 

47 ^ , ^ 

48. «' . y 

**• (ar-a)(a-6)'*'(ar-6)(ft-a)* 



49. 



(a-6)(a-c)"^(ft-a)(ft-c)' 

^- (a-ft)(a-c)'^{6-a)(ft-c)* 

^^' (a-ft)Ca-c)"*'(6-^«)(&^<?)'*' (c-a)(c-W 

^^ a(a-5)(a-c)'*"&(ft-a)(&-c?)"^* 
« <^ , y ^ 

54. X , 1 

DO, 



£6. 



1 1 



(a-6)(a-c)(a?«a) ^ (b^a)(p-c){x-t) 

*(c-a)(<?-6)(a?-c)* 

6—2 
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XVII. Multiplication qf Fractions. 

144. Rule for the mulUplicatiou of fractions. MuUi- 
ply together the numerators for a new numerator, and 
the denominators for a neio denominator. 

145. The following is the usual demonstration of the 

Rule. Let % and % be two fractions which are to be 
d 

multiplied together ; put g^ =a?, and j= y ; therefore 

a=hx,9XidLe=^dyi 
therefore ac =■ hdxy ; 

ac 
diyide by bd, thiu hA''^' 

But ^"b'^d' 

ii. r a c ae ' 

therefore r ^ ^ = tj« 

a od 

And €u: is the product of the numerators, and hd the 
product of the denominators; this demonstrates the Rule. 

Similarly the Rule may be demonstrated when more 
than two fractions are multiplied together. 

146. We shall now give some examples. Before multi- 
plying together the factors of the new numerator and tho 
factors of the new denominator, it is advisable to ezamiiAO 
if any factor occurs in both the numerator and denomi- 
nator, as it may be struck out of both, and the result will 
thus be simplined; see Art 137. 

Multiply a by - . 

a a b ah 

Hence a- and ^ are equivalent; so, for example^ 
c c 

.» Ax J l/« ov 2a?— 3 
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Multiply - by - . 



thus 



y y y^y y* 



Multiply g by |. 

3a 8e SaxSe _ 2cxl2a ^2c 
46^9a'"4&x9a"36xl2a 3&' 

M^^p^y (aTft?^y^i56 • 

3^1* 4(g'-&*) ^ 4g(g-d) X 3a(g-t- &) ^ 4g(g-&) 
(«+&)■'* 3a* 6(a+6)x3a(a+6) 6(a+6) * 

Mnitipiyl + s+i by f 4.^-1. 

a * a' &* ah c^-hl^-^db 

6'*"5"^""55"*"aft a& aft ' 

(^^l^^-db a^^y^-ah (a«+5'-fa&)(a»+y-aft) 
^5 ^ aft a'ft* 

~ «=«&« a^ft* 

Or we may proceed thus: 

■ (M-)(l*=-0-(?*S'-' 
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r tegetlMr the first two feeton, and 
^1 —ill i|?j the fpodaet a^Mmtely T>y h and by r-3- , and 
ftU ih» iwiiBi; h«l it m man oonvoiieiit to reduce the 
i^y^^^toma^^fractioiL Thus 

i«« r^i !-«• 



t^r. Jls «• hm akeady dese in fmrmer Chapters, we 
VH« ^di« jiM »■■• fwitfl vhidi the stadent must as- 
mmtf ^ W <awribteef f ijil—iliiw. and which he must use 
«!^ii»»wucka^(fSMiflMvytkaMj be proposed* See 



»A«r^JW^ 
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EXAHPLSS. XYIL 



Find tlie rahie of the following: 

2a ebe o ?! ^ ^ 

a% ¥c c»a . ^+1 fl?-f2 «-l 

'■ (".^)('-.-?5)- 

* a*+2aa?+«" a*-2ax+a^' 

' a^+t^ \^-y x+yj' 

\a* ar a X / \« «/ 

\a X b y) \a x by) 
. a^-2i?+l ^--4£+4 ^-6jPf- » 
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141. "We have sometimes to reduce a mi.ri( 
to a fraction; this is- a simple ca-^e of additii 
traction of fractions. 

_ , h a h ao h <ic^h 

Examples. a+-=- + - = — «-- = — 

C 1 C C c 

2ah a 2gR _ a{a+h) 2a^ 



«+3- 



a?— 2 _ a; + 3 



^-2 



4^^ — 3^ + 4 



^(^+3)(d5^-3£+4) a?-2 

a?*-3;p + 4 ""a?»-3«+4 

°* «"-3;i: + 4 "" d?^— 3.^ + 4 ^ 

142. Expressions may occur inrolvin^ botlj 
and subtraction. Thus, for example, simpliff 

a ah a^ 

The L.O.M. of the denomhifxtora is {^-{ 
that is a* -6*. 

a _ a{a^b){a^'^lf^ _ a^-<i^h^aW-i 
ab __ ah {a* t h*) __ c^b^ai^ 



Therefore 






-&* 



ab 



a+b a^-b^ d' + b^ 
a^-a^b + a^b*-ab^ + a^b + ab''-{a'-aW) 

c^-c^b + a^W-ai^ + c^'^a^-a^ + a^ 



Of nicnoji 3 

The b^iraer Aodd w fnir !■■■ » te 

dcDomiiiaton £v 4e 
render tiie 

The seeoBd fixte cHBiB^kvl-f I ■ ^ 
Domisatar, aid tin ham fin te ir kar f-^ 

whidi ooeois m tiie itMmmm 4 ai is iia^^ 

in the agB of wk torn; ai W i/l £ 

I I 

" II11 1 iiiHiiiiii iFil V_1L 
m 1 fonrnti^ M MHf OBOBK k I 
the£tt2«<{(£agM^kK 

Hence «hepnf«ia|RMvk|ia^^ 



sa 



itominaton is [a-h] '*-c \-<, ■ ^ 



^.^■V^ 



thatii 



mmatortheprapoKd 

hand we maj, if ^pintk^^^^ ^^( 
twocarmxefndam. T^-^*^^^ 

• * * • n 
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therefore 

fa b \fa b \ ffi 1^ €? l^ 

The two ramlte agree, for J + ^+i=?l±^^. 
Multiply together J-^, 1^. and 6+j^. 

We might multiply together the flrrt two fiuston, and 
then multiply the prodnct separately ly h and by , and 

add the results ; but it is more conrenielit to reduce the 

ab 
mufed quantity b + r^^ to a single fraction. Thus 

I.. ^ __ b{l-a)+ab b 
l-« 1-a l-« 

Then 

5 + &* ^a + a«^l-a"'&(14=&)<«{l+a)(l-a)" a * 

147. As we have already done in former Chapters, we 
must here give some results which the student must a»- 
sume to be capable of explanation, and whiclt he must use 
as rules in working examples which may be proposed. See 
Arts. 63 and 135< 



Multiidy 


b^^-d- 
















^06 

bd 


=- 


ac 

bd' 


Multiply 


a . e 
'l^^d' 










a 
b 


c —a c 
''d^T^'d 


* bd 




ae 
bd' 




Hnlt^ly 













a 6 —a^—e ae 
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EXAHPLES. XYIL 



Find the value of the following : 

2a ^ « ^ ^ ^ 

^ ^ ^ . d?+l a?+2 a?— I 



a — 



a?(a-a?) ^ g(a4-aO 
a*-{-2aa!+a^ a*—2ax+a^' 

a^-{a+b)xA-ab a^-t^ 

jj x^+asy ^f X y \ 

dj"+y" \^-y x-^-yJ' 

12. («_i_£_?\M(i__^\ 

\&c ae ab aj \ a-^b^e/ 

' \a" aj" a « ) \a x)' 

\a X b y) \a X b yj 
ifc ^-f^-H ?Jii£±i ^-6a?4- » 
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XVI IL Dimsion qf Fractions. 

148. Rule for dividing one fraction by another. Invert 
the divisor and proceed as in MultiplictUion. 

149. The following is the nsual demonstration of the 
Role. Suppose we have to divide r by ^; pat f =^ 

and^=y; therefore 

a=bx, BJid e=dy; 



therefore 




ad^bdx, ajidbc= 


therefore 




ad bdx X 
Tc "bdy" y' 


Bui 




X a e 


therefore 


a 
b 


c ad a d 
'^d^bc^b^'c' 



150. We shall now give some examples. 
Divide "-* 



Divide 



Divide 





a by 


~e' 








a 


a b 


a 

9a 

Be' 


e 


ac 
5' 




3«. 


9a Za Sc 
8c " 4b ^ 9a 


2c ^ 


<12<| 
<12a 


2c 




ab-b" 


by- 
' a 


b» 








{a+bf 


8-&2- 







(a+b)^' ifi^^'ia+by"^ 6* 
b(a-'b)(a+b)(a^b) _ (a-b'f 
62(a+ft)« "bia-^by 
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151. Complex fractional expressions may be simplified 
hj the aid of some or all of the rales respecting fractions 
Wnkh have now been given. The following are examples. 

^ ^ \a-h a-^-b) [a-h a+b) 
tf+5 g-& _ («+&)« •f(a-&)» _ 2g«+2y 

a+b a-b (a+by-(a-'h)^ 4ab 
a-b a+b ia-b)(a+b) ~ a*-l^* 

In this example the factors a—b smda+baremulH' 
plied together, and the result a*—b^ is used instead of 
{a+b)(a^b); in general however the student will find it 
advisable not to mtdtiply the factors together in the 
course of the operation, because an opportunity may occur 
of striking out a common £EU^r from the numerator and 
denominator of his result 

Simplify 



-5^ 



. a + l_ 3-« q-H _, 3-g-fg + l _ 4 
3-a 3-a 3-a"" 3-a "a-a' 

4 1 3-a 3-a 
3-a 4a 3-a 3 + 3a 



4 1 3+3a 3+3a' 
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Rnd the yahie of (g^)'- ^ when «=^. 

^'^"oTb 1" a+b " a^-b* 

2ab b _ Zab-bja+b) ^ ab-b^ 
^a-^b l'~ a + b a+6 * 

^ , 2a?-a db-a^ dt-l^ ab^a^ tf + 5 
Therefore r--T = -:rrx ■«-^rTir=-T7X ^. 



2^-6 a+6 "^ a+6 a + 6 ad-6* 

''db-b*~b{a-br'^b* 

therefore ^^^/^(-f)^?- 

^ . a db a{a^b)-^€^ _ «■ , 

Again, «-*=i-J75= ^:f5 ilTft' 

i a + 6" «-Kft «+ft* 

^ . a-* a» 6' «' a+& ^"^ 
Therefore 5-^=— j^^^^-^-^x-g^-^. 

152. The results given in Art. 147 must be given 
again here in connexion with Division of Fractions. 

Since jX-^=-j5, and -jX^^-j^J 
we hare -^3^-^=^, and -^3 + ^=-^. 
Alao rince -j'<-3=^, wohav* 
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EZAVPLE& XVlIL 



DiYide 

' 8^ by *^ 






O 5 



18. 5«»-^by«.+g. 14 «^-^by«-^. 



9S EXAMPLES. XVHL 

Id. --.8a+-^l>7 Jr-— . 
. 17. f^-Hy^ + U?. 

\a-\-xJ ^ Xa-^-xJ 
Simplify the following expressions: 

oo 3 2j?-1 a?-a 

2 2 x-k-a 



a, 1—1.. 26. 1+—^ 



1 + - l+a?+r 

4? 1-0? 



27. — J—. 2a 



1 =- 1+- 



. 1 2«* 

1+- l+a?+-^=- 

« l-« 

\^-y x-^l/J • \a^+y'^a^-'y»J' 



EXAMPLES. XVIII. M 

,1 2 L_. 

'^ z 

Jind the yalaes of the following ezpresaomi: 

33. f~^ whea «?= --r. 
b—a a+b 

34. — T when x= ;. 

a a—o 



a?+y 3 3 



37. 



y «« , 3fl» 

+ — ^^ i—^ wheny=— . 

x—v a^-ir 4 



x-k-y x—y aj2-y* 



26-d? 26 + 4? 462-aj* a+& 



a+& 
2~' 



39. ( — i: ) Si when a?= 

^ x+v—l « « + l J «6+a 
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XIX. Simple Equatuma 

153. When two algebraical expressions are connected 
by the sign of equality the whole is called an equation. 
The expressions thus connected are called tides of the 
equation or members of the equation. The expression to 
the left of the sign of equality ts called the firsi side, and 
the expression to the right is called the second side. 

154. An identical equation is one m whidi the two 
sides are equal whatever numbers the letters represent; 
for example, the following are identicial eqnatiMis, 

(a? + a) (;r - a) = «"— a', 

, (a?+a)(«*— ;ca+a')=;B'+a?; 

that is, these alg^raical statements are fame whatever 
numbers x and a may represent. The student will see 
that up to the present point he has been almost exclusively 
occupied with results of this kind, tiiat is, witb identicsJ 
equations. 

An identical equation is called briefly an identity, 

155. An equation of condition is one which is not true 
whatever numoers the letters represent, but only when 
the letters represent some particular nuinber or numbers. 
For example, a?+l = 7 cannot be true unless j?=6. An 
equation of condition is called l»iefly sm eqwUion, 

156. A letter to which a particular value or values 
must be given in order that the statement contained in an 
equation may be true, is called an unknoum quantity. Such 
particular value of the unlmown quantity ia said to satiny 
the equation^ and is called a root of the equation. To 
solve an equation is to find the root or roots. 

157. An equation involving one unknown quantity is 
said to be of as manv dimensions as the index of the 
highest power of the unknown quantity. Thus if x denote 
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tShe unknown quantity, the equation is said to be of one 
dimension when x occurs only in the fir^ power ; such an 
equation is also called a simple equation, or an equation of 
the first degree. If 9? occurs, and no higher power of a?, 
the equation is said to be of two dimensions; such an 
equation is also called a qitadratic equation, or an equation 
of the second degree. If a^ occurs, and no higher power 
of x, the equation is said to be of three dimensions ; such 
an equation is also called a cubic equation, or an equation 
of the third degree. And so on. 

It must be observed that these definitions suppose both 
members of the equation to be integral expressions so Jar 
as relates to x. 

158. In the present Chapter we shall shew how to solve 
simple equaUons. We have first to indicate some opera- 
tions which may be performed on an equation without 
destroying the equality which it expresses. 

159. If every term on each side qf an equation he 
multiplied by the same number t/ie results are equal. 

The truth of this statement follows from the obvious 
principle, that if equals be multiplied by the same number 
the results are equal; and the use of this statement will be 
seen immediately. 

Likewise if every term on each side of an equation 
be divided by the same number the results are equal. 

160. The principal use of Art. 159 is to clear an equa- 
tion of fractions ; this is ejBfected hy multiplying every 
term by the product of all the denominators of the frac- 
tions, or, if we please, by the least common multiple of those 
denominators. Suppose, for example, that 

X X X ^ 

;^ + ^ + ;; = 9. 
3 4 6 

Multiply every term by 3 x 4 x 6 ; thus 

4x6x;r + 3x^X4;+3x4x^^3x4x6x99 

that is, 24;p + 18a? + 12a?=648; 

cUvido ev^ry term by 6 ; thus 

4d;-f 3^-^207= 108. 
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Instead of mnltiplymg every tenn by 3 x 4 x 6, we ma^f 
multiply every term oy 1^ which is the l.gjc. of the deao- 
minators 3, 4^ and 6 ; we ^oold then obtain at once 

4^+3^+2jp=108; 

that is, ftr=108; 

divide boUi sides by 9 ; therefore 

Thos 12 is the root of the proposed equation. We may 
rify this bi 
The first side! 



verify this by patting 12 for x in the ori^nal equation. 
" ' 5 becomes 



¥ + T +^» that 184+3 + 2, thatisS; 
o 4 o 

which agrees with the second sida 

161. Any term may he iranepoeed from one side qf 
an equation to the other eide by changing its sign. 

Suppose, for example, that x—a^b—y. 

Add a to each side ; then 

x-a+a=b-'y4-a, 

that is x=b-y+a. 

Subtract b from each side : thus 

x—b=b+a''y'-b'=a-y. 

Here we see that —a has been removed from one side 
of the equation, and appears as + a on the other side ; and 
+& has been removed from one side and appears as —6 on 
the other side. 

162. ^f the sign of every term qf an equation be 
changed the equality stiU holds. 

This follows from Art. 161, by transposing every t&nru 
Thus suppose, for example, that a?~a=6— y. 
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By transposition y—h^^a—x^ 

that is, a—x=^y—hi 

and this resolt is what we shall obtain if we change the 
sign of every term in the original equation. 

163. We can now give a Rule for the soltrGon of any 
simple equation with one unknown quantity. Clear the 
equoHon 0/ /ractions, if necessary; transpose all the 
terms which involve the unknown qtmntity to one side qf 
the equation, and the known quantities to the other side; 
divide both sides by the coejicient, or the sum qf the co- 
efficients, qfthe unknown quantity, and the root required 
is obtained, 

164. We shall now giye some examples. 
Solve 7^ + 25 = 36 + 5x. 

Here there are no fractions ; by transposing we have 
7a?-6;i?=35-26; 
that is, 2;r=10; 

divide by 2; therefore a?=— =5. 

We may verify this result by putting 6 for x in the 
iHriginal equation; then each side is equal to 60. 

165. Solve 4(3a?-2)-2(4;c-3)-3(4-a?)=0. 
Perform the multiplications indicated; thus 

12a?-8--(&r-6)-(12-3;c) = 0. 

Bemove the brackets; thus 

12;r-8-8;c + 6-12 + 3a?=0; 

collect the terms, 7a?-14=0; 

transpose, 7^=14; 

14 
divide by 7, a?= y =2. 

The student will find it a useful exercise to verify the 
oonrectness of his solutions. Thus in the above exaiuple.. 

T.A 7 
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U we pat 2 for ^ in the original eqiiation we shall obtain 
16 — 10—6, that is 0, as it should be. 

166. Solve «-2-(2;»-3)=?^. 

Bemove the brackets; thus 

» « o 3a?+l 
af-2-2jc+3= - a— t 

thatisy 1-4?=—^; 

multiply by 2, 2-24?=3j?+1, 
transpose^ 2-l = 2;p + 3^; 

thatiSf l=&r, or&r»l; 

therefore a?=-. 

o 

167. Solye -^ j^=6f -. 

28 
5f= — ; the L.C.M. of the denominators is 10; multiply 

by 10; 

thus 5(&P + 4)-(7a?+5)=28x2-6(a?-l); 

that is, 25a?+20-7a?-6=66-&r+6; 

transpose^ 2&i?— 7«+&i?=66 + 6-20+6; 

that is, 23^=46; 

therefore ^"^23"^ 

The beginner is recommended to put down all the work 
at full, as in this example, in order to ensure accuracy. 
Mistakes with respect to the signs are often made in clear- 
ing an equation of fractions, in the above equation the 

fraction — ~- has to be multiplied by 10, and it is ad- 
visable to put the result first in the form —(7^+6), and 
aftenfi'ards in the form —7^—6, in order to secore atten* 
tivin to the signs. 
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16a Solve |(5a?+3)-^(16-6a?)=87-44fc 

'Bj Art 146 this is the same as 

6a?+3 16-5J? ^^ , 
-3 7 ^37-4*. 

Multiply by 21; thus 7(5«+3)-3(16-6a?)=21(37-4«X 
thatis, 35;i?+21-48 + 15a?=777-84^; ' 

transpose, 354? +15^+ 84a? =777 -21 +48; 
thatis, 134^=804; 

therefore ^=r?^=6. 

134 

169. Solye^!f±H_?^=f^7. 
11 7 6 

Multiply by the product of 11, 7, and 6 ; thus 

36(6a?+ 16)-65(8«- 10) = 77(4a?- 7), 

tiiat is, 210;!?+ 525 - 440;p + 550 = 308^; - 539 ; 

transpose, 210a? -440a? -308a? =-639 -625 -550; 

change the signs, 440a? + 308a?-2104r=539 + 525 + 550, 

thatis, 538ar=1614; 

therefore ^"^"538 "^ 

Examples. 2IX. 
-1. 5«+50=^4a?+56. 4> -2. 16a?-ll=7a?+70.^ 
—3. 24a?-49=19a?-14. ] —4. 3a? +23 =78 -2a?. \\ 
-H5. 7(a?-18)=3(a?-14).^| --6. 16a? =38 -3 (4 -a?), i- 
^7. 7(a?-3)=9(a?+l)-38.A-^. 5 (a? -7) + 63= 9a?. */ 
^9. 59(a?-7)=61(9-a?)-2.7l0. 72(a?-5) = 63(5-*)! /" 

.11. 28(ar4 9)=:27(46-a?)/^ 13. «+f + |-U. "^ 

7-4 



f 
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19. 66-^=48-f .^.. 2a f-4=24-f. f^ 
3 5 So 

-.^ 3a? 180- 6a> „ . «.. « IP+1 "T' 

26. -;f+ ^— =29./^ 26. -+-^=^-2. 4 

27. 4(a?-3)-7(«-4)=e-a?. ri^j" 

^\ 3""3"4 + 4-6"6""6"*"6' ^ / 
^ 2jb 3^ 

80. 2*-^ = ?^. ^ 3, 

^, «+l 3^—1 « o 

«^- "3 5 ^-^ - -^ 

^ 3a?-9 ^ 5^-12 J 

32. «+— -— =4 5 — . - ^ 

6 3 ^ 

84 6^7-?^7^3*-14 : J 
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^' 2 3 4 

37. -j-=7+« 3-. 

' Zx-A 6a?-5 _ 3a?-l 
^ "2 8 "" 16 • 

39. ??Z_«-?fz3 + 2S=0, 

,^ a?-3 a?-6 . a?-l 

7rf!+5 Sa>+6 _ 8-Sa> 
*^ ~6 4 ~ 12 • 

« «-l 2«+7 «+2 » 

x-l «-2 «-8_2 
^^- "2 3"*"i 3* 

47. ?^ + «f±^:=6;r-17i. 

d? 5a?+8 2iP-9 
«• 4 6 3-- 

^ 3^_2^^,0-f =a 

60. ^(3»-4) + |(6»+3)=43-6«. 

X X X X ^m •*» ^ a?— 2 *+3 8 

«»• 1+1-1 + 6='*' *^ -%—z-^-T-^ 
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M. |(37-2*)=|-i(7x-MX 

56. 6*-[8»-3{16-6«-(4-6«)}]=fc 
• l-2a» 4-6a> 13 - 

^ -3 e- + ^=®- 

^^ &»-l 9^-5 9a?-7 

«+3 a;-2_ 3j>— S . I 
^ ~2 3 12~*4' 

61. |(8-«)+«-li=^(«+«)-|.. 

3«-l 13-«_7«_11. -. 

„. 2*-! , 6«-4 7^+12 

«»• -6-+-7-=^rr— 
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XX. Simple Equatiom^ eontinuod, 

170. We shall now giVe some examples of the solation 
of simple equations, which are a little more diflicult than 
those m the pret^ding Chapter. The student will see that 
it is sometimes advantageous to clear of fractions par- 
tiallyj and then to efifect some reductions, before we re- 
move the remaining fractions. 

171. Solve -jj __ + _^=5l+-.^. 

Here we may conveniently multiply by 12; thua^ 

i?^t^-4(2a?-18) + 3(2a?+3)=^xl2 + 3a?+^ 

thatis, ^?^^t^-8a?+72-f6a?+9 = 64 + 3a?+i. 
By transposition and reduction we obtam 

Multiply by 11; thug 12(a?+6)=ll(&i?-13)^ 

that is, 12^+72=55;i;~143; 

by transposition, 72 + 143 = 5&r- 12dr, 

that is, 43a;=215; 

4u r 216 ^ 

therefore «= -— = 5. 

4o 



,^« ai 6^-13*^ „ 16a?-15 ^- S 
172. Solve-— ^+2^+— S2— =6A- 



\-Sai 



16-2aT 24 

Here we may conveniently multiply by 24; thus 
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thai is, 

14447-320 



,. « +48a?+16ar-16 = 164-166+64JU 
16—20? 

By transposition and reduction 

144a?- 320 
16-24? ' 

multiply by 16-24?; thus 

1444?-320=4(16-24?)=60-84?; 

therefore 1444? +84? =320 +60, 

that is, 1624? =380; 

therefore »=J-|=2^-2l. 

173. Solye^=£±|. 

4? — 7 4? + 9 

Multiply by (4? — 7) (4? + 9) ; thus 

(4?+9)(4?-6) = (4?-7)(4? + 3), 

that is, 4J* + 44?-45=4J*-44?-21; 

subtract 4?* from each side of the equation, thus 

44?-45=-44?-21; 

transpose^ 44? +44? =46 -21, 

that is, 84?=24; 

24 
therefore 4?= — = 3. 

o 

It will be seen that in this example a^ is found on hoth 
iidea of the equation, after we have cleared of fractions ; 
accordingly it can be removed b^ subtraction, and so the 
equation remains a simple equcUvon, 
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Here it is oonrenient to malti|dy by 4^+4, that is by 
4(«+I); 

iherefove 8dr+12-4a?--5= » .1 ; 

Multiply by 3a?+ 1 5 thus (3«+ l)(4a?+ 7)= 12(«+ 1)«; 
that]% 12a^+2&r+7 = 12a^+24^+12. 

Subtract ISc* from each side, and transpose; thus 

2&i?-24a?=12-7, 
that i% «=5. 

176. Solye2=|-^ = ^-^. 
a?-2 a?-3 a?-5 a?-6 

Wehaye ^ - ^ = ^^rlK^Z^k^ 
a?-2 a?-3 (^-2)(a?-3) 

_ afl-4x+Z-'{a^-4X'^A) 1 

{x-2){x-2) "" (^-2)(;r-3) 

. , a?-4 ^-5^ (a?~4)(j?-6)-(j?-5)« 

a?-6 ar-e («— 6)(a?-6) 

_ d?«-10^+24~(a^-10^-f25) 1_ 

{x-b)[x-^) ■" (a?-5)(;i?-6)' 

Thus the projKMed equation becomes 
1 1 



(a?-2)(aT-3) («-6)(aT-6)* 
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Change tlie signs ; thus - 



Clear of fractions; thus (aT-5)(a;-6)=(4y-2)(«-3}; 
that is, «*— ll;i;+30=^— &0+6; 

therefore — ll;i7+6«=6— 30; 

thatis, — 6;r=— 21; 

therefore &r=24; ^ 

therefore d?=4 

176. Solye.S«+'i«^ = l|^^. 

To ensure aocnraicy it is advisable to express all the 
decimalB as common finu^ons ; thus 

5f 10 Mx __76\10 12__10/3^_J6\ 

10 6 \ioo 100/ 2 ^ 10 9 \io loy* 

^^ f-¥-|--f4- 

Multiply by 12, 6^-f 9a;~ 15=72 -ia^+ 8; 

transpose, 19^=72 + 8 + 15=95; 

95 
therefore a? = — = 5. 

17). Equations may be proposed in which letters are 
used to represent known quantities ; we shall continue to 
represent uie unknown quantity by x, and any other letter 
will be supposed to represent a known quantity. - We will 
solve three such equations. 
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178. Solve - + -=:=a 

a 

Multiply by a&; thus &a;+a«s=a^; 
that 18, (a+b)x=abci 

divide by a+&; thus a?=-^. 

179. Solve (a+a?)(64.a?)=a(6+c) + ~+^. 
Here ci&+aa7+&aT+a:'=a&+a<;+^+a:>; 

therefore am-\-bx=ae + ^ ; 

thatia, (a+d);.=ac(l+|) = ?i£(^>| 

divide by a+5 ; thus «=^- 

180. Solve i = )r =^ . 

a-b {2x.-b^ 

Clear of fractions ; thus 

(«-a)(2a?-5)«=(a?-5)(2a?-a)»; 
that is, (a?-a)(4a?«-4i*+62)=(-i.-e>)(4a!8-4^+<^ 
Multiplying out we obtain 

=4a;'-4:i?2(a+6)+a?(4a6+a«)-a%; 
tiierefore a^^-dt^^axt^-a^; 

therefore «(a*-62)=o*&-a6*=a6(a-6); 
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181. Although the followmg equation does not strictly 
belonff to the present Chapter we give it as there will bo 
no difficulty in following the steps of the solution, and it 
will serve as a model for similar examples. The equation 
resembles those already solved, in the drcumstanoe that 
we obtain only a iingU value of the unknown quantity. 

Solve Ja+J(w-ie)^^ 

By transposition^ »J(^— 16) ==S—^a ; 

square both sides; thus «— 16=(8— V^)'=64-16j^«+iP; 

therefore -16=64— 16 >/»; 

transpose^ 16iy.si;=64+16=80; 

therefore ^Ja s 5 • 

therefore d?=25L 



TgTAlffPT.MI, TT, 



128 



29 

'24 

216 

3a?-4 &!?— 6 



2. 

4. 



42 



35 



«-2 «-3* 
46 57 



2^+3 4^-5* 



, 3^-1 2ii?-5 a?-3 a . , 
5. -2 3"+-T— 6=^"^^ 

»• — r*+'"T~^"4"=""6^* 

'• IH)*Kf-0-* 



8. a? + — jr— = 6 z — • 



»-2 1 2a?-l 
4 *3 3 
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;i? + 2 "" *^- d?-2^ 7^=26- 



12. 7^;^ ^ 7^-26 ,, «_&». 71^3^+1 
3a?-8"'3^^ 



j^ 2ar-6_ai?-6 



16. «-3-(3-a?)(a:+l)=«(a?-3) + & 
16. 3-«-2(«-l)(a? + 2)-(a?-3)(6-ai:). 

^^- ~4 ^ + ~9~ = ^^- 18. (a?+7)(a:+l)=(a?+3;». 



19. |(2^-10)-i(3^«40) = 16-l(57-*). 



20. ??±8.2^±38_ 
2a?+l ^4^12 "" ' 

21 ^^1 - ^~g . 15-2a? _ 9-^ 7 
4 "■ 32 ■•■ 40 "2 ""g* 

22. i£±l!+?^ziO^. 

a?+3 a?-4 '* 

^+ 1 

23. -y-+d?(;p-2)=(^-l)«. 

2g^ g^rg^:J _ (7^-2)(3a?-6) 
5 36 

26. ^-?(3^-4) + (?^:i2)(2£z3}^^„^^ 
3 6^' fi -' ^ !«• 



gy 3^-^ 4;p-2 1 



6 15- 



-1 3a?-2 6' 
-3 x-2 Zx-\-2' 



» ^. ' 6 



110 EXAMPLES. XX. 

-rt ^ . ^-9 «+l d?-8 
3-2g_2g-5 4a?«-l 

•3-a? 2-« l-a?~ • 

7 3 2 6 

34. (a?+l)(a?+2)(a?+3) 

= (a:-l)(;i?-2)(«-3)+3(4a?-.^2)(d>+l). 

85. («-9)(aT-7)(a?-5)(a?-l) 

=(a?-2)(a?-4)(«-6)(a?-10). 

86. (8«-3)«(«-l)=(4a?-l)«(4a?-6). 

38. •6aT-2 = -2&p+-2ar-l. 

39. '60? + -60? - -8 = 'I5x + -26. 

•6 -2 -9 • 

41. a-^-6-^=ar. 42. a-5- + &^=;r. 

Ao ^•"<'* _ g-a? _ 2:1? a 

44. a?(a?-a)+a?(a?-6) = 2(^-a)(aT-6). 
46. («-a)(«-5)(a?+2« + 26) 

•=(«+2a)(a?+2ft)(;r-a-6X 
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XX. 


46. 


(;i?-a)(^-&)=(a:-a-5)l 




47. 

4a 


a b a—b 
flf— a a—b a—e* 

a b a-hb 
a+a a + b^a+o* 




49. 


1 1 a-b 
x—a x—b a^—db* 





Ill 



w—a x-a-\-c x—b—c «— 6 

_ fftx-'a — b fnX'—d—c 
fix— c-d fix— b-d 

62. {a-b){x-c)-'(p'-e){x-d)-{c-d){x-b)^(k 

64, («-a?)(6-«)=(p + a?)(^+;i^ 

fifi ^""^ _ ^— g-1 _ x—b _ fl?--5— 1 
a?— a-1 a?— a— 2~ J?— 6—1 ;i?-6— 2* 

66. («+a)(2ay+6+c)*=(a?+6)(2dJ+a+c)*. 

67. («+2<i)(a?-a)*=(a?+26)(a?-6)". 

68. {x-df(x+a''2b)='{x-bf{x-2a + b\ 

69. ^/(4^) + V(4«-7)=7. 

60. ^/(«+14)+;s/(aT-14)=14 

61. ^/(iP+ll) + ^/(il?-9)=10. 

62. V(9«+4)+s/(9a?-l)=a 

63. V(«+ 4a6) = 2a- s/«. 

64. V(«-«)+N/(«-&)==N/(«-»)t 



112 PROBLEMS. 



XXI. PrMems. 

182. We shall now apply the methods explained in the 
preceding two Chapters to the 3olMtion of some problems, 
and thus exhibit to the student specimens of the use of 
Algebra. In these problems certain Quantities are given 
and another, which has some assigned relations to these, 
has to be found; the quantity which has to be found is 
called the unknown quantity. The relations are usually 

I expressed in ordinary language in the enunciation of the 
problem, and the method of solving the problem may be 
thus described in general terms: denote tlie unknown 
quantity by the letter x, and express in algebraical 
language the relations which hold between the unknoum 

rantity and the given quantities; an equation will thus 
dbtainedfrom which the value qfthe tmknown quantity 
may be/ound. 

183. The sum of two numbers is 85, and their differ- 
ence is 27 : find the nimibers. 

Let X denote the less number ; then, since the differ- 
ence of the numbers is 27, the greater number will be 
denoted by ^+27 ; and since the sum of the numbers is 85 
we have 

«+a?4-27 = 85; 
that is, 2a?+27=86; 

therefore ac=86-27s=68; 

therefove a? = — = 29. 

Thus the less number is 29 ; and the greater number is 
29 + 27, that is 56. 

f 184. Divide £2, lOs. among A, B, and C, so that B 
mav have bs. more than Ay and C may have as much as A 
ana B together. 

Let X denote the number of shillings in A*% share, 
then ;p+5 will denote the number of shillings in &% share, 
and 2ar+ 5 will denote the number of shillings in Cr% share. 
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The whole number of shillings is 50 ; therefore 

. aj + ;c + 5-»-2;F-f 5 = 50; 

thatis, 4;c + 10 = 50; 

therefore 4a; = 60 - 10 = 40 ; 

therefore a? = 10. 

Thus A'^ share is 10 shillings, ^s share is 15 shillings, 
and C's share is 25 shillings. 

185. A certain sum of money was divided between 
A, B, and C; A and B together received £17. 15*.; A 
and C together received £15. 15«. ; B and C together 
received £12. 10*. : find the sum received by each. 

Let X denote the number of pounds which A received, 
then B received 17|-^ pounds, because A and B 
together received 17| pounds; and C received 15|-a? 
pounds, because A and C togethe** received 15 j pounds. 
Also ^ and (7 together received 12^ pounds; therefor© 

12j = 17i-a?+15i-«; 

thatis, 12i=33i-2^; 

therefore 2^?= 33^-12^=21: 

21 
therefore a? = — = lOj. 

Thus A received £10. 10«., B received £7. 5*., and C 
received £5. 5«. 

186. A grocer has some tea worth 2^. a lb., and some 
worth Zs. 6d. a lb. : how many lbs. must he take of each 
sort to produce 100 lbs. of a mixture worth 2s, 6d. a lb. ? 

Let a? denote the number of lbs. of the first sort ; then 
100— :» will denote the number of lbs. of the second sort 
The value of the ;plbs. is 2x shillings ; and the value of the 

T. jL 8 



114 PROBLEMS. 

7 
lOO-xIbA. is - (100-^) shilliiigB. And the whole valne 

IB to be - X 100 shilliiigB ; therefore 

2 

?xioo=2a?+^(100-aO; 

multiply by 2, thus 600=4r+700-7d?; 
therefore *!x-4x= 700-600 ; 

thatis^ 3^=200; 

therefore a-=— =66|. 

Thus there most be 66}lb8. of the first sort, and 
33^ Ibe. of the second sort 

187. A line is 2 feet 4 inches long ; it is required to 
divide it into two parts, such that one part may be three- 
fourths of the other part 

Let X denote the number of inches in the larger part ; 

3^ 
then — will denote the number of inches in the other part. 

* The number of inches in the whole line is 28 ; therefore 





3^ 
a?+^=:28; 


therefore 


4r+3:p=112; 


that is, 


7a?=112; 


therefore 


a?=16. 



Thus one part is 16 inches long, and the other part 12 
inches long. 

188. A person had £1000, part of which he lent at 
4 per cent., and the rest at 5 per cent. ; the whole annual 
interest received was ;£44 : how much was lent at 4 per 
cent 7 
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Let X denote the number of pounds lent at 4 per cent ; 
then 1000—^ will denote the number of pounos lent at 
5 per cent The annual interest obtained from the former 

18 — , and from the latter -^-^ — ^; 

., . AA ^ 6(1000-^) 

therefore ^=ioo^ 100 ' 

therefore 4400= 4a? +6 (1000-^) ; 

that is, 4400 = 4;t?+ 5000 -5a?; 

therefore a? =5000 -4400 =600. 

Thus £600 was lent at 4 per cent 

189. The student will find that the only difficulty in 
solving a problem consists in translating statements ex- 
press^ in ordinary language into Algebraical language; 
and he should not be discouraged, if he is sometimes a 
little perplexed, since nothing but practice can give him 
readiness and certainty in this process. One remark may 
be made, which is very important for beginners; what is 
called the unknown quantity is really an unknown numheVy 
and this should be distinctly noticed in forming the equa- 
tion. Thus, for example, in the second problem which we 
have solved, we begin by saying, let x denote the number 
of shillings in ^'s share; beginners often say, let a?=^*s 
money, which is not definite, because ^'s money may be 
expressed in various ways, in pounds, or in shillings, or as' 
a miction of the whole sum. Again, in the fifth problem 
which we have solved, we begin by saying, let x denote 
the number of inches in the longer part; oeginners oJTcn 
say, let a?= the longer part, or, let a? = a part, and to theso 
phrases the same objection applies as to that alre:idy 
noticed. 

190. Beginners often find a difficulty in translating a 
problem from ordinary language into Algebraical langnii^e, 
because they do not understand what is meant by tlie 
ordinary language. If no consistent meaning can be iis- 
signed to the words, it is of course impossible to tran^hite 
them; but it often happens that the words are nctt ab* 

8^2 
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solutely unintelligible, but appear to be susceptible of more 
than one meaning. The student should then select one 
meaning, express that meaning in Algebraical symbols, and 
deduce from it the result to which it will lead. If the 
result be inadmissible, or absurd, the student should try 
another meaning of the words. But if the result is satis- 
factory he may infer that he has probably understood tho 
words correctly ; though it may still be interesting to try 
tho other possible meanings, in order to see if the enun- 
ciation reaUy is susceptible of more than one meaning. 

191. A student in solving the problems which are 
riven for exercise, may find some which he can readily solve 
by Arithmetic, or by a process of guess and trial ; and he 
may be thus inclined to undervalue the power of Algebra, 
and look on its aid as unnecessary. But we may remark 
that by Algebra the student is enabled to solve all these 

Eroblems, without any uncertainty ; and moreover, he will 
nd as he proceeds, that by Algebra he can solve pro- 
blems which would be extremely difficult or altogether 
impracticable, if he relied on Arithmetic alona 
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1. Find the number which exceeds its fifth part by 24. 

2. A father is 30 years old, and his son is 2 years old : 
in how many years will the father be eight times as old aa 
the son 1 

3. The difference of two numbers is 7, and their sum 
is 33 : find the numbers. 

4. The sum of £155 was raised by ^, ^, and G toge- 
ther; B contributed £16 more than A^ and C j£20 more 
than B : how much did each contribute ? 

5. The diffsronco of two numbers is 14, and their sum 
is 48 : find the numbers. 

6. ^ is twice as old as B, and seven years ago their 
united ages amounted to as many years as now represent 
the age of A : find the ages of A and B. 
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7. If 66 be added to a certain number, the result is 
treble that number: find the number. 

8. A child is bom in November, and on the tenth day 
of December he is as many days old as the month was on 
the day of his birth : when was he bom ? 

. 9. Find that number the double of which increased by 
24 exceeds 80 as much as the number itself is below 100. 

10. There is a certain fish, the head of which is 9 
inches long ; the tail is as long as the head and half the 
back ; and the hack is as long as the head and tail toge- 
ther : what is the length of the back and of the tail ? 

11. Divide the number 84 into two ^rts such that 
three times one part may be equal to four times the other. 

12. The sum of £1Q was raised by A, B, and C top&- 
ther; B contributed as much as A and £\0 more, and C7 
as much as A and B together : how much did each con- 
tribute f 

13. Divide the number 60 into two parts such that a 
seventh of one part may be equal to an eighth of the other 
port. 

14. After 34 gallons had been drawn out of one of 
two equal casks, and 80 gallons out of the other, there 
remained just three times as much in one cask as in the 
other: what did each cask contain when full 1 

15. Divide the number 75 into two parts such that 
3 times the greater may exceed 7 times the less by 15. 

16. A person distributes 20 shillings among 20 per- 
sons, giving sixpence each to some, and sixteen pence each 
to the rest: how many persons received sixpence each ? 

17. Divide the number 20 into two parts such that 
the sum of three times one part, and five times the other 
part, may be 84. 

18. The price of a work which comes out In parts is 
£2. 16«. 8^. ; but if the price of each part were 13 pence 
more than it is, the price of the work would be £Z, 7«. 6</.: 
how many parts were there ? 

19. Divide 45 into two parts such that the first divided 
by 8 shadl be equal to the second multiplied by :& 
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20. A fitiher Is three times as old as his son; four 
yean ago the father was four times as old as his son then 
was : what is the age of each ? 

21. Dinde 188 into two parts such that the fourth of 
one part may exceed the eighth of the other by 14. 

22. A person meeting a company of beggars gave four 

Sence to each, and had sixteen pence left ; ne found that 
e should have required a shilling more to enable him to 
give the b^:gars sixpence each : how many beggars were 
there? 

23. Divide 100 into two parts such that if a third of 
one part be subtracted from a fourth of the other the re- 
mainder may be 11. 

24. Two persons, A and B, engage at play; A has 
£72 and B has j£52 when they begin, and after a certain 
number of games have been won and lost between them, 
A has three times as much money as B : how much did A 
win? 

25. Divide 60 into two parts such that the difference 
between the greater and 64 may be equal to twice the 
difference between the less and 38. 

26. The sum of j£276 was raised by A, B, and C toge- 
ther; B contributed twice as much as A and £12 more, 
and C7 three times as much as B and £12 more: how much 
did each contribute ? 

27. Find a number such that the sum of its fifth and 
its seventh shall exceed the sum of its eighth and its 
twelfth by 113. 

28. An array in a defeat loses one-sixth of its number 
in killed and wounded, and 4000 prisoners ; it is reinforced 
by 3000 men, but retreats, losing one-fourth of its number 
in doing so ; there remain 18000 men : what was the ori- 
ginal force? 

29. Find a number such that the sum of its fifth and 
its seventh shall exceed the difference of its fourth and its 
seventh by 99. 

30. One-half of a certain number of persons received 
eighteen-pence each, one-tliird received two shillings each, 
and the rest received half a crown each ; the whole sum 
distributed was £2, 4s. : how many persons were there f 
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31. A person had ^900 ; part of it he lent at the rate 
of 4 per cent^ and part at the rate of 5 per cent., and he 
received equal sums as interest from the two parts : how 
much did he lend at 4 per cent.1 

32. A father has six sons, each of whom is four years 
older than his next younger brother; and the eldest is 
three times as eld as the youngest: find their respective 
ages. 

33. Divide the number 92 into four such parts that 
the first may exceed the second by 10, the third by 18, and 
the fourth by 24. 

34. A gentleman left £5^0 to be divided an^ong four 
servants A, B, C, D ; of whom B was to have twice as 
much as ^, (7 as much as A and B together, and D as 
much as G and B together : how much had each 1 

35. Find two consecutive numbers such that the half 
and the fifth of the first taken together shall be equal to 
the third and the fourth of the second taken together. 

36. A sum of money is to be distributed among three 
persons A, B, and C; the shares of A and B together 
amount to £60 ; those of A and (7 to £80 ; and those of B 
and C to £92 : find the share of each person. 

37. Two persons A and B are travelling together ; A 
has £100, and B has £48; they are met by robbers who 
take twice as much from A as from B, and leave to A 
tliree times as much bs to B: how much was taken from 
each? 

38. The sum of £500 was divided among four persons, 
so that the first and second together received £280, the 
first and third together £260, and the first and fourth 
together £220 : find the share of each. 

39. After -4 has received £10 from ^ he has as much 
money as B and £6 more ; and between them they have 
£40 : what money had each at first ? 

40. A wine merchant has two sorts of wines, one sort 
worth 2 shillings a quart, and the otiier worth 3^. 4d. a 
quart; from these he wants to make a mixture of 100 
quarts worth 28. Ad, a quart: how many quarts must he 
take from each sort ? 



r 
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41. In a mixture of wine and water the wine compoeed 
25 gallons more than half of the mixture, and the water 
6 gallons less than a third Qf the mixture : how many gal- 
lons were there of each 7 

42. In a lottery consisting of 10000 tickets, half the 
number of prizes added to one-third the number of blanks 
was 3500 : now many prizes were there In the lottery ? 

43. In a certain weight of gunpowder the saltpetre 
composed 6 lbs. more than a half of the weight, the sulphur 
5 lbs. less than a third, and the charcoal 3 lbs. less than a 
foarth : how many lbs. were there of each of the three 
ingredients 7 

44. A general, after having lost a battle, found that 
he had left fit for action 3600 men more than half of his 
army ; 600 men more than one-eighth of his army were 
wounded; and the remainder, forming one-fifth of the 
army, were slain, taken prisoners, or missing : what was 
the number of the army 7 

45. How many sheep must a person buy at £1 each 
that after paying one shilling a score for folding them at 
night he may gain ^79. 16#. by selling them at £8 each 7 

46. A certain sum of money was shared among five 
persons A, By (7, Z>, and E\ B received ^10 less than A ; 
C received £16 more than B; D received £5 less than C\ 
and E received £\5 more than D ; and it was found that 
E received as much as A and B together : how much did 
each receive 7 

47. A tradesman starts with a certain sum of money ; 
at the end of the first year he had doubled his original 
stoct all but ;£100 ; also at the end of the second year he 
had doubled the stock at the beginning of the second year, 
all- but ;£100; also in like manner at the end of the third 
year ; and at the end of the third year he was three times 
as rich as at first : find his original stock. 

48. A person went to a tavern with a certain sum of 
money; there he borrowed as much as he had about him, 
and spent a shilling out of the whole : with the remaindei 
ne went to a second tavern, where he borrowed as much as 
!!^^ * ' ^^^ ^"^ *P^"^ * shiUing ; and he then went to 
wldchh«*^''5"^.t'?''''T^^,^"^ spending as before, after 
Which he had nothing left; how much had he at first ? 
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XXII. Problems, continued. 

192. We shall now give some examples in which the 
process of translation from ordinary language to algebrai- 
cal language is rather more difficult than in the examples 
of the preceding Chapter. 

193. It is required to divide the number 80 into lour 
such parts, that the first increased by 3, the second dimi* 
nishea by 3, the third multiplied by 3, and the fourth 
divided by 3 may all be equal 

Let the number x denote the first part ; then if it b J 
increased by 3 we obtain ^ + 3, and this is to be equal to 
the second part diminished by 3, so that the second part 
must be ^+6; again, ^+3 is to be equal to the third part 

multiplied by 3, so that the third part must be — r— ; and 

07 + 3 is to be equal to the fourth part divided by 3, so that 
the fourth part mu:it be 3(^9+3). And the sum of the parta 
is to be equal to 80. 

Therefore ar+;i?+6+^^+3(d?+3)=80, 

o 
that is, 2a?+6 + -g- + 3a? + 9=80, 

thatia, 6^+5±^=80-16=66j 

multiply by 3; thus 15iP+;»+3 = 195, 

that is, 16aj = 192; 

192 
therefore « = — = 12» 



Thus the parts are 12, lb, 5, 15. 
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194. A alone can perform a piece of work in 9 days, 
and B alone can perform it in 12 days : in what time will 
they perform it if they work \ogether Y 

Let X denote the required number of days. In one day 

A can perform - th of the work ; therefore in x days he can 

perform - tlia of the work. In one day B can perform 

r^th of the work; therefore in x days he can perform 

r^ ths of the work. And since in x days A and B to- 

gfether perform the whole work, the sum of the fract%on» 
of the work must be equal to unity; that is, 







9^12 ^• 




Multiply by 36; 


thus 


Ax^Zx-. 


= 36, 


that is, 




lx= 


= 36; 


therefore 




^ 36 


:5f 



195. A cistern could be filled with water by means of 
one pipe alone in 6 hours, and by means of another pipe 
alone in 8 hours ; and it could be emptied by a tap in 12 
liours if the two pipes were closed : in what time will the 
cistern be filled if the pipes and the tap are all open ? 

Let X denote the required number of hours. In one 
hour the Grst pipe GUs ^ th of the cistern ; therefore in x 

hours it SUa ^ths of the cistern. In one hour the second 

pipe mia - th of the cistern ; therefore m x hours it fills 

i ths Of the dstern. In one hour the tap empties i th 

12 
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<tf the dstern ; therefore in m hoars it empties j|th8 of 

the dstern. And since in x hours the whoU cistem is 
filled, we have 

6^8 12"*- 
Multiply by 24; thus 4^+3a;-2^»24y 
thatisy 507=24; 

theref(Mie ^ = -r = H- 

196. It is sometimes convenient to denote by Xy not 
the unknown quantity which is explicitly retiuired, but 
some other quantity from which that can be easily deduced; 
this will be illustrated in the next two problems. 

197. A colonel on attempting to draw up his regiment 
in the form of a solid square finds that he has 31 men 
oyer, and that he would require 24 men more in his regi- 
ment in order to increase the side of the square by one 
man: how many men were there in the regiment? 

Let X denote the number of men in the side of the first 
square ; then the number of men in the square is :t^ and 
the number of men in the regiment is a:" + 31. If there 
were x+\ men in a side of the square, the number of men 
in the square would be (.f + 1)^ ; tiius the number of men 
in the regiment is (a? + 1)* - 24. 

Therefore (a? + 1)* - 24 = a^ + 31, 

that is, iB8 + 2a?+l-24=aj' + 31. 

From these two equal expressions we can remove o^ which 
occurs in both ; tlius 

2a:+l-24 = 31; 

therefore 2^=31 - 1 + 24=64 ; 

54 
therefore ;» = — = 27. 

Hence the number of men in the regiment is (27.)^ +31, 
that is, 729 + 31, that is, 760. 
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Vl98. A starts from a certain place, and trarels at ilie 
rate of 7 miles in 5 hours ; B starts from the same place 
8 hoars after A^ and trayels in the same direction at the 
rate of 6 miles in 3 hours : how far will A travel before he 
Is overtaken by B t 

Let X represent the number of hours which A travels 
before he k overtaken; therefore B travels x—% hours. 

Now since A travels 7 mfles in 5 hours, he travels - of a 

o 

mile in one hour ; and therefore in x hours he travels — - 

5 

miles. Similarly B travels r of a mile in one hour, and 
o 

therefore in dr— 8 hours he travels - («— 8) miles. And 

3 

when B overtakes A they have travelled the same num- 
ber of miles. Therefore 









i(-8)=y' 


multiply by 


Ifi; 


thus 


25(a?-8) = 21;p, 


that is, 






25a?-200 = 21iP; 


therefore 






2&p-21;p=200, 


that is, 






4a?=200; 


therefore 






^ 200 ^_ 
• «=— =50. 



Ix 7 
Therefore y =5^50=70; so that ^ traveUed 70 miles 

before he was overtaken. 

studfni »J^o^'®Tf *?^ wmetimes given which suppose the 
wuaent to have obtained from AnfchmeUc a knowledge of 
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the meaning of proportion; this will be illustrated in the 
next two probloma After them wo shall conclude the 
Chapter with three problems of a more difficult character 
than those hitherto given. 

200. It is required to divide the number 66 into two 
parts SUC& that one may be to the other as 3 to 4. 

Let the number x denote the first part; then the other 
part must be 66 -ai and since ^istobeto66-^as3to4 
we have 

a _3 
56-;p'"4' 

Clear effractions; thus 

>i?=3(66-ii?); 
that is, 4^ = 168-3^; 

therefore 7«=168; 

therefore a?=-^=24. 

Thus the first part is 24 and the other part is 66— 24, 
that is 32. 

The i>recedine method of solution is the most natural 
for a beginner; the following however is much shorter. 

Let the number Zx denote the first part; then the 
second part must bo 4x, because the first part is to tlie 
second as 3 to 4. Then the sum of the two parts is equal 
to 56; thus 

Zx-¥Ax=t^ 
that is, 7^=66; 

therefore a? =8. 

Thus the first part is 3 x 8, that is 24; and the second 
part is 4 X 8, that is 32. 



126 PROBLEMS. 

201. A cade, Ay oontains 12 galloiis of whie and 18 
gaDons of water; and another cask, B, contains 9 gsillons 
of wineand 3 gallons of water: how many gallons must be 
drawn from each cask so as to prodace by their raixturo 
7 gallons of wine and 7 gallons of water ? 

Let » denote the nnmber <rf gallons to be drawn from 
A\ then since the mixtmie is to consist of 14 gallons, 
14-x will denote the nnmber of gallons to be drawn from 
B. Now the number of gallons m -4 is 30, of which 12 are 

12 
wine; that is, the wine » 35 of the whola Therefore the 

» gaflons drawn frt>m A contain — - gallons of wine. 

30 

Similarly the 14 -a; gallons drawn from^ccmtain ^(^^~^) 

gaUons of wine. And the mixture is to contain 7 gallons 
of wine; therefore 





1207 9(14-^) 
30 12 ~'' 


that is, 


2^ 3(14-;r) 
5 ^ 4 -^' 


therefore 


8j? + 16(14-a?)=140, 


that is. 


8iP+210-15a?=140; 


therefore 


7a?=70; 


therefore 


a?=10. 



Thus 10 gallons must be drawn from A, and 4 from B. 

202. At what time between 2 o'clock and 3 o'clock is 
one hand of a watch exactly over the other? 

Let X denote the re^iuired number of minutes after 
2 o'clock. In X minutes the long hand will move over 
X divisions of the watch face ; and as the long hand moves 
twelve times as fast as the short hand, the short hand wil] 

move over — divisions in x minutes. At 2 o'clock the 
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short hsud is 10 diyisions in adyance of the long; hand; so 
that in the x minutes the long hand must pass OTer 10 
more divisions than the short hand; therefore 

^=l2 + ^^' 
therefore V2m = ar + 120 ; 

therefore liar =120; 

therefore ^" TT " ^^^^' 

\/: 

203. A hare takes four leaps to a greyhound's three, 
but two of the greyhound's leaps are equivalent to three of 
the hare's; the hare has a start of fifty leaps: how many , 
leaps must the greyhound take to catch the Eare ? 

Suppose that Zx denote the number of leaps taken by 
the greyhound ; then Ax will denote the number of leaps 
taken by the hare in the same time. Let a denote the num- 
ber of inches in one leap of the hare; then 3a denotes the 
number of inches in three leaps of the hare, and therefore 
also the number of inches in two leaps of the greyhound; 

therefore -^ denotes the number of incheS in one leap of 
the greyhound. Then Zx leaps of the greyhound will con- 
tain 3;i?x — - inches. And 50 + 4^ leaps of the hare will 
contain (50 +4;tr)a inches; therefore 

— =(50+4a?)a. 

9x 
Divide by a; thus --=60+4^; 

therefore 9a? = 100 + 8^ ; 

therefore ^=100. 

Thus the greyhound must take 300 leaps. 

The student will see that we have introduced an auxi- 
liary symbol a, to enable us to form the equation easily; 
and that we can remove it by division when the equation is 
formed. 
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204. Four gamestera, A, By C, D, each witb a different 
stock of money, sit down to play; A wius half of B's fint 
stock, B wins a third part of C\ C wms a fourth part of 
/>'s, and D wins a fifth part of ^'s ; and tiien each of the 
gamesters has ^23. Find the stock of each at first. 

Let X denote the number of pounds which D won from 
A\ then bx will denote the number in ^'s first stock. 
Thus 4j?, together with what A won from By make np 23 ; 
therefore 23— 4a; denotes the number of pounds which A 
won from B, And, since A won half of j^'s stock, 23— 4x 
also denotes what was left with B after his loss to A. 

Again, 23 — 4x, together with what B won from C, 
make up 23; therefore 4x denotes the number of pounds 
which B won from C, And, since B won a third of 6^'s 
first stock, 12j; denotes (7's first stock; and therefore 8x 
denotes what was left with C after his loss to B 

Again, Sx, together with what C won from £>, make up 
23; therefore 23— &v denotes the number of pounds which 
C won from Z>. And, since C won a fourth of 2>'s first 
stock, 4(23—8^) denotes Z>*s first stock; and therefore 
3(23 -&r) denotes what was left with £> after his loss to C. 

Finally, 3 (23 -ar), together yrith x, which D won from 
A, make up 23; thus 

23=3(23-8ar)+a?; 

therefore 23a? =46; 

therefore x=2. 

Thus the stocks at first were 10, 30, 24, 28. 
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1. A privateer running at the rate of 10 miles an hour 
discovers a ship 18 miles off, running at the rate of 8 miles 
an hour: how many miles can the ship run before it is 
overtaken ? 

2. Divide the number 50 into two parts such that if 
three-fourth?, of one part be added to five-sizths of tho 
other part the sum may be 40. 
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3. Suppose the distance between London and Edin- 
burgh is 360 miles, and that one traveller starts from 
Edinburgh and travels at the rate of 10 miles an hour, 
while another starts at the same time from London and 
travels at the rate of 8 miles an hour : it is required to 
know where they will meet 

4. Find two numbers whose difference is 4, and the 
difference of their squares 112. 

6. A sum of 24 shillings is received from 24 people ; 
some contribute 9<i. each, and some 13^. each : how many 
contributors were there of each kind ? 

6. Divide the number 48 into two parts tuch that the 
excess of one part over 20 may be three times the excess 
of 20 over the other part 

7. A person has ^98 ; part of it he lent at the rate of 

5 "pet cent simple interest, and tlie rest at the rate of 

6 per cent simple interest ; and the interest of the whole 
in 15 years amounted to £81 : how much was lent at 5 
per cent? 

8. A person lent a certain sum of money at 6 per cent 
simple interest ; in 10 years the interest amounted to £V2 
less than the sum lent : what was the sum lent ? 

9. A person rents 25 acres of land for £1, 12^. ; the 
land consists of two sorts, the better sort he rents at 8«. 
per acre, and the worse at 5«. per acre : how many acres are 
there of each sort l • 

10. A cistern could be filled in 12 minutes by two 
pipes which run into it ; and it would be filled in 20 minutes 
Dv one alone : in what time could it be filled by the other 
alone 1 

11. Divide the number 90 into four parts such that 
the first increased by 2, the second diminished by 2, the 
third multiplied by 2, and the fourth divided by 2 may all 
be equal 

12. A person bought 30 lbs. of sugar of two different 
■ortSy and paid for the whole 19«. ; the better sort cost 
10(3?. per lb., and the worse *Jd, per lb. : how many lbs. 
were there of each sort % 

T. A. 9 
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13. Diride the nrnnber 88 into four parts saeh that 
the first increased by 2, the second diminished by 3, the 
third multiplied by 4, and the foorth divided by 5, may aD 
beeqiiaL 

14. If 20 men, 40 women, and 50 duldren receiye ^50 
among them for a week's work, and 2 men receiTe<as much 
as 3 women or 5 children, what does each woman receiTC 
for a week's work t 

15. DiTide 100 into two parts soch that the differe&ce 
of their squares may be 1000. 

16. There are two places 154 miles apart^ from which 
two i)er8ons start at the same time with a design to meet ; 
one travels at the rate of 3 miles in two hours, and the 
other at the rate of 5 miles in fonr horns : when will they 
meet? 

17. Divide 44 into two parts snch that the greater in- 
creased by 5 may be to the less increased by 7, as 4 is 
to3. 

18. A can do half as much work bb B, B can do half 
as much as G, and together th^ can complete a piece of 
work in 24 days: in what time could each alone complete 
the work 7 

' / ^9F Divide the number 90 into four parts such that if 
the first be increased by 5, the second diminished by 4, the 
third multiphed by 3, and the fourth divided by 2, the 
results shall all be equal. 

20. Three persons can together complet-e a piece of 
work in 60 days ; and it is found that the first does three- 
fourths of what the second does, and the second four-fifths 
of what the third does : in what time could each one alone 
complete the work ? 

21. Divide the number 36 into two parts such that one 
part may be five-sevenths of the other. 

22. A general on attempting to draw up his army in 
the form of a solid square finds that he has 60 men over, 
and that he would require 41 men more in his army in 
order to increase the side of the square by one man : how 
many men were there in the army 1 
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23. Divide the nnmber ^ into two parts such that one 
part may be two^thirds of the other. 

24. A person bought a certain number of eggs, half of 
them at 2 a penny, and half of them at 3 a penny ; he sold )/ 
them again at the rate of 6 for two pence/ and lost a penny ' ^ 
by the bargain : what was the number of eggs ? (^o 

25. A and B are at present of the same age; if Ay . 
age be increased by 36 years, and J9's by 52 years, their /\ 
ages will be as 3 to 4 : what is the present age of each '/ y », 

26. For 1 lb. of tea and 9 lbs. of sugar tiie charge is ^ 
Ss. 6d. ; for 1 lb. of tea and 15 lbs. of sugar the charge is X 

. I2s. 6d. : what is the price of 1 lb. of sugar ? c^ 

27. A prize of ^2000 wi-s divided between A and By 
so that their shares were in the proportion of 7 to 9 : what 
was the share of each ) 

2a A workman was hired for 40 days at 3^/4^. per 
day, for every day he worked ; but with this condition tliat 
for every day he did not work he was to forfeit is. 4d. ; and 
on the whole he had £S. 3s, 4d, to receive: how many days 
out of the 40 did he work ? 

29. A at play first won £5 from B, and had then as 
much money as B ; but B, oh winning back his own money 
and £5 more, had five times as much money as A : what 
money had each at first ? 

30. Divide 100 into two parts, such that the square of 
their difference may exceed the square of twice the less 
part by 2000. 

31. A cistern has two supply pipes, which will singly 
fill it in 4^ hours and 6 hours respectively ; and it has also 
a leak by which it would be emptied in 5 hours : in how 
many hours will it be filled when all are working together ? 

32. A farmer would mix wheat at 4s. a bushel with 
Tje at 2s. 6d, a bushel, so that the whole mixture may con- 
sist of 90 bushels, and be worth Zs. 2d. a bushel : how 
many bushels must be taken of each ? 

^—2 
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49. The squire of a parish bequeaths a sum eqtnd to 

on^hundredth part of lus estate towards the restoratien 

of the church; ^200 less than tiiis towards the «idow- 

ment of tJie school ; and j£200 less than this latter sum 

towards the County Hospital After deducting these l&eair 

39 
cies, 2f> of the estate remain to the heir. What wafl the 

value of the estate ? 

50. How many minutes does it want to 4 o'clock, if 
three-quarters of an hour ago it was twice as maijy minutes 
past two o'clock? 

51. Two casks, A and By are filled with two kinds of 
sherry, mixed in the cask A in the proportion of 2 to 7, 
and in the cask B in the proportion of 2 to 5 : what quan- 
tity must be taken from each to form a mixture which 
shall consist of 2 gallons of the first kind and 6 of the 
second kind ? 

52. An oflScer can form the men of his regiment into 
a hollow square 12 deep. The number of men in the 
regiment is 1296. Find the number of men in the front of 
the hollow square. 

53. A person buys a piece of land at £30 an acre, and 
by selling it in allotments finds the value increased three- 
fold, so that he clears ^150, and retains 25 acres for him- 
self: how many acres were there ? 

54. The national debt of a country was increased by 
one-fourth in a time of war. During a long peace which 
followed j£25000000 was paid ofi", and at the end of that 
time the rate of interest was reduced from 4^ to 4 per 
cent. It was then found that the amount of annual in- 
terest was the same as before the war. What was the 
amount of the debt before the war ? 

55. A and B play at a game, agreeing that the loser 
shall always pay to the winner one shilling less than half 
the money the loser has ; they commence with equal quan- 
tities of money, and after B has lost the first game and 
won the second, he has two shillings more than A\ how 
much had each at the commcncemeut? 
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56. A clock has two hands turning on the same centre; 
the swifter makes a revolution every twelve hours, and the 
slower every sixteen hours: in what time will the swifter 
gain just one complete revolution on the slower? 

57. At what time between 3 o'clock and 4 o'clock is 
one hand of a watch exactly in the direction of the other 
hajid produced 1 

58. The hands of a watch are at right angles to each 
other at 3 o'clock: when are they next at right angles) 

59. A certain sum of money lent at simple interest 
amounted to ^£29 7. Vis. in eight months; and in seven more 
months it amounted to ^£306 : what was the sum ? 

60. A watch ^ns as much as a clock loses; and 1799 
hours by the clock are equivalent to 1801 hours by the 
watch: find how much the watch gains and the clock loses 
per hour. 

61. It is between 11 and 12 o'clock, and it is' observed 
that the number of minute spaces between the hands is 
two-thirds of what it was ten minutes previously: find the 
time. 

62. A and B made a joint stock of j£500 by which 
they ^ined j£l60, of which A had for his share £Z2 more 
than Bi what did each contribute to the stock? 

63. A distiller has 51 gallons of French brandy, which 
cost Him 8 shillings a gallon ; he wishes to buy some En- 
glish brandy at 3 shillings a gallon to mix witli the French, 
and sell the whole at 9 shillings a gallon. How. many gal- 
lons of the English must he take, so that he mav gain 
30 per cent, on what he gave for the brandy of both 
kinds? 

64. An officer can form his men into a hollow square 
4 deep, and also into a hollow square 8 deep; the front in 
the latter formation contains 16 men fewer than in the 
former formation : find the number of men. 
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XXIIL Sifnultaneou9 equcUiom qf ths first degree with 
two unknown quantities, 

205. Suppose we have an equation containing two un- 
known quantities x and y^ for example 3^—7^=6. For 
every value which v/e please to assign to one of the 
unknown quantities we can determine the corresponding 
value of the other ; and thus we can find as many pairs 
of values as we please which satisfy the given equation. 
Thus, for example, if y=l we find 3^7 = 15, and therefore 
a?=6; if y=2 we find 3;c=22, and therefore ^ = 7J; and 
so on. 

Also, suppose that there is another equation of the 
same kind, as for example 2;r + 5y = 44 ; then we can also 
find as many paurs of values as we please which satisfy this 
equation. 

But suppose wo ask for values of x and y which satisfy 
both equations; we shall find that there is only oue value 
of X and one value of y. For multiply the first equation 
by 5; tiius 

15^-35y=40; 

and multiply the second equation by 7 ; thus 

14aj + 36y=30a 

Therefore, by addition, 

l&c-35y+14a7 + 35y=40 + 308; 

that is, 29a?=348; 

therefore ^^ 29 ~^^ 

Thus if both equations are to be satisfied x must equal 12. 
Put this value of a? in either of .the two given equations, 
for example in thf second; thus we obtain 

24 + 6y=44; 

therefore 5y=20; 

therefore y = 4. 



K 
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206. Two or more equations which are to be satisfied 
by the same values of the unknown quantities are called 
nrntdtaneoiis eqiuUions. In the present Chapter we treat 
of simultaneous equations involving two unknown quanti- 
ties, where each unknown quantity occurs only in the first 
degree, and the product of the unkno^vn quantities does 
not occur. 

207. There are three methods which are usually given 
for solving these equations. There is one principle com- 
mon to all the methods; namely, from tioo given equations 
containing two unknown quantities a single equation is de- 
duced containing only one of the unknown quantities. By 
this process we are said to eliminate tbe unknown quan- 
tity which does not appear in the single equation. The 
single equation containing only one unknown quantity can bo 
solved by the method of Chapter XIX ; and when the value 
of one of the unknown quantities has thus been determined, 
we can substitute this value in either of the given equations, 
and then determine the value of the other unknown quantity. 

208. First method. Midtiphj the equations by such 
numbers as will m/ike the coefficient of one of the un- 
hnovsn quantities the same in tlie resulting equations; 
then by addition or subtraction we can form an equation 
containing only the other unknoum quantity. 

This method we used in Art. 205 ; for another example^ 
suppose 

8^ + 7y = 100, 

12a?-6y = 8a. 

If we wish to eliminate y we multiply the first equation 
by 5, which is the coeflScient of y in the second equation, 
and we multiply the second equation by 7, which is the 
coefficient of y in the first equation. Thus we obtain 

40/B + 35y = 500, 

S4x^S5y = 6ie; 
therefore, by addition, 

40^+ 84a? =600 + 6 16; 
that is, 1240?= 11 16; 

tlicrefore «=9. 
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Then pat this value of x in eith^ of the given' equadona^ 
for example in the second ; thus 

108-5y=88; 

therefore 20=6y; 

therefore y=4. 

Sappose, however, that in solving these equations we wish 
to oegin by eliminating x. If we multiply the first equa- 
tion by 12, and the second by 8, we obtain 

96^+84^=1200, 

9&i?-40y=704. 
Therefore^ ly tubtraction^ 

84y+40y= 1200 -704; 
that is, 124y=496; 

therefore y=4. 

Or we mav render the process more simple ; for we may 
multiply the first equation by 3, and the second by 2; 
Uius 

24a? + 21y=300, 

24a?-10y=176. 

Therefore, by sdbtraction, 

21y + 10y=300-l76; 

that is, . 31y=124; 

therefore y=4. 

209. 8eoond method. Express (me of the unknown 
quantities in terms of the other from either equatixmyand 
substitute this value in the other equation. 

Thus, taking the example given in the preceding Arti- 
cle, we have from the first equation 

ai:=ioo-7y; 

. , 100 -7y 
therefore ^= g— • 
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Substitute this value of or in the second equation, and wo 
obtain 

therefore 8(10O-7y)-lOy=176 ; 

that is, 300-21y-10y = 176;. 

therefore 300- 176 = 21y + lOy ; 

that is. Sly = 124; 

therefore y=4. 

Then substitute this value of y in either of the given equa- 
tions, and we shall obtain x^d. 

Or thus : from the first equation we have 

7y=100-ac; 

X,. ^ 100-8;i? 
therefore y = — = . 

Substitute this value of y in the second equation, and 
we obtain 

therefore 84;i?-6(100-8i») = 616; 
that is, 84a?-6004-40a?=616; 

therefore 124a' = 500 + 616 =1116; 

therefore x = 9, 

210. Third method. Express the same unknown 
quantity in termf of the other froTn each equation, and 
equate the expressions thus obtained. 

Thus, taking again the same example, from the first 
100 — 72/ 
equation x= — o > a^<i froD3i the second equation 

_8S±6y 
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214. Solve a'd7+&'y=<^, ax-^by=e. 

Here x and y are supposed to denote unknown quanti- 
ties, while the other letters are supposed to denote known 
quantities. 

Multiply the second equation by &, and subtract it from 
the first; thus 

that is, a{a''-h)x-c{c—h)\ 

therefore x = -4 — -A . 

Substitute this yalue of ;i? in the second equation; thus 

therefore 5j,=,_£(^=£(£z^r^) = ^j£Z^ . 
a—0 a—o a—D 

., r cia—c) c(c—a) 

therefore y = ^t — i:^ = tth — ( • 
^ b{a-h) b{b-a) 

Or the value of y might be found in the same way aa 
that of X was found. 
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1. 3a?-4y=2, 7iP-9y=7. 

2. 7a?-6y=24, 4a?-3y=ll. 

3. 3^+2y=32, 20^-32/=l. 

4. lla?-7y=37, 8^ + 9y = 41. 
6. 7«+6y = 60, 13a?-lly=10. 

6. 6^-7y=42, 7A'-6y = 76. 

7. 10ii?+9y = 290, 12^-11^=130. 
a 3a?~4y = 18, 34?4-2y=0. 

9. 4a?-| = ll, 2x-Zy=0. 
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10. J+3y=7, ^^=3y-4. 

11. 6ir-5j/=l, 7«-4y=8i. 

12. 2*+?^ = 21, 4y+^=29. 

o o 

13. g+5y=13, 2«+i^=33. 

14. 1 + 5 = 1*'^' 2«-y=7. 

^^- ~r*~2 — '• 2* 9 °- 

*^- 4 3' 36 

„. ^+^=15, ^ + J, = 6. 

a& -g-+ 3-^4, g + 4 g+". 

**• 8 6 ~ ' 4 3 

20. ¥.| = 16J. ¥-1 = 16,. 

21. ^ + ?^=2. 2..^=21. 

22. '^ + 1 = 20, f + '^2.-7. 

2« + 3y_,A y 4y-3a! _3j; , 

~6 ^"~3' 6 ~ i ^ 

VS. 2(2a?4-3y)=3(2^-3y) + 10, 
4a.-3y=4(6y-2a?) + 3. 



23. 
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-^34- W » ,^ 

^ ^ to 3* 16 

34. ~+J[=2, &r-<v=a 

3d. x-t-y^a+fty 6x-i-<qfs2a& 

36. ^+?=1, f + ^=l. 

37. (a+c)j?-Jy=ftc, «+y=a+& 

a 6 ^ o a 

39. x+y=c, aa?— &y=c(a— 6). 

40. a(a?+y)+6(j?-y) = l, a(a?-y)+&(a?+y)=l. 

41. fz_%?^=o, £±l^+^p:^=o. 

a ' a o 

42. (a + 6)a?-(a-&)y=4a6, 

a + 6 a-6 * 2a6 a^+ji* 
44. (a + A);i?4-(&--A)y=<?, Q>-{-k)x+{a-k)y^e. 



SIMULTANEOUS SIMPLE EQUATIONS. 145 



XXIV. Simultaneous eqiuitions of the first degree ttilh 
more than two unknown quantities. 

215. If there be three simple equations containing 
three unknown quantities, we can deduce from two of the 
equations an equation which contains only two of the un- 
known quantities, by the methods of the preceding Chap- 
ter'; then from the third given equation, and either of the 
former two, we can deduce another equation which con- 
tains the same two unkuown quantities. We have thus 
two equations containing two unknown quantities, and 
therefore the values of these unknown quantities may be 
found by the methods of the preceding Chapter. By sub- 
stituting these values in one of the given equations, the 
value of the remaining unknown quantity may oe found. 

216. Solve 7ic + 3y-22r=16 (1), 

2a? + 52^4-3j2f=39 (2), 

bX" y + 6j2f = 31 (3). 

For convenience of reference the equations are num- 
bered (1), (2), (3) ; and this numbering is continued as we 
proceed with the solution. 

Multiply (1) by 3, and multiply (2) by 2 ; thus 
210?+ 9y-62f=48, 
44?+10y + 6;2r=78; 
therefore, by addition^ 

25/c+19y=126 (4). 

Multiply (1) by 5, and multiply (3) by 2 ; thus 
35a?4-15y-10;2r=80, 
l^x- 2y+102r=62; 
therefore, by addition, 

4&P+13y=142 (6). 

T.A. 10 
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We hasf mam to fiad tiie nJoes of x and p fitxn (4^ 
d 5 . 

C4)by«.«iidiwdtiply(5)by5; 

22&r+171y=1134, 

S&r+ €5y= 710; 



106y=424; 
tterefore |f=4. 

8dbrtitrte«]ieTiIiieof|fiii(4); tliag 
2&r+76 = 126; 
therefore «Sjf=136-76=50; 

therefore jc=2. 

8iibfltitatetheTihie8ofxand^iB(l); thiw 
14+12-2*= 16; 
therefore 10=2^;; 

therefore z=5. 



fil7. Bohe i + |-?= 1 (IX 

5+^ + ^=24 (2X 

X y z ^ " 

?-8^? = 14 (3X 

X y z 

Multiply (1) by 2, and add the result to (2); thus 

2 46 5 46..„^ 

-+ +-+- +-=2+24; 

X y z X y z 

that If, - + -=26 (4). 
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Multiply (1) by 3, and add the result to (3) ; thus 

» y z X y z 

thatifl, --- = 17 (5). 

X y ^ ' 

Multiply (5) by 4, ftnd add the result to (4) ; thus 

a y X y 
that is, - = 94; 

therefore 47 = 9Ax ; 

47 1 
therefore s?= — = - . 

Substitute the yalue of ^ in (5) ; thus 

20-^=17, 

2 
therefore ---20-17=3; 

y 

therefore ^~3' 

Substitute the values of x and y in (1) ; thus 

o 

therefore -s4; 

z ' 



therefore '"^4* 



10-4 
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81& SoIto 

J-H (^)^ 

f-f=» («)^ 

M- («^ 



Subtract (1) from (2) ; thna 

h c a h ' 

that IB, ---=2 (4). 

By subtracting (4) from (3) we obtain 

therefore =1; therefore a; = a. 
By adding (4) to (3) we obtain 

therefore J=3; therefor© ^=3c. 

By substituting the value of j? in (1) we find that y = 25. 

219. In a similar manner we may proceed if the num- 
^^t equations and unknown quantities should exceed 
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Examples. XXIV. 

^\, a?+3y+24f=ll, 2a?+y + 3>y=14, 3a?+2y+«f=ll. . 

H 6^-6y + 42r = 15, 7^ + 4y-3;^=19, 24? + y + 6^=46. <^. 

^3. 4;i?-5y+;» = 6, 7^-lly+2ar=9, a?+y+32rr=l2. ' 

4. 7a?-3y=30, 9p-6z = 34^ x+y-\-j8=Z^ 

^. 3«-y + 4? = 17, 5x+3i/-2z=l0, 1af+4y-5z = 3. 

6. a?4-y+4f = 5, 3a?-6y + 74f=76, 9a?-ll;2r+10=0. 

^7. fl?4-2y + 34f=6, 2j?+4y + 2» = 8, 34? + 2^+82? = 101. 

6y-4a? 5jg~a? y--2;g ^ 

^' 3;?-7"* 2y*-3^ ' 'Sy-2a 

^^ ^^3j^^6^^ ^+y-.= 12«. 

.10. i-i = L UU3f, U? = -^ 

-^ a? y 6' y ;y ^' ^ y ;» 

^11. y+2r=a, 2r4-ii?=*, a?4-y=<?. 

12. a?+y+;2r=a+6+c, a?+a=y + 6=4f + <?. 

13. y+4f-d7=a, ;2r+a?-y=6, aj+y-Jtf=<?. 



14. 


a & <; a <; & 


f^2^ + ^=l. 


15. 


J + y + i-^- 5^y ;.-^' 


2a 6 c ^ 


16. 


t?4-a?+y4-;2f=14, 
2t?+d7=2y + «r-2, 
3t?-a?+2y+24r=19, 

3 4^6^2 *• 
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XXY. Problems which lead to timultaneoue equaiiont 
qfthejiret degree toith more them one unknown guanHty. 

220. We shall now solre some problems which li^ to 
simiiltaneoufl equations of the first degree with more than 
one unknown quantity. 

2 
Find the fraction which becomes equal to - when the 

3 
4 
numerator is increaBed by 2, and equal to = when the de- 
nominator is increased by 4. 

Let X denote the numerator, and y the denominator of 
the required fraction ; then, by suppositioBy 

£+2_2 X 4 

y "3' y+4''7' 

Clear the equations of fractions ; thus we obtain 

3jf-2y=-6 (1), 

7ar-4y= 16 (2). 

Multiply (1) by 2, and subtract it from (2) ; thus 

7a?-4y-&J?+4y=16 + 12; 

that is, ^=28. 

Substitute the value of a? in (1) ; thus 

84-2y=-6; 

therefore 2y = 90 ; therefore y = 46. 

28 
Hence the required fraction is -jz . 

221. A sum of money was divided equally among a 
certain number of persons ; if there had been six more, 
each would have received two shillings less than he did ; 
and if there had been three fewer, each would have re- 
ceived two shillings more than he did : find the number of 
persons, and what each received. 
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Let a; denoie the number <tf persoDS, asd y tiie number 
of shillings which each received. Then xy is the number of 
shillings in the sum of money which is divided ; and, bj 
supposition, 

(ar + 6)(y-2)=a:y (1), 

{*-3)(y-».a)=3ajy (2). 

From (1) we obtain 

ojy + 6y-2x— 12 = «y -, 

therefore 6y~2«=12 (3X 

From (2) we obtain 

;cy + 2ar - 3y — 6 =■ ^cy ; 

therefore ai?-3y=6 (4)l 

From (3) and (4), by addition, 3^^ 18 ; therefore y=6. 
Substitute the value of ^ in (4) ; thus 
2:r-18=6; 
therefore 2««24 ; therefore a;= 12. 

Thus there were 12 persons, and each received 6 
shillings. 

222. A certain number of two digits is equal to five 
times the sum of its digits ; and if nine be added to the 
number the digits are reversed : find the number. 

Let X denote the digit in the tens' place, and y the digit 
in the units' place. Then the number is \^x + y ; and, by 
supposition, the number is equal to five times the sum of 
its digits; therefore 

10a74-y=6(a?+y) (1).- 

If nine be added to the number its digits are reversed, 
that is, we obtain the number l(yy+x; therefore 

10a?+y+9=10y4'a? (2). 

From (1) we obtain 

6a?=4y (3). 

From (2) we obtain 9;2? + 9 = 9y ; therefore x + 1 s»^ 
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Bubstitate for y in (3) ; thus 

therefore ^=4. 

ThoD from (3) we obtain y « 5. 
Hence the required number is 45. 

223. A railway train after travelling an hour is detained 
24 minutes, after which it proceeds at six-fifths of its' 
former rate, and arrives 15 mmutes late. If the detention 
had taken place 5 miles further on, the train would have 
arrived 2 minutes later than it did. Find the original rate 
of the train, and the distance travelled. 

Let 5a; denote the number of miles per hour at which 
the train originally travelled, and let y denote the numl)er 
of miles in the whole distance travelled. Then y—bx will 
denote the number of miles which remain to be travelled 
after the detention. At the original rate of the train this 

distance would be travelled in --^ — hours; at the in- 

hx 

creased rate it will be travelled in ^-z — hours. Since 

the train is detained 24 minutes, and yet is only 15 minutes 
late at its arrival, it follows that the remainder of the 
journey is pciformed in 9 minutes less than it would have 
been if the rate had not been increased. And 9 minutes 

Q 

is rr of an hour ; therefore 

y-5x ^ y-5x 9 .. 

6x 5x 60 " ^ ^ 

If the detention had taken place 5 miles further on, 
there would have been y—bx—R miles left to be travelled. 
Thus we shall find that 

P-5X-5 ^ y-5x-5 7 fa\ 

6x bx 60 ^ ^' 
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Subtract (2) from (1); thus 

6a? "' 5:1? 60 ' 

therefore 60 =60 -2a?; 

therefore 2* = 10 ; therefore a? = 6. 

Substitute this value of x in (1), and it will be found by 
solving the equation that ^=47^. 

224. Ay By and G can together perform a piece of 
work in 30 days ; A and B can together perform it in 32 
days; and B and C can together peiform it in 120 days: 
find the time in which each alone could perform the work. 

Let X denote the number of days in which A alone 
could perform it, y the number of days in which B alone 
could perform it, z the number of days in which C alone 
could perform it. Then we have 

x^y^z-To ^^^ 

111 ,-. 

x^y~Z2 ^^^ 

111 ... 

y^i'l20 ^^^ 

Subtract (2) from (1); thus 

1= 1 _i^ J_ 
z 30 32 480* 

Subtract (3) from (1) ; thus 

X 30 120 40' 

Therefore a? =40, and j2?=480; and by substitution in 
any of the given equations we shall find that ^=160. 

226. We may observe that a problem may often be 
solved in various ways, and with the aid of more or fewer 
letters to represent the unknown quantities. Thus, to 
take a very simple example, suppose we have to find two 
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nnmben mch that one is two-thirds of the other, and their 
Slim is 100. 

We may proceed thus. 'Let w denote the greater 
number, and y the less number; then we have 

y=3-, «+y«100. 

Or we may proceed thu& Let x denote the greater 
number, then 100— a; will denote the less number; there- 
fore 

100-*= 3. 

Or we may proceed thus. Let Zx denote the greater 
number, then 2x will denote the less number; therSore 

2;p+3;c=100. 

By completing any of these processes we shall find that 
the required numbers are 60 and 40. 

The student may accordingly find that he can solve 
some of the examples at the end of the present Chapter, 
with the aid of only one letter to denote an unknown quan- 
tity; and, on the other hand, some of the examples at the 
end of Chapter xxii. may appear to him most naturally 
solved with the aid of two letters. As a general rule it 
may be stated that the employment of a larger number of 
unknown quantities renders the work longer, but at the 
same time allows the successive steps to be more readily 
followed; and thus is more suitable for beginners. 

The beginner will find it a good exercise to solve the 
example given in Art. 204 with the aid of four letters to 
represent the four unknown quantities which are required. 

Examples. XXV. 

1. If -4's money were increased by 36 shillings he would 
have three times as much as B\ and if ^s money were 
diminished by 5 shillings he would have half as much as 
A : find the sum possessed by each. 

2. Find two numbers such that the first with half the 
second may make 20, and also that the second with a third 
of tiie first may make 20. 



EXAMPLES. XXV. 155 

S. If J9 were to give £25 to A they would hare equal 
sums of money; if A were to give £22 to B the money 
of B would be double that of A: find the money whicn 
each actually haa. 

4. Find two numbers such that half the first with a 
third of the second may make 32, and that a fourtii of the 
first with a fifth of the second may make 18. 

5. A person buys 8 lbs. of tea and 3 lbs. of sugar for 
£1. 2«. ; and at another time he buys 5 lbs. of tea and 4 Iba 
of sugar for 15«. 2d. : find the price of tea and sugar per lb. 

6. Seven years ago A was three times as old as B 
was ; and seven years hence A will be twice as old as ^ 
will be : find their present ages. 

7. Find the fraction which becomes equal to \ when 
the numerator is increased by 1, and equal to ^ when the 
denominator is increased by 1. 

8. A certain fishing rod consists of two parts; the 
length of the upper part is to the length of the lower as 
5 to 7 ; and 9 times the upper part together with 13 times 
the lower part exceed 11 times the whole rod by 36 inches: 
find the lengths of the two parts. 

9. A person spends half-a-crown in apples and pears, 
buying the apples at 4 a penny, and the pears at 5 a 
|X)nny; he sells half his apples and one-third of his pears 
for 13 pence, which was the price at which he bought them: 
find how many apples and how many pears he bought. 

10. A wine merchant has two sorts of wine, a better 
and a worse; if he mixes them in the proportion of two 
quarts of the better sort with three of the worse, the 
mixture will be worth \s, 9d, a quart ; but if he mixes them 
in the proportion of seven quarts of the better sort with 
eight of the worse, the mixture will be worth 1*. Kk/. a 
quart : find the price of a quart of each sort 

11. A farmer sold to one person 30 bushels of wheat, 
and 40 bushels of barlev for £13. lOs. ; to another person 
he sold 50 bushels of wheat and 30 bushels of oarley 
for £17 : find the price of wheat and barley per buslieL 
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12. A fanner has 28 bnahels of barley at 2«. Ad. % 
boshel: with these he wishes to mix r^e at 3f. a bushel, 
and wheat at 4t. a bushel, so that the mixture may consiat 
of 100 bushels, and be worth Zi. 4d, a bushel: find how 
many bushels of rye and wheat he must taka 

13. A and B lay a wager of 10 shillings ; if A loses 
he will have as much as B will then have ; if B loses he 
will hare half of what A will then have: find the money 
of each. 

14. If the numerator of a certain fraction be increased 
by 1. and the denominator be diminished by 1, the Talue 
will oe 1 ; if the numerator be increased by the denomi- 
nator, and the denominator diminished by the numerator^ 
the value will be 4: find the fraction. 

15. A number of posts are placed at equal distances 
in a straight lina If to twice the number of them we add 
the distance between two consecutiye x)Osts, expressed in 
feet, tibie sum is 68. If from four times the distance be- 
tween two consecutive x>ost8, expressed in feet, we subtract 
half the number of posts, the remainder is 68. Find the 
distance between the extreme posts. 

16. A gentleman distributing mon^ among some poor 
men found that he wanted 10 shillings, in order to be 
able to give 5 shillings to each man ; therefore he gives 
to each man 4 shillings only, and finds that he has 5 
shillings left: find the number of poor men and of 
shillings. 

17. A certain company in a tavern found, when they 
came to pay their bill, that if there had been three more 
persons to pav the same bill, they would have paid one 
shilling each less than they did ; and if there had been 
two fewer persons they would have paid one shilling each 

. more than they did : find the number of persons and the 
number of shillings each paid. 

18. There is a certain rectangular floor, such that 
if it had been two feet broader, and three feet longer, it 
would have been sixty-four scjuare feet larger; but if it 
had been three feet broader, and two feet loiie^er, it would 
have been sixtv-eight square feet larger : find the length 
and breadth of the floor. 

19. A certain number of two digits is equal to four 
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traicg the sum of its digits; and if 18 be added to the 
number the digits are reversed : find the number. 

20. Two digits which form a number change places 
on the addition of 9 ; and the sum of the two numbers is 
33 : find the digits. 

21. When a certain number of two digits is doublod^ 
and increased by 36, the result is the same as if the numf)er 
had been reversed, and doubled, and then diminished by 
36 ; also the number itself exceeds four times the sum of 
its digits by 3 : find the number. 

22. Two passengers have together 5 cwt. of luggage, 
and are charged for the excess above the weight allowed 
68. 2d, and 98. lOd. respectively ; if the luggage had all 
belonged to one of them he would have been charged 
198. 2d. : find how much luggage each passenger is allowed 
without charge. 

23. A and B ran a race which lasted 5 minutes ; B 
had a start of 20 yards ; but A ran 3 yards while B was 
running 2, and won by 30 yards: find the length of the 
course and the speed of «^ach. 

24. A and B have each a certain number of counters ; 
A gives to B BS many as B has already, and B returns 
back again to ^ as many as A has left ; A gives to B as 
many as B has left, and B returns to ^ as many as A has 
left ; each of them has now sixteen counters : find how 
many each had at first. 

25. A and B can together perform a certain work in 
30 days; at the end of 18 days however B is called off 
and A finishes it alone in 20 more days: find the time 
in which each could perform the work alone. 

26. A, B, and C can drink a cask of beer in 15 days ; 
A and B together drink four-thirds of what G does ; and 
C drinks twice as much sl^A : find the time in which each 
alone could drink the cask of beer. 

27. A cistern holding 1200 gallons is filled by three 
pipes Af B, G together in 24 minutes. The pipe A requires 
30 minutes more than Cto fill the cistern; and 10 gallons 
less run through G per minute than through A and B 
together. Find the time in which each pipe alone would 
1111 the cistern. 
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28. A and B ran a mile. At the first heat A gives B 
a start of 20 yards, and beats him by 30 seconds. At the 
•econd heat A gives B a start of 32 seconds, and beats him 
^J ^ yards. Find the rate per hour at which A nui& 

29. A and B are two towns situated 24 miles apart, 
on the same bank of a rirer. A man goes from ^ to ^ 
in 7 hours, by rowing the first half of the distance, and 
walking the second half. In returning he walks the first 
half at three-fourths of bis former rate, but the stream 
beuig with him he rows at double his rate in going ; and 
he accomplishes the whole distance in 6 hours. Find liid 
rates of walking and rowing. 

30. A railway train after travelling an hour is detained 
16 minutes, after which it proceeds at three-fourths of its 
former rate, and arrives 24 minutes late. If the detention 
had taken place 5 miles further on, the train would have 
arrived 3 minutes sooner than it did. Find the original 
rate of the train and the distance travelled. 

31. The time which an express train takes to travel 
a journey of 120 miles is to that taken by an ordinary train 
as 9 is to 14. The ordinary train loses as much tunQ in 
stoppages as it would take to travel 20 miles wiUiout stop- 
ping. The express train only loses half as much time in 
stoppages as the ordinary train, and it also travels 16 miles 
an hour quicker. Find the rate of each train. 

32. Two trains, 92 feet long and 84 feet long respiHS- 
tively, are moving with uniform velocities on parallel raiU ; 
when they move in opposite directions they are observed 
to pass each other in one second and a half; but when they 
move in the same direction the faster train is observed to 
pass the other in six seconds: find the rate at which each 
train moves. 

33. A railroad runs from A to C. A goods' train 
starts from ^ at 12 o'clock, and a passenger train at 1 
o'clock. After going two-thirds of the distance the good^ 
train breaks down, and can only travel at three-fourths of 
its former r)\te. At 40 minutes past 2 o'clock a collision 
occurs, 10 miles from (7. The rate of the passenger train 
is double the diminished rate of the goods' train. Find the 
distance from A to Cy and the rates of the trains. 
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34. A certain sum of money was divided between A^ 
S, and C, so that ^'s share exceeded four-sevenths of the 
shares of B and C by £30 ; sdso ^'s share exceeded three- 
eighths ot the shares of A and C by X30; and C's share 
exceeded two-nintlis of the shares of A and B by X30. 
Find the share of each person. 

35. A and B working together can earn 40 shillings 
in 6 days; A and C together can earn 54 shillings in 9 
days; and B and C together can earn 80 shillings in 15 
days : find what each man can earn alone per day. 

36. A certain number of sovereigns, shillings, and six^ 
pences amount to £%, 6«. Qd. The amount of the shillings 
IS a g^uinea less than that of the sovereigns, and a guinea 
and a half more than that of the sixpences. Find the 
number of each coin. 

37. A and B can perform a piece of work together in 
48 days; A and C in 30 days; and*^ and C in 26| days: 
find the time in which each could perform the work alone. 

38. There is a certain number of three digits which is 
equal to 48 times the sum of its digits, and if 198 be sub- 
tracted from the number the digits wiU be reversed ; also 
the sum of the extreme digits is equal to twice the middle 
digit: find the number. 

39. A man bought 10 bullocks, 120 sheep, and 46 
lambs. The price of 3 sheep is equal to that of 5 lambs. 
A bullock, a sheep, and a lamb together cost «. number of 
shillings greater by 300 than the whole number of animals 
bought; and the whole sum spent was £468. 6«. Find the 
price of a buUock, a sheep, and a lamb respectively. 

40. A farmer sold at a market 100 head of stock con- 
gistmg of horses, oxen, and sheep, so that the whole realised 
£% Is. per head; while a horse, an ox, and a sheep were 
sold for £22, £12. 10«., and £1. 10/?. respectively. Had he 
sold one-fourth the number of oxen, and 25 more sheep 
than he did, the amount received would have been still the 
same. Find the number of horses, oxen, and sheep, respec- 
tively which were sold. 
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XXYL Quadratic Eqiuitions, 

226. A quadratic equation is an equation which con- 
tains the square of tlie unknown quantity, but no higher 
power. 

227. A pure quadratic equation is one which contains 
only the squure of the unknown quantity. An adfected 
quadratic equation is one which contains the first power 
of the unknown quantity as well as its squara Thus, for 
example, 2a^ = b0 is a pure quadratic e<]^uation; and 
2^-7^+3=0iBan adfected quadratic equation. 

228. The following is the Rule for solving a pure 
quadratic equation. Find tJte value of the square qf the 
unknown quantity by the Rule for solving a simple equa- 
tion; then, by extracting the square root, the values qfths 
unknoum quantity are found. 

For example, solve — - — + -^g- =6. 

Clear of fractions by multiplying by 30 ; thus 

10(««-13) + 3(;c*-5) = 180; 

therefore 13;c*=180 + 130 + 16 = 325; 

325 
therefore «* = — = 25 ; 

extract the square root, thus x= :L5* 

In this example, we find by the Rule for solving a 
simple equation, that x^ is equal to 25 ; therefore x must 
be such a number, that if multiplied into itself the pro- 
duct is 25. That is to say, x must be a square root of 
25. In Arithmetic 6 is the square root of 25 ; in Algebra 
we ma\ consider either 6 or — 5 as a square root of 25, 
gmce, by the Rtde of Signs — 5x— 6«6x5. Hence x 
may have either of the values 5 or — 5, and the equation 
will be satisfied. This we denote thus, 2r « ± 6. 
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229. We proceed to the solution of adfected quadi»- 
tics. 

If we multiply a;+ - by itself we obtain 
thos^B^+Oir+T IS a pexfect square, for it is the square 

4 

of a; + |. Hence 4^+a« is rendered a perfect square 

by the,addition ot-r-^ that is, ly the addition qfthe square 

^fhalf the coefficient qf x. This fact is the essential part 
of the solution of an adfected quadratic equation, and we 
shall now give some examples of it. 

d^+6;r; here half the coefficient of a; is 3; add 3^, and 
we obtain ;»* + 6a? + 3*, that is (a? + 3]F. 

a^—6x; here half the coefficient of ^ ^ ""of ^^ 
( — o) » ^** ^ (o) » ^^^ ^® obtain a^-5a+(\ , that 

4x 2 /2\^ 

ii;'+ — ; here half the coefficient of a? is - ; add ( ] , 

4x /2\* / 2\* 

and we obtam afl-h — + i-\ , that is ( ^+^) • 

3x 3 

a!*— — ; here half the coefficient of x is —-; add 

4 8 

(-|Y, that is Q'. and we obtain a!«-^ + (|Y,that 

The process here exemplified is called completing the 
equare, 

T.A. 11 



i 
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23QL Tlie foHowing is the Role for solving an adfecM 
qiiadratic equation. By transposition and reductum 
arrange the fquatinn so that ths terms which involve the 
unknonm quantity are alone on une side, and the coefficient 
<^ j^ is -^l; add to each side qf the equation the square 
qT haff the coefficient qf x^ and then extract the square 
root qJTeach side. 

It wiD be se^B from the examples ivhich we shall now 
boItc that the above role leads ns to a point from which 
we can immediately obtain the Talues of the unknown 
quantity. 

231. Solye a*-10a?+24=0. 
By transpositioii, ;i^— 10a;=— 24; 

add (^y, «»-iap+6«= -24+25=1; 

extract the square root^ «— 5 = ^1; 

transpose^ a?=5*l=6 + l or 6— 1; 

hence «=6or4. 

It is easy to verify that either of these valncs satisfies 
the proposed equation ; and it will be useful for the stu- 
dent thus to verify his results. 

232. Solve 3j:»-4a?-56=0. 

By transposition^ 3a^—4x=55; 

J. .J v « • 4a? 55 

divideby3, ^ aj«--=_; 

2 13 
extract the square rool^ ^"Z^^"^-^* 

x_ 2 13 ^ 11 

transpose, *=3*'3 "^^ ^' ""T* 
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233. Solve 2a:»+3a?-36 = 0. 
By transposition, 2i»* + 3a? = 36 ; 

divide by 2, «»+^^ = f; 

W 2 \4y 2 16 16* 

3 17 
extract the square root, ^+ - = a j . 

3 17 7 
transpose, aj= — -±— =-or —5, 

4 4 2 

234. Solve aj*-4a?-l=0. 
By transposition, a:^ - 4;c = 1 ; 

add 2*, «»-4a?+2«=l + 4=5; 

extract the square root, a?- 2 = ± ,^6; 

transpose, x^2^ J 5, 

Here the square root of 5 cannot be found exactl^r; 
but we can find by Arithmetic an approximate vaiue of it 
to any assigned degree of accuracy, and thus obtain the 
values of d; to any assigned degree of accuracy. 



235. In the examples hitherto solved we have found 
two different roots of a quadratic equation ; in some cases 
however we shall find really only one root. Take, for ex- 
ample, the equation ic'»— 14;i? + 49 = 0; by extracting the 
square root we have a?— 7 = 0, therefore a? = 7. It is how- 
ever found convenient in such a case to say that the quad- 
ratic equation has two equal roots. 

11—8 
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23«. Solre ;i^-&r-l-13"0. 

By transposition, o^ — 6^ « — 13 ; 

add 3«, ^-6a?+3«- -13 + 9 = -4. 

If we tiy to extract the square root we hare 

d?-3=± ^/-4. 

Bat —4 can have no sqoare root, exact or approximate^ 
because anj number, whether positive or negative, if mul- 
tiplied by itself, gives a positive result In this case the 
quadratic equation has no real root; and this is sometimes 
expressed by saying that the roots are imaginary or 
impossible* 

Here we first clear of fractions by multiplying by 
4(j?'-l), which is tihe least common multiple of the de- 
nominators. 

Thus 2(;r + l) + 12=a;»-l, 

By transposition, j;* — 2^ — 1 5 ; 
addl«, ««-2^+l = 15+l = lG; 

extract the square root, a?— 1 = :b 4; 
therefore «=l*4=6or -a 

«oo a I 2d? 3a? -60 12^+70 

238. Solve j^ + j^j^_^--^^^. 

Multiply bv 670, which is the least common multiple of 
15 and 190; thus 

therefore l!2^^=n0-40a>; 

therefore 190(3«-60}>(210-40«)(10+«); 
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that IS, 570^-9500 = 2100 - 190^ - 40a?>; 

therefore 40^?^ + 760^? = 1 1 600 ; 

therefore «* + 19a? = 290 ; 

19 39 
extract the square root> 4?+ — = * — ; 

19 39 

therefor© ^= -^ a ^=10 or -29. 

239. Solve ^3^^3^?^. 
a?+2 x-1 x—\ 

Clear of fractions; thus 

(«+»)(a?^2)(a?-l) + (a?-3)(a?+2)(«-l) 
= (2;c-3)(:r+2)(;c-2); 
thatis, a^-74?+6+a?'-2^-54?+6=aB'-3«"-8a:+12; 
that is, 2aj'-a»"-ia»+12=2ir'-3«8-8a:+12; 
therefore a?* — 4^ = ; 

add 2*, aj«-4a?+2*=4; 

extract the square root^ a;-2=^2, 
therefore a?=2±2=4or0. 

We have given the last three lines in order to com- 
plete the solution of the equation in the same manner as 
m the former examples ; but the results may be obtained 
more simply. For the equation ar*— 4a?=0 may be written 
(ar— 4)a;=0; and in this form it is sufficiently obvious 
that we must have either a;— 4=0, or a;=0, that is, 
a?=4 or 0. 

The student will observe that in this example ^a? is 
found on both sides of the equation, after we have cleared 
of fractions; accordingly it can be removed by subtraction, 
and so the equation remains a quadratic equation. 
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240. Every qtuidratie equation can he jnU in the 
Jbrm x'+px + q = 0, where p and <} represent tome known 
numbers, w/iole or /rcuUional, positive or negative. 

For a quadratic equation, by definition, contains no 
power of the unknown quantity higher than the second 
Let all the terms be brought to one side, and, if neoessat y, 
change the signs of all the terms so that the coefficient of 
the square of the unknown quantity may be a positive 
number; then divide every term by this coefficient, and 
the equation takes the assigned form. 

For. example, suppose 7a: — 4a^ = 5. Here we have 

therefore 4a^-7aj+5=0; 

therefore «*- ^ + - = 0. 

Thus in this example we have p=s — - and Q=2* 

241. Solve a^'^px+q=0. 
By transposition, a^ +pa =-q\ 

extract the square root, a? + ^ = * 2 ' 

242. We have thus obtained a general formula for 
the roots of the quadratic equation :?+px+q=0, namely, 
that'or must be equal to 

2 2 

We shall now deduce from -this general formula some 
very important inferences, which will hold for any quad- 
ratic equation, by Art 240. 
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243. A quadratic equation cannot have more than 
tfco roots. 

For we have seen that the root must be one or tho 
other of two assigned expressions. 

244. In a quadratic equation where ths tfrms are 
all on one side, and tlie coefficient of t/te square of the 
unhnotcn quuntitij is unity, the sum of the routs is eqtuU 
to the coefficient of the second term with its sign changed. 
and the product qfthe roots is equal to the last term. 

For let the equation be a^ +px +q = Q\ 
the sum of the roots is 

the product of the roots is 

2 ^ 2 » 



that is ^_M_M^ that is q, 

4 



245. The preceding Article deserves special attention, 
for it furnishes a very good example both of the nature of 
the general results of Algebra, and of the methods by 
which these general results are obtained. The student 
should verify these results in the case of the quadratic 
equations already solved. Take, for example, that in 
Art. 232; the equation may be put in the form 

and the roots are 5 and — -^ ; thus the sum of the roots is 
3 

- , and the product of the roots is - -^ . 
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24(S. Solye oo^+b^-f c-0. 
By transposition, o^ + dx = - e ; 

divide by Oi a?»-i- — = - _ • 

extract the square root, x+ — = a ~^ — ^; 

therefore a? = ^v • 

247. The general formulae given in Arts. 241 and 246 
may be employed in solving anv quadratic equation. Take 
for example the equation 3;ir-4a:— 65=0; divide by 3, 
thus we have 

, 4a? 65 ^ 

Take the formula in Art 241, whidi gives the roots of 
«'+pj?+g=sO; and put jp=--, and g=— ^r; we shall 
thus obtain the roots of the proposed equation. 

But it is more convenient to use the formula in Art. 246, 
as we thus avoid fractions. The proposed equation being 
3*^—40?— 65 = 0, we must put a = 3, 6= -4, and c- —55, 
in the formula which gives the roots o{ax^ + bx-¥c=0, 

that i^ in zi^sfc^). 

o o 

.. . , 4*26 xU X . r 11 

that is, — ^— > that IS, 5 or- — . 

D O 
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Examples. XXVI. 

1. ?(aj8-7) + 3<a^-ll) = 33. 2. (^-16)(^+16)=40C 

^ i^-24 0^-37 ^ . 3(0^-11) 2(:gg-60) _ 

^- ^33"^+3-3- ^ 4^a;-9^a^- 

7. aj«-3a? + 2 = 0. 8. d?a-5a? + 6=0. 

9. aj«+10a?=24. 10. 2ic2-l = 5a?+2. 
11. 3aj2-4«=39. 12. aj*+10a?+3 = 2;i?2-5;r+63. 

13. (a?+l)(2;i: + 3) = 4aj»-22. 14. (a?~l)(ar-2) = 2a 

15. 4(aj3-l) = 4;ir-l. 16. (2;ir-3)2 = 84?. 

17. 3a?«-17;ir + 10 = 0. 18. --^ = 2. 

19. a: = 2 + ;^. 20. iC«-3 = '^. 

4^ o 

2a i.-iH=5=22. 24. ?^=5-^«. 

o:— 3 « 3 

iC-1 «« ^ 21 ^._ 

25. --3+2*=12. 26. 7+^-^5 = ^'' 

7 6a» «^ « + 2 ii:-2 13 

27. &r+ll+|= 7 . 2a — 2 + ^-=g. 

29. _i- + ^3 = ?». 30. 3(.^-=i)-2J^)=^ 

«l-3 2 3 « + l «-l 

31. .2^+^ = 2. 32. -*-+^^y. 

a?+2 2ii? ^+1 a? 6 

X ^ _ , o^ a? 4-2 x+\ _ 1 3 
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87. 
39. 
41. 



x-2 x-4 14 
a?-3 a?-l"l5' 




^-3 ^-1 6 
^ a?-2 j?-4" 6' 


a?-l a?-3 11 
«-4 «-2"l2' 




40. ' 2 -^ 


8 1 


1 


a? 15-7;p 



2(a^-l) 4(;r+l) 8* a^-1 8(l-;i?)' 



2^+1 3£-2__ll 2g~l 2ar-3 I_ 

**• ^-1^3;c + 2~2- **• a?-l a?-2^6'""* 

3a?+l 2;g-7 5 2a?-3 3a?->.'> 5 

3(x-6) 2;c-8 2^ * 3a?-6 2j:-3"2' 

48 ^t^ _ 4-3? ^ 7 
a?-l 2a? 3' 

60. (;r+10)»=144(100-«»). 

52. -±-+-^.-1?-. 

a?+l a?+2 a?+3 

54. ^2 .? + 2 ^+3 
a? + 2 ^-2 a?-3 

66. ^+-«- = J2_ 

« + 2 a?+4 a? + 6" 

^. a?4-l . ;f+2 2x4-13 

Oo.' + = . 

x—l a?— 2 a?+l 
14^-9 a?«-3 



47. 


3fl?-2 24?-5 10 
2a?-6 '^3jc-2" 3 * 


49. 


(«-.3)2=2(fl?«-9). 


51. 


6 ^3 14 

a? + 2 X a? + 4* 




x + 1 a?-l 2a?-l 


53. 


x+2 a?-2"a?-l' 


^65. 


a?-l 6 2 


a?+l 6~7(a?-l)' 




;r-l x-2 2^+13 


67. 


x+1 a?+2^ a?+16 • 


69. 


ai?-i 3a?-i_6a?-ii 

a?+l a?+2 a?-l 


61. 


a««»-.2ii»;i?+a«-l-0. 


63. 


0? a X ^ J 
a d? & X 



60. a?-- 



8«-3 >+l* 
62. 4a2x=(a«-&«-fa?)«. 

X x+b a a-k'O 
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XXYIL Equations which may he solved like 
Quadratics, 

248. There are many equations which are not strictly 
quadratics, but which may be solved by the method of cotnr 
pleting the square; we will give two examples. 

249. Solve««-7aJ»=8. 

7 9 
extract the square root, 0^--=^-; 

7 9 
therefore ^=h ^'^ 5 = 8 or - 1 ; 

extract the cube root, thus ^=2 or - 1. 

250. Solve aj2 + 3^ + 3/s/(;»2+3;i?-2)=e. 
Subtract 2 from both sides, thus 

;r*+&c-2 + 3^(^+3;i?-2)==4. 

Thus on the left-hand side we have two expressious, 
namely, ^/(flj*+3j?— 2) and a:* + ar-2, and the latter is the 
square of the former; we can now complete the square. 

Add QY, thus 

©s 95 
= 4 + ^ = ^; 

extract the square root, thus 

^/(^+3ar-2) + -=±2; 

therefore V(;r»+3ii?-2)=-2 ±~ = 1 or -4. 
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First sappose J{a^ + 3d?— 2) = 1. 
Square both sides, thus j^4- 3^?- 2 - 1. 
This is an ordinary quadratic equation; by sol nng it 
we shall obtain m= ^ • 

Next suppose iy(jj*+aa?-2)=-4. 

Square both sides, thus :i^+3a^-2=16. 

This is an ordinary quadratic equation; by solving it 
we shall obtain x=Z or —6. 

Thus on the whole we have four yalues for ss^ namely, 

3 or -6 or ^^ — . 

An important observation must be made with respect 
to these values. Suppose we proceed to verify tiiem. 
If we put 07=3 we find that ^ + 3;r-2 = 16, and thus 
J(;»»+3a?-2)= *4. If we take the value +4 the original 
equation will not be satisfied ; if we take the value - 4 it 
will be satisfied. If we put x=—% we arrive at the same 
result And the result might have been anticipated, 
because the values ^ = 3 or — 6 were obtained from 
>/(^+3a?— 2)= -4, which was deduced from the original 

equation. K we put x- — — '^ ■ we find that 

«"+3a?-2=»l, and the original equation will be satisfied 
if we take sl{a^+^x-2)= +1; and, as before, the result 
might have been anticipated. 

In fact we shall find that we arrive at the same four 
values of d?, by solving either of the following equations, 

a:^ + 3a? - 3 V(flj* + 3^ - 2) = 6, 

«»+3a?+3^/(a!« + 3a?-2) = 6; 
but the values 3 or —6 belong strictly only to the first 
equation, ani the values ^ — belong strictly only to 

2 
the second equation. 
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251. Equations may be proposed which will require 
the operations of transposing and squaring to be per- 
formed, once or oftener, before they are reduced to quad- 
ratics ; we will give two examples. 

252. Solve ar-^/(iC*-3a?-3)=9. 
Transpose, 2iC-9=,y(«2-3ii:-3); 

square, 4^—36d?+81=»a!*— 3;i?— 3; 

transpose, 3^-33a?+84=0; 

divide by 3, ;?:*— lla? + 28 = 0. 

By solving this quadratic we shall obtain x=l or 4. 
The value 7 satisfies the original equation; the value 4 
belongs strictly to the equation 2^+V(aj*-3a?-3)=9. 

263. Solve ^/(x + 4)+^(2x + 6)=^/(ac + 9). 

Square, a?+4 + 2ii?+6 + 2i^(d?+4j^(2;i?+6)=8a?+9; 
transpose, 2V(« + 4) ^(2a? + 6) = 6a? - 1 ; 
square, 4(^ + 4)(ap + 6) = 25^ - 10;j? + 1 ; 

tliatis, 8a»+66a?+96 = 26aj*-I0ar+l; 

transpose, 17^-6&r-95 = 0. 

By solving this quadratic we shall obtain a? =6 or — — . 

The value 6 satisfies the original equation; the value 

19 
— Y^ belongs strictly to the eiiuation 

J{2x + 6) - J{x + 4) = J{Sx + 9). 

254. The student will see from the preceding examples 
that in cases in which we have to square in order to re- 
duce an equation to the ordinary form, we cannot be 
certain without trial that the values finally obtained for 
tiie unknown Quantity belong strictly to the original 
equation. 
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255. EqnatioDB are sometimes proposed which are 
intended to be solved, portly by inspecUon, and partly by 
ordinary methods ; we will give two examples. 

«^- o 1 ^+4 jr-4 9-i-a? 9-x 

Bring the fractions on each side of the equation to a 
common denominator ; thus 

{x-^Af-^x-Af ^ (9+5)»- (9 -5)« 
that is, 



Here it is obvious' that ;p=0 is a root To find the 
other roots we b^n by dividing both sides of the equa- 
tion by Ax I thus 

4 9 





a:*-16"81-ic«' 


therefore 


4(81-a^=9(aj«-16); 


therefore 


13««=324+ 144=468; 


therefore 


«*=36; 


therefore 


a?=±6. 



Thus there are three roots of the proposed equation, 
namely, 0, 6, —6. 

257. Solve ii^-7iPa"+6a'=0. 

Here it is obvious that x — a is a root. We may 
write the equation a^—a^ = 7a\x—a); and to find the 
other roots we begin by dividing by ^-a. Thus 

a^+ax+a^=7dK 

By solving this quadratic we shall obtain x=^aor —3a. 
Thus there are three roots of the proposed equation, 
namely, a, 2a, —3a. 
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Examples. XXVII. 

I, aj*-13aj3+36 = 0. 2. x-5^x-U=^0. 
3. a?+^/(a?+6)=7. 4. a:3+^(-,^+9)=21. 
6. 2^/(a!*-2a? + l)+aj"=23 + 2a?. 

6. a?*-2^+;i!«=36. 7. V(ar^-6;r+16)+(;r-3)»=ia 

8. 9^/(aJ•-9a?+28) + 9^=a?' + 36. 

9. 2«» + 6a?=226-^/(^+3^-8). 
10. il?*-4a?2-2^/(fl?*-4aJ■ + 4) = 31. 

II. a?+2V(iB»+5^ + 2)=ia 

12. 3^+^/(aJ2 + 7a?+5)=19. 13. a?=7>/(2-a?8). 

14. ^/(a?+9)=2^/;l?-3. 16. ^/(.r + 8)- V(«+3) = s/^. 

16. 6V(l-iC^ + 6a?=7. 

17. ^/(3a?-3) + ^/(5a?-19) = ^/(2i^? + 8). 
la ^/(2;r+l) + ^/(7a?-27) = ^/(3a? + 4). 

19. J(J^-\-ax)-J{a^+hx)=a + h. 

20. 2a?^/(a+ic«) + 2x2=a2-a. 

21-. :^ZV(i2a2-ar)""a-r 1-^ 1 + ^ 1 + ^' 

^^- ^ + >/(2-a:2) + a!-.J,2-x^f ^' 

a?4a a?— g _ h + x h—x 
^^' a?-a~;i: + a"'&-^ 6 + a?* 
27. aj" + 3<Mj2=4a^. 28. 5a?2(«-^) = («'-^(^ + 3^) 
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XXYIIL Problems which lead to Quadr<Uie 
EqucUioiM. 

258. Find two numbers sach that their mm is 15} 
and their product is 54. 

Let X denote one of the numbers, then ib—x will 
denote the other number; and by supposition 

ir(15-a?) = 54. 

By transposition, a^- 15«= -54 ; 

therefore «»-15:c + f —J =-54+ -^ = -; 

therefore * ~ "2 ~ "*" 2 ' 

16 3 
therefore a?=: — *-=:9or6. 

If we toko x=d we have 15-d: = 6, and if we take 
tf? = 6 we have 1 5 — :i: = 9. Thus the two numbers are 6 and 9. 
Here although the quadratic equation gives two values of 
Xy yet there is really only one solution of tho problem. 

259. A person laid out a certain sum of money in 
goods, which he sold again for £24, and lost as much per 
cent, as he laid out: find how much he laid out 

Let X denote the number of pounds which he laid out ; 
then a?— 24 will denote the number of pounds which he 
lost. Now by supposition he lost at the rate of x per cent., 

X 

that is the loss was the fraction t^ of the cost ; therefore 

100 

^^ilo=^-2^' 

therefore a?-\mx=-r 2400. 

From this quadratic equation we shall obtain a? =40 
or 60. Thus all wo can infer is that tlie sum of money laid 
out was either £40 or £60; for each of these numbers 
satisfies all the conditions of the problem. 
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260. The sum of £1. As, was divided equally among 
a certain number of persons ; if there had been two fewer 
persons, each would have received one shilling more : find 
the number of persons. 

Let as denote the number of persons; then each person 

received — shillings. If there had been a?— 2 persons 

144 
each would have received — - shillings. Therefore, by 

supposition, 

144 144 
ar-2"" X ^*- 

Therefore 144;i?= 144(;F-2)+a?(a?-2) ; 

therefore a?— 2x = 288. 

From this quadratic equation we shall obtain x=\S 
or — 16. Thus the number of persons must be 18, for that 
is the only number which satisfies the conditions of the 
problem. The student vnU naturally ask whether any 
meaning can be given to the other result, namely —16, 
and in order to answer this question we shall take another 
problem closely connected with that which we have here 
solved. 

261. The sum of £1. 4*. was divided equally among a 
certain number of persons ; if there had been two more 
persons, each would have received one shilling less : find 
the number of persons. 

Let X denote the number of persons. Then proceeding 
as before we shall obtain the equation 
144 ^144* 
x+~2 X ' 
therefore ar^ + 2:c = 288 ; 

therefore a: = 16 or —18. 

Thus in the former problem we obtained an applicable 
result, namely 18, and an biapplicable result, namely - 16 ; 
and in the present problem we obtain an applicable result, 
namely 16, and an inapplicable result, namely — 18. 

T. A. 12 
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262. In solving problems it is often fonnd, as in Art 260, 
that results are obtained which do not apply to the problem 
actually proposed. The reason appears to be, that the 
algebi*aical mode of expression is more general than ordi- 
nary language, and thus the equation which is a proper 
representation of the conditions of the problem will also 
apply to other conditions. Experience will convince the 
student that he will always be able to select the result 
which belongs to the problem he is solving. And it will be 
often |>ossible, by suitable changes in the enunciation of the 
original problem, to form a new problem corresponding to 
any result which was inapplicable to the original problem ; 
this is illustrated in Article 261, and we will now give ano- 
ther example. 

263. Find the price of eggs per score, when ten more 
in half a crown's worth lowers the price threepence per 
score. 

Let X denote the number of pence m the price of a 

X 

score of eggs, then each egg costs ^ pence ; and therefore 
the number of eggs which can be bought for half a crown 
is 30 ■4- =-: , that is — . If the price were threepence 

x—Z 

per score less, each egg would cost -^ pence, and the 

number of eggs which could be bought for half a crow 
would be —— . Therefore, by supposition, 

,600 600 

a?— 3 X ' 

therefore 60^= 60 (ir-3)+a?(a?-3) ; 

tlierefore «* — 3a: = 1 80. 

From this quadratic equation we shall obtain 4r=15 
or ~12. Hence the price required is 15rf. per score. It 
will be found that 12rf. is the result of the following pro- 
blem; find the price of eggs per score when ten fetoer 
ir half a crown s worth raises the price threepence per 
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£ZAHPL£S. XXYIII. 

1. Divide the number 60 into two parts such that 
their product may be 864. 

2. The sum of two numbers is 60, and the sum o' 
their squares is 1872 : find the numbers. 

3. The difference of two numbers is 6, and their pro- 
duct is 720 : find the numbers. 

4. Find three numbers such that the second shall be 
two-thirds of the first, and the third half of the first ; and 
that the sum of the squares of the numbers shall be 549. 

5. The difference of two numbers is 2, and the sum of 
their squares is 244: find the numbers. 

6. Divide the number 10 into two parts such that 
their product added to the sum of their squares may make 
76. 

7. Find the number which added to its square root 
will make 210. 

8. One number is 16 times another; and the product 
of the numbers is 144: find the numbers. 

9. One hundred and ten bushels of coals were divided 
among a certain number of poor persons ; if each person 
had received one bushel more he would have received as 
many bushels as there were persons: find the number 
of persons, 

10. A company dining together at an inn find their 
bill amounts to £8. 15*. ; two of them were not allowed to 
pay, and the rest found that their shares amounted to 10 
shillings a man more than if all had paid : find the number 
of men in ithe company. 

11. A cistern can be supplied with water by two 
pipes; by one of them it would be filled 6 hours sooner 
than by the other, and by both together in 4 hours : find 
the time in which each pipe alone would fill it 

12-- 2 



/ 
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12. A person bonght a certain number of pieces of 
cloth for £3S, I5s,f which he sold a^ain at £2, S», per piece, 
and he gained as much in the whole as a single piece cost: 
find the number of pieces of cloth. 

13. A and B together can perform a piece of work in 
y 14§ days ; and A alone can perform it in 12 days less 

/ than B alone: find the time m which A alone can per- 
form it. 

14. A man bought a certain quantity of meat for 
18 shillings. If meat were to rise in price one penny 

1)er lb., he would get 3 lbs. less for the same sum. Find 
LOW much meat he bought. 

15. Tho price of one kind of sugar per stone of 14 lbs. 
is Is. 9d. more than that of another kind; and 8 lbs. less of 
the first kind can be got for £1 than of the second : find 
the price of each kind per stone. 

16. A person spent a certain sum of money in goods, 
which he sold again for j£*24, and gained as much per cent, 
as the goods cost him : find what the goods cost. 

17. The side of a square is 110 inches long: find the 
'length and breadth of a rectangle which shall have its 

/ perimeter 4 inches longer than that of the square, and its 
area 4 square inches less than that of the square. 

18. Find the price of eggs per dozen, when two less in 
/ a shilling's worth raises the price one penny per dozen. 

19. Two messengers A and B were despatched at the 
same time to a place at the distance of 90 miles; the 
former by riding one mile per hour more than the latter 
arrived at tho end of his journey one hour before him: find 
at what rate per hour each travelled. 

20. A person rents a certain number of acres of pas- 
ture land for £70 ; he keeps 8 acres in his own possession, 
and sublets tho remainder at 5 shillings per acre more than 
he gave, and thus he covers his rent and has £2 over: 
find the number of acres. 
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21. From two places at a distance of 320 miles, two 
persons A ami B set out in order to meet each other. 
A travelled 8 miles a day more than B\ and the number of 
days in which they met was equal to half the number of 
miles B went in a day. Find how far each travelled before 
they met 

22. A person drew a quantity of wine from a full vessel 
which held 81 gallons, and then filled up the vessel with 
water. He then drew from the mixture as much as ho 
before drew of pure wine; and it was found that 64 gallons 
of pure wine remained Find how much he drew each time. 

23. A certain company of soldiei-s can be formed into 
a solid square ; a battsdion consisting of seven such equal 
companies can be formed into a hollow square, the men 
being four deep. The hollow square formed by the bat- 
talion is sixteen times as large as the solid square formed 
by one company. Find the number of men in the company. 

24. There are three equal vessels -4, B, and C\ the 
first contains water, the second brandy, and the third 
brandy and water. If the contents of B and G be put 
together, it is found that tlie fraction obtained by dividing 
the quantity of brandy by the quantity of water fs nino 
times as great as if the contents of A and G had been 
treated in like manner. Find the proportion of brandy to 
water in the vessel G, 

25. A person lends £5000 at a certain rate of interest ; 
at the end of a year he receives his interest, spends £25 of 
it, and adds the remainder to his capital; he then lends 
his capital at the same rate of interest as before, and at 
the end of another year finds that he has altogether 
£5382: determine the rate of interest 
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2 XIX. Simultamout Equations involving Quadratia. 

264. We shall now solve some examples of simultane- 
ons equations involving^ quadratics. There are two cases 
of frequent occurrence for which rules can be g^ven ; in 
both these cases there are two unknown quantities and two 
equations. The unknown quantities will always be denoted 
by the letters a and y. 

265. First Case, Suppose that one of the equations 
is of the first degree, and the other of the second degree. 

Rule. From the equation of the first degree find ths 
value qf either qf the unknown quantities in tei^ms oj 
the other, and stAstitute this value in the equation qf 
the second degree. 

Example. Solve 3:r+ 4^=18, 6^-3ay=2. 

From the first equation y= — — ; substitute this 
value in the second equation ; therefore 

therefore 20** - 64^ + 9j?* = 8 ; 

therefore 29:c*-644:=a 

From this quadratic equation we find a?=2 or — — ; 

267 
then by substituting in the value of y we find ^ = 3 or -^^ . 

266. Solve 3«*+5«-8y=36, 2a^-3;i?-4y=:3. 

Here although neither of the given equations is of the 
first degree, vet we can immediately deduce from them an 
equation of the first degree. 



INVOLVING QUADRATICS. 183 

For multiply the first equation by 2, and the second 
by 3 ; thus 

e;B*+10ar-16y=72, 6af2-9;B-12y=9; 

therefore, by subtraction, 10a? - 16y + 9a? + 12y = 72 — 9 ; 

that is, 19;i?-4y=63. 

From this equation we obtain y= — - — ; substitute 
this value in the first of the given equations ; thus 

3a!"+5fl?-2(19j?--63)=36; 
therefore Za^-ZZx-¥^0=Q; 

therefore a^-Ux + ZQ^O. 

From this quadratic equation we snail find that^'=(^ 
or 6; and then by substituting in the value of y we find 
that y=8 or 12|. 

267. Second Case. When the terms involving the un- 
known quantities in each equation constitute an expression 
which is homogeneous and of the second degree; see 
Art. 2a 

Rule. Assume y=vx, and substitute in both equor 
tions; then hy division the vcUue qfy can be found. 

Example. Solve aj*+ii;y+2y*=44, 2a^—a!y+i^=l3. 

Assume y=vXj and substitute for ^; thus 

Therefore, by division, 

l + t?+2t?2 44 11^ 
2-«? + t?2 "16"" 4 * 

fiierefore 4(l+»+2r2) = ii(2-t>-f«^; 

therefore 8o'-15»+18=0; 

therefore z^-^v+Q^^^Q* 
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From this quadratic equation we shall obtain 9= 2 or 3. 
In the equation ii^{l-\-v-^2T^) = AA put 2 for t? ; thus 
ip= *2; and since y=vx, we have y = ±4. Again, in the 
same equation put 3 for o ; thus x=± tj'2; and since 
y=vxy we have y=±3^2. 

Or we might proceed thus : multiply the first of the 
given equations by 2 ; thus 

2;r*+2jjy+4y«=88; 

the second equation is 2x* - ary + y* = 1 6. 

By subtraction 3^+3y*=72, therefore ^"=24— ^. 

Again, multiply the second equation by 2 and subtract 
the first equation ; thus 

ar2— aicy = - 12 J therefore a^=xi/—4. 

Hence, by multiplication 

a:«y«=(24-.a:y)(a?y-4), 

or 2a^^-2Say= -96. 

By solving this quadratic we obtsun ^=8 or 6. Sub^ 
stitute the former in the given equations ; thus 

fl?» + 2y2=36, 2^ + y* = 24. 

Hence we can find a^ and y*. Similarly we may take the 
other value of ^, and then find ^ and y\ 

26a Solve 2a?'+3a?y + 2^=70, 6a:'+«y-y*=60. 

Assume y=vx, and substitute for y; thus 

««(2 + 3i? + t>2)=^70, a^(6+t?-t?*)=60. 

Therefore by division 

24-3g+p' 70_7. 
(j + u-t?2 ""60 ""6' 

therefore 6(2+3i7+«*)=7(6 + «?-»^; 

therefore 12t?» + 8t? - 32 = ; 

therefore 3»2 + 2r-8 = 0. 
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4 
From this quadratic equation we shall find «?=- or —2. 

o 

In the equation a^{^ + Zv-{-v^)-=*JQ put - for v\ thus 

3 
4?= ±3; and since y=^vx we have y=±4. The value 
9= —2 we shall find to be inapplicablo ; for it leads to the 
inadmissible result ar^ x = 70. In fact tlie equations from 
which the value of v was obtained may be written thus, 

;c2(2 + »)(l + tj) = 70, i»2(2 + t,)(3_t,) = 60; 

and hence we see that the value of v found from 2 + t7=0 
is inapplicable, and that we can only have 

= — a= - ; and therefore t? = ^ . 

269. Equations may be proposed which do not fall 
under either of the two cases which we have discussed, 
but which may be solved by artifices which can only be 
suggested by trial and experience. We will give some 
examples. 

270. Solve a? + y=5, ^^ + ^^ = 65. 
By division, — = — , 

that is, x^-xy+y^=l2\ 

then from this equation combined with x-\-y = 5 we can 
find X and y by the first case. Or we may complete the 
solution thus, 

square a^-h2xy+y^=25 (1). 

Also a^-xy + y^=13 (2). 

Therefore, by subtraction, Sxy = 12 ; 
therefore xy=4; 
therefore 4^=16 (3). 

Subtract (3) from (1); thus 

a?8-2i»y+2^=9; 
extract the square root, ;r - y = dt 3. 
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We hare now to find x and y from the simple equationa 
j?-»-y=6, J?— y=±3; 
these lead to «=1 or 4, y=4 or L 

27L Solre ««+y*=41, a!y=20. 

Tbeie eqoations can be solved by the second case; or 
they mar be solved in the manner just exemplified. For 
we can dednoe firom them 

««+y«+2d?y=41-l 40=81, 
«*+y*-2;ijy=41-40 = l; 
then by extracting the square roots, 

«^y=db9, «— y=*l. 
And thus finally we shall obtain 

«=±5 or ±4^ y=±4 or ±6. 

27SL SoIto 4J*+«y+y«=19, a?*+««y«+y*=13a. 
^y^™*^^ ^T^rfF = l9-' 

that is, a^-«y+y*=7. 

We hare now to solve the equations 

«2+a:y+y»=19, «»-.a:y+y'=7. 
By addition and subtraction we obtain successively 

Then proceeding as in Art. 271, we shall find 
«=:k3 or ±2, y=±2 or ±3. 

273. Solve a?7-y=2, a?»-y'=242. 

By division, -^=^; 
that is, a?*+d?V+^»V+^+y*=121, 
thatis, a?*+y*+«y(aj«+ya)+;cV=121 (1). 

Now a?-y=2; 
square • ^-2^+j^=4; 
therefore «'+y*=2«y+4 (2)- 
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Square dr* + 2a?V + y*=4^V + 16^y + I<5; 

therefore ar* + y*=2;i:V+16a:y+16 (3). 

Substitute from (2) and (3) in (1); thus 

that is, 5;i^2^20^=105; 

therefore a^"^ + 4iXy = 21. 

From this quadratic equation we shall obtain xy = Z 
or — 7. Take xy = Z, and from this combined with x—y=% 
we shall obtain a? =3 or -1, y=\ or -3. If we take 
4P^= — 7, we shall find that the values of x and y are im- 
possible ; see Art. 236. 



Examples. XXIX. 

1. «-y=l, ^-ajy+y2=21. 

2. 2^-6y=3, «2+^=20. 

3. d?+y=7(a?-y), a?2+y«=100. 

4. 6(aj3-y2)=4(;»2+y2), «+y=a 
6. a?-y=3, ii?2+y2=66. 

6. 4a?-6y=l, 2;i^-ii^ + 32/2+3a?-4y=47. 

7. 4^+9y=12, 2x^+a!y=6yK 

8. (a?-6)2 + (y-6)2+2^=60, 6y-4j?=l. 

t/^ 5 

9. 4a^ + 2^+^+ Y2(4« + y) = 41, 4i?-y=4. 

12 10 *^' 16 3 ^ 

11. 3a?+2y=65jy, 15a;-4^=4;i^. 

12. ajy+2 = 9y, «y+2=ii?. 

13. 8(icy + l)=33y, 4(ii^ + l)=33a?. 

14. xy-^a+y, ax=by. 
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1& 


h\-^ 


xy^€3lK 


16. 


M-* 


M-"'- 


17. 


'A-^ 


a^+]f*=ax+iif. 


la 


^^■. 





19. a^+xff^2S, xy—y^=Z. 

20. «"+«y=45, y*+«y=36. 

21. 2aj*-«y=66, ai5y-y»=48. 

22. «*-22jy=16, a:y-2y"=7. 
2a «*4-3jy=28, ajy+4y"=8. 

24. «»+jjy-6y»=21, 4py-2y«=4b 

25. «s+3«y=64> «y+4y«=ri6. 

«-y x+y 2' " 

- J!*+y* _2S 

«-y ^+2/ 3 * ^ 

29. a{x-k-y)-¥y{x-y)^lbSy lx{x+y)=^ny{x-y\ 

30. ;i?V(^ + y)=80, «2y(2a?-3y) = 80. 

31. 2x^-xy+y^=2y, 2a^+4txy=5y. 
x+y x-y_a^^l .,._j. 

33. a^-\-xy=a{a-it'h\ a^-^y^=a^ + l^. 

34. ;p*-^ajjy-y*=«^+2a-l, 

(a-l);r(a?4-y)=a(a + i)y<;p-y)^ 

35. a-y=2, ^- 1^=152. 
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S6. «+y=9, aj8+2/3 = i89. 
37. ar2 + y2=20, xy-x-y=2. 

39. a?+y=3, a?» + 2^ = 33. 

40. «8+iry + y2 = 37^ a?* + ;rV + y^ = 481. 



1S9 



41. 



X — 



y x+y 



= 1, 2 + 3a:y=3a?. 



42. d?2+y2=^34^ x^-y^ + J{x^-y^)=20. 

43. ir2+y2_i = 2a^, a?y(a:y+l) = 6. 

44. 4;c3+2^ + 2(2a? + y) = 6, 4;i?y(ajy + l)=3. 

45. x^-{-xy=Sx + 3y y*'^xy=Sy-h6. 

46. a;2_<py=2;i.4.5^ a?y-y2=2y + 2. 

47. 2a?+|/ + 6V(2a? + y+4)=23, 4a^-6a?=y«+3jr. 

48. 18 + 9(a?+y)=2(^+y)^ 6'-{x-y)={x-yy. 

49. a^-ajy-a(^+l) + 6 + l, xy-y^^ay+b. 

Kl ^' ^*-12. ^-2. 

62. x^=ax + hyj y^^ay-\-hx. 

63. oih/z=a, xy'^z = h, xyz^=c. 

64. (^ + yXa? + ^) = a', (y + ;2r)(y + ^) = 6^ (;2; + irX4r+y) = c' 

65. Zyz^1zx-^xy^\% 2yz-Szx + xy^5, 

4yz-zx-3xy = lSy, 

66. eQx^+y^-\^z^ = l3{x+y-{-z)=—y xy=^^ 
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XUL PrMemt which lead to Quadratic Eqtuitions 
with more than one uriknown quantity. 

274. There is a oortain number of two digits; the sum 
of the squares of the digits is equal to the number in- 
creased by the product of its digits; and if thirty^six be 
added to the number the digits aie reversed: find the 
number. 

Let X denote the digit in the tens' place, and y the 
digit in the units' placa Then the number is 10^ + 3^; and 
if the digits be reversed we obtain l^-^a. Therefore, by 
supposition, we have 

«*+y'=a!y+10a?+y (1). 

10a?+y+36 = 10y+a? (2X 

From (2) we obtain 9y=9^+36 j therefore y=a-\-4. 

Substitute in (1), thus 

flj» + (a? + 4)2- J? (a? + 4) + lOo? + a? 4- 4; 

therefore «• — 7a? + 1 2 = 0. 

From this quadratic equation we obtain ^=3 cm* 4- 
and therefore y=7 or 8. Hence the required number 
must be either 37 or 48 ; each of these numbers satisfies 
all the conditions of the problem. 

275. A man starts from the foot of a mountain to 
walk to its summit His rate of walking during the 
second half of the distance is half a mile per hour less than 
his rate during the first half, and he reaches the summit in 
5i hours. He descends in 3| hours by wsilking at a uni- 
form rate, which is one mile per hour more than his rate 
during the first half of the ascent. Find the distance to 
the summit, and his rates of walking. 

Let 2^ denote the number of miles to the summit, and 
suppose that during the first half of the ascent the man 
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walked y mfles per hoar. Then he took - hours for the 

w 
first half of the ascent, and — - hours for the second. 

Therefiwe -+-2-=6j (1). 

SinuLu-ly, j^=3i (2X 

From(«X 2«=^(y+l); 

ihoreforo «= — (y+1). 

o 

From(i), *(24'-i)=jy(y-^)- 

Therefore, by sabstitution, 

therefore 16(y + l)(4y-l)=44y(2y-l); 
therefore 28y2 - 89y +15 = 0.. 

From this quadratic equation we obtain y=3 or — . 

The value — is inapplicable, because by supposition y is 
28 

1 15 

greater than -. Therefore y=3; and then a?=---, so 

that the whole distance to the summit is 15 miles. 
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Examples. XXX* 



1. The sum of the squares of two numbers is 170, and 
the difference of their squares is 72: find the numbers. 

2. The product of two numbers is 108, and their sum 
is twice their difference : find the numbers. 

3. The product of two numbers is 192, and the sum of 
their squares is 640 : find the numbers. 

4. The product of two numbers is 128, and the differ- 
ence of their squares is 192 : find the numbers. 

5. The product of two numbers is 6 times their sum, 
and the sum of their squares- is 325 : find the numbers. 

6. The product of two numbers is 60 times their differ- 
ence, and the sum of their squares is 244 : find the numbers. 

7. The sum of two numbers is 6 times their difference, 
and tlieir product ejLceeds tlicir sum by 23 : find the num- 
bers. 

8. Find two numbers such that twice the first with 
threo times the second may make 60, and twice the square 
of the first with three times the square of the second may 
make 840. 

9. Find two numbers such that their difference multi- 
plied into the difference of their squares shall make 32, 
and their sum multiplied into the sum of their squares 
shall make 272. 

10. Find two numbers such that their difference added 
to the difference of their squares may n)ake 14, and their 
sum added to the sum of their squares may make 26. 

11. Find two numbers such that their product is equal 
to their sum, and their sum added to the sum of their 
squares equal to 12. 
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12. Find two numbers such that their sum increased 
by their product is equal to 34, and the sum of their 
squares diminished by their sum equal to 42. 

13. The difference of two numbers is 3, and the dif- 
ference of their cubes is 279 : find the numbers. 

14. The sum of two numbers is 20, and the sum of 
their cubes is 2240: find the numbers. 

15. A certain rectangle contains 300 square feet; a 
second rectangle is 8 feet shorter, and 10 feet broader, 
and also contains 300 square feet: find the length and 
breadth of the first rectangle. 

16. A person bought two pieces of cloth of different 
sorts ; the finer cost 4 shillings a yard more than the 
coarser, and he bought 10 yards more of the coarser than 
of the finer. For the finer piece he paid £18, and for the 
coarser piece £16. Find the number of yards in each piece. 

17. A man has to ti-avel a certain distance ; and when 
lie has travelled 40 miles he increases his speed 2 miles 
per hour. If he had ti-avelled with his increased speed 
during the whole of liis journey he would have arrived 40 
minutes earlier; but if he had continued at his original 
speed he would have arrived 20 minutes later. Find the 
whole distance he had totraTel,and his original speed. 

18. A number consisting of two digits has one decimal 
place ; the difference of the squares of the digits is 20, and 
if the digits be reversed, the sum of the two numbers is 11 : 
find the number. 

19. A person buys a quantity of wheat which he sells 
80 as to gain 6 per cent, on his outlay, and thus clears £16. 
If he had sold it at a gain of 5 shillings per quarter, he 
would have cleared as many pounds as each quarter cost 
him shillings: find how many quarters he bought, and 
what each quarter cost. 

20. Two workmen, A and B, were employed by the 
day at different rates ; A at the end of a certain number 
of days received £4. 16^., but B, who was absent six ot 

T.A. 13 
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thoM days, received only £2. 14». If ^had worked the 
whole time, and A had been absent six days, they would 
have received exactly alike. Find the number of daya> 
and what each was paid per day. 

21. Two trains start at the same time from two towns, 
and each proceeds at a uniform rate towards the other 
town. Wnen they meet it is found that one train has nm 
108 miles more than the other, and that if they continue 
to run at the same rate they will finish the journey in 9 and 
16 hours respectively. Find the distance between the 
towns and the rates of the trains. 

22. A and B are two towns situated 18 miles apart on 
the same bank of a river. A man goes from ^ to ^ in 
4 hours, by rowing the first half of the distance and walking 
the second half. In returning he walks the first half at 
the same rate as before, but the stream being with him, he 
rows li miles per hour more than in going, and accom- 
plishes the whole distance in 3^ hours. Find his rates of 
walking and rowmg. 

23. A and B run a race round a two mile course. In 
the first heat B reaches the winning post 2 minutes before 
A. In the second heat A increases nis speed 2 miles per 
hour, and B diminishes his as much ; and A then amves 
at the winning post two minutes before B, Find at what 
rate each man ran in the first heat 

24. Two travellers, A and B, set out from two places, 
P and Q, at the same time ; A starts from P with the 
design to pass through Q, and B starts from Q and travels 
in the same direction as A, When A overtook B it was 
louud that they had together travelled thirty miles, that 
A had passed through Q four hours before, and that B, at 
his rate of travellings was nine hours' journey distant from 
P; Find the distance between P and (J. 
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XXXI. Involution. 

276. We have already defined a power to be the pro- 
duct of two or more equcU factors, and we have explained 
the notation for denoting powers; see Arts. 15, 16, 17. The 
process of obtaining powers is called Involution; so that 
Involution is only a particular case of Multiplication, but 
it is a particular case which occurs so often that it is 
convenient to devote a Chapter to it ' The student will find 
that he is already familiar with some of the results which 
we shall have to notice, and that the whole of the present 
Chapter follows immediately from the elementsuy laws of 
Algebra. 

277. Any even power of a negative quantity is posi- 
tive, and any odd power is negative. 

This is a simple consequence of the Rule of Signs. Thus, 
for example, —ax -a=a^, —ax —ax "a — c^-x. —a=—a^i 
—ax—ax—ax—a=—a^x—a—a^; and so on. In the 
following Articles, when we use the words give the proper 
sign, we mean that the sign is to be determined by the 
rule of the present Article. (See Art 38.) 

278. Rule for obtaining a power of a power. Multiply 
the numbers denoting the powers for the new exponent, 
and give the proper sign to the result. 

Thus, for example, {a^f^cfi] (-a3)«=-a«; (a*)3=a"; 
(— a*)3= —a*'. This is a simple consequence of the law of 
powers which is demonstrated in Art. 59. For example, 

(a2)»=a2x a2 X a2 = a2+2+2 = flj2x3 = «6 

The Rule of the present Article leads immediately to 
that which we shall now give. 

279. Rule for obtaining any power of a simple integral 
expression. Multiply the index of every f alitor in the ex- 
pression by the number denoting the power, and give the 
proper sign to the result. 

13—2 
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Thus, for example^ 

280. Rule for obtaining any power of a fraction. iSatM 
(o/A (/m numsrator and denominator to that power ^ and 
gice the proper sign to the result 



This follows from Art 145. For example. 



16flf 
8l6*" 



281. Some examples of Involutiou in the case of 
binomial expressions have already been given. See 
Arts. 82 and 88. Thus 

(a+6)*=a«+2a5+ft«, 

The student may for exercise obtain the fourth,, fifth 
and sixth powers of a+ 6. It will be found that 

(a+6)* = a*+4fl?6+6a*6* + 4a&» + 6*, 

(a+6)»=a»+5a«6+10a'6«+10a26*+5a6*+6^. 

(a + &)»=tf» + 6a'&+15a*ft*+20a^6*+16a*6*+6a55 + 6«. 

. In like manner the following results may be obtained : 

(a_6)«=a«-2aft+6«, 

(a-6)"=a»-3a«6 + 3aZ,2-J', 

(a-6)*=a*-4a"6 + 6a2fc8-4a5»+^«, 

(a_5)"=a»-5a*6 + 10a»6«- 10a«^ + 6a&*-ftP. 

(a-&)«=a^-6a»& + 15a*fc»-20a»6»+15a«6*-6a6'+6». 

Thus in the results obtained for the powers of a— 5, 
wnere any odd power of b occurs, the negative sign is pre- 
fixed; and thus any power of a— & can be immediately 
deduced from the same power of a + b, by changing the 
signs of the terms which involye the odd powers of & 
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282. The student will see hereafter that, by the aid 
of a theorem called the Binomial Theorem, any power 
of a liinomial expression can be obtained without the 
labour of actual lyoltiplication. 

283. The formulae given in Article 281 maybe used 
in the way we have already explained in Art« 84. Sup- 
pose, for example, we require the fourth power of 2ii?-3y. 
In the formula for (a- 6)* put 2a? for a, and 3y for h ; thus, 

(2a?- 3y)*=(2a?)*-4(2ar)»(3y) + 6(ar)2(3y)'-4(2^)(3y)"+ (3y/ 

= 16a?*-96a^y + 216^«-2164y + 81y*. 

284. It will be easily seen that we can obtain required 
results in Involution b^ different processes. Suppose, for 
example, that we require the sixth power of a+h. We 
may obtain this by repeated multiplication by a+h. Or 
we may first find the cube of a 4- &, and then the square of 
this result ; since the square of {a + hf is (a + 6)'. Or we 
may first find the square of a + &, and then the cube of this 
result ; since the cube of (a + b^ is (a + bf. In like manner 
the eighth power of a+h may be found by taking the 
square of («+&)*, or by taking the fourth power of {fl+hf, 

285. Some examples of Involution in the case of 
trinomial expressions liave already been given. See 
Arts. 86 and 88. Thus 

(a+&+c)2=a*+6'+c»+2a6+26c+2ac, 

(a+ 6 +<?)»= 

These formulse may be used in the manner explained in 
Art 84. Suppose, for example, we require {\-2x-^Za^. 
In. the formula for {a+h+cf put 1 for a, — 2« for 6, and 
Za^ for e\ thus we obtain 

(l-2a? + 3ic2)2= 

(l)»+(-2a?)«+(3«2)"+2(lX~2«) + 2(-2a?)(3a^+2(l)(3««) 

-=l + 4:B' + 9a?*-4;r-12aj'+6«« 

= 1 -4a?+ 10««- 12a;' + 9;c*. 
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BimilAriy, ve hare 

(1-2j?+3^)»= 
l8+(-2a?)8 + (3^» 

+ 6(l)(-2;p)(ar2) 

= l-ar»4-27^ 
+ 3(-2a? + 3:r»)+12:i?2(l+3:F«) + 27^(l-2^)--36;r^ 
= l-6a?+21a?«-44;B» + 63a;*-64ar» + 27a!". 

286. It is found by observation that the square of any 
multinomial expression may be obtained by either of two 
rules. Take, for example, {a-hh+c+df. It will be found 
that this 

=a«+6'+c*+<3^* + 2a& + 2flM? + 2a<3^+2&c+26J+2crf; 

and this may be obtained by the following rule ; the 9quart 
qf any multinomial eaipresHon consists qf the square of 
each term^ together with tunce the product qf every pair 
of terms. 

Again, we may put the result in this fonn 

and this may be obtained by the following rule ; the square 
qf any multinomial expression consists of the sqmtre of 
each term, together with twice the product of each term 
by the sum qf all the terms whicli follow it. 



Examples. XXXI. 
Find 
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5. 


(-S)- 


6. 


("yv)- 


7. 


(a+&7. 


a 


{a-hf. 


9. 


(a+5)»(a-6)». 


10. 


(l-xf. 


11. 


(2+a?)>. 


12. 


&^2xf. 


13. 


(1+a?)*. 


14. 


{x^2y. 


15. 


(2;ir + 3)^ 


16. 


{ax + byf + {ax - by)*. 


17. 


(flW? + Z^)*+(<M?-fty)*. 18. 


(l+a:)»-(l-a?)». 


19. 


(l+ar)^(l-^)^ 


20. 


(l+a?+;py. 


---21. 


(l-a? + flj8)«. 


22. 


(l+;c-ar»)». 


23. 


(l+3a? + 2;i?2)2. 


24. 


(l-3^+3aj^. 


25. 


(2 + 3ar+4a;2)2 + (2- 


-Zx-^^ 


\ 


26. 


(l+a?+«2)i. 


27. 


{l-x+x*f. 


28. 


(l+a?-;c2)». 


-29. 


{l+Zx-¥2a^. 


^30. 


(l-3a?+3a^». 






31. 


(2 + 3:c+4a:2)3_(2- 


■Zx-^-Aa?) 


». 


^32. 


(l-ra?+aja+a:»)a. 


33. 


(l + 2a?+3^+4a!^\ 


34 


(a+5+c+(/)'-(a- 


■h + c-dT, 


». 


35. 


(a + 6+tf+<]?)* + (a- 


-h-^c—d 


)«. 


36. 


(l+3df+3a?«+aj^». 


37. 


(l-6;c + 12a?»-8«^«. 


38. 


(l-»-4;ir+6a:» + 4^+a?*)». 




39. 


(l-«)»(l+«+«7. 


4a 


(l-«+««)»(l + a?+«>)l 
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XXXII. Evolution. 

287. Evolution is the invcTse of Involntion; so tlwt 
Evolution is the method of finding any proposed root of 
a given number or expression. It is usual to employ the 
word extract and its derivatives in connexion with the 
word root; thus, for example, to extract the gquare root 
means the same thing as to find the square root. 

In the present Chapter we shall begin by stating three 
simple consequences of the Rule of £ign8, we sh^l then 
consider in succession the extraction of the roots of simple 
expressions, the extraction of the square root of compound 
expressions and numbers, and the extraction of the cube 
root of compound expressions and numbers. 

288. Any even root of a positive quantity may he 
either positive or negative. 

Thus, for example, ay.a=a\ and —ax — a = a* ; there- 
fore the square root of a^ is either a or — o^ that is, eitiier 
+ a or —a. 

289. Any odd root of a quantity hoe the same sign 
as the quantity, 

Tims, for example, the cube root of a* is o^ and the cube 
root of -a' is —a. 

290. There can he no even root qfa negative quantity. 

Thus, for example, there can be no square root of — a*; 
for if any quantity be multiplied by itself the result is 
a positive quantity. 

The fact that there can be no even root of a negative 
quantity is son^etimes expressed by calling such a root an 
impossible quantity or an imaginary quantity, 

291. Rule for obtaining any root of a simple integral 
expression. Divide the index of every factor in t/ie 
expression hy the number derioting the root^ and give 
the proper sign to the resiUt, 
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Thus, for example, v^(lGa26<)=^(42a»5<)= ^k^a;^. 
y ( - Sa'Z^'c") = y ( - 23a«6 V«) = - ^Wd". 
4^(256^/) = sli/^^x^i/^ = =fc 4icy2. 

292. Rule for obtaining any root of a fraction. Find 
the root of the numerator and denominfUor^ and give the 
proper tign to the restdt, 

Forer^ple, s/(^^= ^(^^=^^' 

^\ 6467" '^V 43^7- 46* 

293. Suppose we require the cube root of a^ In this 
case the index 2 is not divisible by tbe number 3 which 
denotes the required root; and we have, at present, no 
other mode of expressing the result than IjaK Similarly, 
J Of ^j€^, 4/0", cannot, at present, be oiher^viso expressed. 
Buch quantities are called surds or irrational quiuitities ; 
and we shall consider them in the next two Chapters. 

294. Wo now proceed to the method of extracting the 
square root of a compound expression. 

The square root of a' + 2ab + 6^ is n + & ; and we shall be 
led to a general rule for the extraction of the square root 
of any compoimd expression by obi^erving the manner in 
which a+6 may be derived from a^ + 2ab + bK 

Arrange the terms accord- a* + 2db + 6^ ^a + & 

ing to the dimensions of one a^ 

letter a; then the first term is —— — - — -r 

a% and its square root is a, 2a-^bJ2ab + b^ 

which is the first term of the 2ab + b^ 

required root. Subtract its 

square, that is a\ from the whole expression, and bring 
down the remainder 2db + b\ Divide 2db by 2a, and the 
quotient is &, which is the other term of the required root. 
Take twice the first term and add the second term, that is, 
take 2a+ &; multiply this by the second term, that is by 6, 
and subtract the product, that is 2a& + &^from the remain- 
der. This finishes the operation in the present casa 
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If there were moro terms we should proceed with a+6 
as we did formerly with a ; its square, that is, a*+2aft+6', 
has already been subtracted from the proposed expression, 
80 we should divide the remainder by 2 (a + li) for a new 
term in the root. Then for a new subtrahend we multiply 
the sum of 2 (a + h) and the new term, by the new term. 
The process must be continued until the required root 
is found. 

295. Examples. 
4^ 






4r*-20aj"+37^-30a?+9(^2dJ«-6a?+3 
4^ 



4iC»-5a?; -20a;'-f 37ii^-30a?+9 

-20a^+25a:* 

Aa^-lOx+Z) 12;B*-30a?+9 
12:f*-30a?+9 



— 4a?'7/'+ 4x'^y^ 

2««-4a!y + 32^;6;cV- 12^:2/* + V 
6arV^-12a^ + 9y* 
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- 2;»^-4a;*+4a? + l 



296. It has been already observed that all even roots 
admit of a double sign ; see Art. 288. Thus the square 
root of a^-\-2ab + b^ is either a + b or -a— b. Xn fact, in 
the process of extracting thfe square root of a' + 2afe4-&*, 
we begin by extracting the square root of a^; and this 
naay be either a or -a. If we take the latter, and con- 
tinue the operation as before, we shall arrive at the result 
— a— &. A similar remark holds in every other case. 
Take, for example, the last of those worked out in Art. 295. 
Here we begin by extracting the square root of afi; this 
may be either a^ or —a?*. If we take the latter, and con- 
tinue the operation as before, we shall arrive at the result 
-;B'-2a:"+2a?+l. 



297. The fourth root of an expression may be found 
by extracting the square root of the square root ; similarly 
the eighth root may be found, by extracting tiie square 
root of the fourth root ; and so on. 



298. In Arithmetic we know that we cannot find the 
square root of every number exactly; for example, we 
cannot find the square root of 2 exactly. In Algebm wo 
cannot find the square root of every proposed expression 
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exactly. We sometimes find such an example as the follow- 
ing proposed; find four terms of the square root of 1 -ac 





l-2^( 1- 




2 






1 








2 


-x) -2d? 
— 2a?+a^ 








2- 


•2.-5;-^ 








4 






2- 


-^-^-?> 


-.-1 








" 


-a^ + a?*. 




*? 




4 


2 ' 


of' 

' 4 



Thus we hare a remainder — t "-^"-r^ after 

4 2 4 

finding four terms of the square root of 1 -aar; and so we 
know that (l-.-!^-0=l-2..^f.|..^^ 

299. The preceding investigation of the square root of 
an Algebraical expression will enable us to demonstnito 
the rule which is given in Arithmetic for the extraction of 
the square root of a number. 

The square root of 100 is 10, the square root of 10000 
is 100, the square root of 1000000 is 1000, and so on ; hence 
it follows that, the square root of a number less than 100 
must consist of ouly one figure, the square root of a 
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number between 100 and 10000 of two places of figures, of 
a number between 10000 and 1000000 of three places of 
figures, and so on. If then a point be placed over every 
second figure in any number, beginning with the figure in 
the units' place, the number of points will shew the number 
of figures in the square root. Thus, for example, the 
square root of 4§56 consists of two figures, and the square 
root of 6ll524 consists of three figures. 



300. Suppose the square root of 3249 required. 

Point tne number according to the 3^4$ ^50 + 7 

rule; t^us it appears that the root 2500 

must consist of two places of figures. 

Let a-vh denote the root, where a is 100+7J749 
the value of the fip^re in the tens' 749 

?lace, and h of that m the units' place. — 

hen a must be the greatest multiple 
of ten, which has its square less than 3200 ; this is found 
to be 50. Subtract a^, that is, the square of 50. from the 
given number, and the remainder is 749. Divide this re- 
mainder by 2a, that is, by 100, and the quotient is 7, 
which is the value of h. Then (2a + ft) 6, that is, 107 x 7 or 
749, is the number to be subtracted ; and as there is now 
no remainder, we conclude that 50 + 7 or 57 is the required 
square root 

*It is stated above that a is the greatest multiple of ten 
which has its square less than 3200. For a evidently can- 
not be a greater multiple of ten. If possible, suppose it 
to be some multiple of ten less than this, say x-, then since 
a: is in the tens' place^^ and h in the units' place, x+hi& less 
than a ; therefore the square oi x-\-h is less than a\ and 
consequently x-\-h\a less than the true square root 

If the root consist of three places of figures, let a re- 
present the hundreds, and h the tens; then having ob- 
tained a and h as before, let the hundreds and tens 
together be considered as a new value of a, and find a new 
value of b for the units. 
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301. The cyphers may be omitted for the sake of 
brevity, and tlie followisg rule may be obtained from the 
process. 

Point every second figure^ beginning 3246 (67 

with that in the unit^ placey and thus 25 

divide the whole number into periods. 

I*ind the greatest number whose square 107 J 749 
is contained in the first period ; this n^g 

is the first figure in the root; subtract its 

square from t/ie first period, and to the 
remainder bring down the next period. Divide this 
quantity, omitting the last figure, by twice the part of the 
root already found, and annex the result to the root and 
also to the divisor; then multiply the divisor as it now 
stands by the part qfthe root last obtained for the suhtra- 
hend. If there be more periods to be brought down, tlis 
operation must be repeated, 

302. Examples. 

Extract the square root of 132496, and of 5322249. 

IS2496 (364 5322^46 i^2307 

9 4 



66^424 43^132 

396 129 



724J 2896 4607 J 32249 

2896 32249 



In the first example, after the first figure of the root is 
found and we hare brought down the remainder, we have 
424 ; according to the rule wo divide 42 by 6 to give the 
next figure in the root: thus apparently 7 is the next 
figura But on multiplying 67 by 7 we obtain the product 
469, which is greater than 424. This shews that 7 is too 
large for the second figure of the root, and we accordingly 
try 6, which succeeds. We are liable occasionally in this 
manner to try too large a figure, especially at the early 
stages of the extraction of a square root. 
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In the second example, the student should notice the 
Oiicurrence of the cypher in the root 



303. The rule for extracting the square root of a 
decimal follows from the preceding rule. We must ob- 
serve, however, that if any decimal be squared there will 
be an even number of decimal places in the result, and 
tlierefore there cannot be an ejfact square root of any 
decimal which in its simplest state has an odd number of 
decimal places. 

The square root of 32*49 is one- tenth of the square 
root of 100 X 32*49 ; that is of 3249. So also the square 
root of *003249, is one-thousandth of the square root of 
1000000 X -003249, that is of 3249. Thus we may deduce 
this rule for extracting the square root of a decimal. Put 
a point over every second figure^ heginning with that in 
the unitt^ place and continuing both to the right and to 
the l^t of it; then proceed a^ in the extraction of the 
square root of integers^ and mark off as many decimal 
places in the result as the number of periods in the deci- 
mal part of the proposed number. In this rule the stu- 
dent should pay particular attention to the words beginning 
with that in the units' place. 



304. In the extraction of the square root of an integer, 
if there is still a remainder after we have arrived at the 
figure in the units' place of the root, it indicates that the 
proposed number has not an exact square root. We may 
if we please proceed with the approximation to any desired 
extent, by supposing a decimal point at the end of the 
proposed number, and annexing any even number of cy- 
phers, and continuing the operation. We thus obtain a 
decimal part to be added to the integral part already 
found. 

Similarly, if a decimal number has no exact square 
root, we may annex cyphers, and proceed with the approxi- 
mation to any desired extent. 
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305. The fonowing is the extractioD of the square root 
of '4 to seveD decimal places : 

0'4606...(^*6324555 
36 

123^400 



1262J3100 
2524 



12644^57600 
50576 



126485^702400 
632425 



1264905^6997500 
6324525 



12649105^67297500 
63245525 



4051975 



30G. We now proceed to the method of extracting: the 
cube root of a compound expression. 

The cube root of a» + 3a'''& + 3aft*+5» is a+6; and wo 
shall be led to a general rule for the extraction of the cube 
root of any compound expression by observing the manner 
in which a + 6 may be derived from a^ + 3a% + ZaJb^ + h\ 

Arrange the terms ac- a' + 3a^ + 3a&^ + 6'(,a + & 

cording to the dimensions ^ 

of one letter a\ then the 

tirst term is o^, and its cube 3aV 3«^& + Zah^+l^ 

root .is a, which is the first 3^92> + 306^ + &• 

torm of the required root. 

Subtract its cube, that is 

a*, from the whole expression, and bring down the ro- 
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mainder 3a'ft + Saft* + &*. Divide Za^ by Za\ and the quo- 
tient is &, which is the other term of the required root ; 
then subtract 3a^+3«&^ + &* from the remainder, and the 
whole cube of a + & has been subtracted. Tliis finishes the 
operation in the present case. 

If there were more terms we should proceed with a + & as 
we did formerly with a\ its cube, that is c^-hZa^h + ZaJt^ -\- Z^, 
has already been subtracted from the proposed expression, 
so we should divide the remainder by z{a+bf for a new 
term in the root ; and so on. 



307. It will be convenient in extracting the cube root 
of more complex expressions, and of numbers, to arrange 
the process of the preceding Article in three columns, 
as follows: 

3a+6 3a» a' + 3a^+3a62+ftS(a + 6 

(3a+6)2> a» 



3a25 + 3o&2+ft8 



Find the first term of the root, that is a; put a^ under 
the given expression in the third column and subti-act it. 
Put 3a in the first column, and 3a* in the second column; 
divide Za^b by Za\ and thus obtain the quotient h. Add 
h to the expression in the first colunm ; multiply the ex- 
pression now in the first column by h, and place the pro- 
duct in the second column, and add it to the expression 
already there; thus we obtain Zd^ + Zab + l^. Multiply 
this by &, and we obtain Za^h + Zat^+Wi which is to bo 
l^acea in the third column and subtracted. We have thus 
completed the process of subtracting (a + &)' from the 
original expression. If there were more terms the opera- 
tion would have to be continued. 

T. A. 14 
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30A. !■ ro nUwi ing the operation we Tirast-add such a 
tmn lo the first eohimn, as to obtain there three times the 
pmri 4>f the rooi already founcL This is conT^ently 
effected thus; we haTe already in the first 
eohinui 3a-i-6; place 2& below b and add; 3a+5 \ 
thus we obtain 3a+36^ which is three times 25 f 

a+6, that ia, three lunea the part of the root 

already found. MoreoTer, we most add sach a 3a + 35 

term to the second cohmuiy as to obtain there 

three timet the square of the part qf the root already 

ftfund. This is conyeniently effected thus; we have already 

in the second oolomn (3a + b)h, and below 

that 3a'+3aft-i-6'; place V^ below, and 

add the expressions in the three lines; Sa'+s 

thns we obtain Sa'+eoft + S^*, which is 

three times (a +5}*, tliat is three times 

thesqnareof the part of the root already 3a'-i-6a&+d5' 

found 

809. Ezampl& Extract the cnbe root of 

8aJ«-36j:» + 102a?*-l7l^+204siJ«-144a?+64 

-6a?j 



<3a+5)6') 
+3a6+ 5«> 



-3af(6aj»-3a?) 

9a^ 



12a?*-36;c» + 27a:« 

4(6;F8-9a?+4) 

12a?*-36«» + 51a?«-3&i?+ 16 
&r«-36jj'+102a:«-l7la?« + 204aj«-144;i? + 64(,aiJ»-3x+4 



-36a;«+102^-171a^+204;c*-144a? + 64 
•3&u'+ 64;!?*- 27a^ 

48ar*-144a:» + 204;iJ«- 144a? + 64 
4&C*- 144aj" + 2044:*- 144^+ 64 
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The cube root of Sa^ is 2;»*, which will be the first term 
of the required root ; put S.'c* under the given expression 
in the third column and subtract it Put three times 2a^ 
in the first column, and three times the square of 2j^ in 
the second column; that is, put 6j^ in the first column, 
and 12a:* in the second column. Divide —36a:' by 12af*, 
and thus obtain the quotient — Zx, which will be the second 
term of the root; place this term in the first column, and 
multiply the expression now in the first column, that is 
^a^ — Zx, by —3a:; place the product under the expression 
in the second column, and add it to that expression ; thus 
we obtain 12a?*— 18ar* ■♦- 9a:* ; multiply this by — 3a:, and place 
the product in the third column and subtract. Thus we 
have a remainder in the third column, and the part of 
the root already found is 2a:*— 3a:. We must now adjust 
the first and second columns in the manner explained in 
A lii. 308. We put twice — 3a:, that is — Qx^ in the first colunui, 
and add the two lines; thus we obtain 6a:'-9ar, which is 
tlirce times the part of the root already found. We put 
the square of —3a:, that is 9a:^ in the second column, and 
add the last three lines in this column ; thus we obtain 
12a:*— 360:'+ 27a:*, which is three times the square of the 
part of the root already found. 

Now divide the remainder in the third column by the 
expression just obtained, and we arrive at 4 for the last 
term of the root^ and with this we proceed as before. 
Place this term in the first column, and multiply the 
expression now in the first column, that is 6.r^— 9a:+4, 
by 4 ; place the product under the expression in the 
second column, and add it to that expression; thus we 
obtain 12a?*-36a:5 + 51a:^-36a: + 16 ; multiply this by 4 
and place the product in the third column and subtract 
As there is now no remainder we conclude that 2a:*-3a: + 4 
is the required cube root 

310. The preceding investigation of the cube root of 
an Algebraical expression will suggest a method for the 
extraction of the cube root of any number. 

The cube root of 1000 is 10, the cube root of 1000000 is 
100, and so on; hence it follows that, the cube root of 

14—2 
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a number len than 1000 rnnat consist of only one figure^ 
the cabe root of a number between 1000 and 1000000 of 
two plaices of figures, and so on. If then a point be placed 
over erery third fignre in any nnmber, beginning with the 
figure in the units' place, the number of points will shew 
the number of figures in the cube root Thus, for examplcj 
the cube root of 40^224 consists of two fig^es, and the 
cube root of 1^81^904 consists of three figures. 

Suppose the cube root of 274C25 required. 

180+5 10800 274625 (,60 + 5 

925 216000 

11725 58626 

58G25' 



Point the number according to the rule ; thus it appeaxs 
that the root must consist of two places of figures. Let 
a-k-o denote the root, where a is the value of the fignre iat 
the tens' place, and b of that in the units' placa Then a 
must be the greatest multiple of ten whidi has its cube 
less than 274000 ; this is found to be 60. Place the cube 
of 60, that is 216000, in the third column under the given 
number and subtract Place three times 60, that is 180, 
in the first column, and three times the square of 60, that 
is 10800, in the second colninn. Divide the remainder in 
the third column by the number in the second column, 
that is, divide 58625 by 10800; we thus obtain 5, which 
is the value of b. Add 5 to the first column, and multiply 
the sum thus formed by 5, that is, multiply 185 by 5; we 
thus obtain 925, which we place in the second column ana 
add to the number already thera Thus we obtain 11725; 
multiply this by 5, place the product in the third column, 
and subtract The remainder is zero, and therefore 65 is 
the required cube root 

The cyphers may be .omitted for brevity, and the pro- 
cess will stand thus; 

185 108 27462S (65 

925 216 ^ 

11725 58625 

58625 
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311. Example. Extract the cube root of 109215352. 

48 10d2l£352(^47S 

889 j 64 

6689> 45215 

49] 39823 

6627 
11344 



1271 
14 f 

1418 



5392352 
5392352 



674044 



After obtaining the first two figures of the root, namely 
47, we adjast the first and second columns in the manner 
explained in Art 308. We place twice 7 under the first 
column, and add the two lines, giving 141 ; and we place 
the square of 7 under the second column, and add the last 
three lines, giving 6627. Then the operation is continued 
as befora The cube root is 478. 

In the course of working this example we might have 
imagined that the second figure of the root would be 8 or 
even 9; but on trial it will be found that these numbers 
are too large. As in the case of the square root, we are 
liable occasionally to try too large a figure, especially at the 
early stages of the operation. 

312. Example. Extract tne cube root of 8653002877. 

605 1 1200 665§00^87t(2053 

3025) 



6153 



123025 r 



8 



25^ 



126075 
18459 

12625959 



653002 
615125 

37877877 
37877877 



In this example the student should notice the oocmv 
rence of the cypher in the root. 
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313. If the root hare any number of decimal placei^ 
tlie cube will have thrice as man^; and therefore the num- 
ber of decimal places in a decimal number, wliich is a 
perfect cube, ana in its simplest state, will necessarily be a 
multiple of three, and the number of decimal places in the 
cube root will necessarily be a third of that number. Hence 
if the given cube number be a decimal, we place a point 
over the figure in the units' place, and over every third 
figure to the right and te the left of it, and proceed as in 
the extraction of the cube root of an integer; then the 
number of points in the decimal part of the proposed 
number will indicate the number of decimal places in the 
cube root. 



314. Example. Extract the cube root of 14102'32729e. 



1) 



12 

256 



56^ 

1^ [ 

16 J 

1728 

7211 

173621 r 

174243 
43416 

17467716 



l4l0^'32f29dC24'16 
8 

6102 
6824 



278327 
173521 

104806296 
104806296 



316. If any number, integral or decimal, has no exacfc 
cube root we may annex cyphers, and proceed with the 
approxmiatiou to the cube root to any desired extent 

four^Lffi'JlSi:^^ extraction of the cube root of 4 to 
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%\i 



"J} 

8196) 
12/ 


147 
639 

15339 • 
9 

15987 
13176 

1611876 
36 


•400... (-7368 
343 

57000 
46017 


22088 


10983000 
9671256 

1311744000 
1301484032 




1625088 
176704 


10259968 




162685504 


XXXII. 



Find the Talne of 

1. V(»^***)--' "^ 2. 4/(8a»d»). - 3. 4'(-64a»d«). 

Find the square roots of the following expressions: 
IL 16aF+40a6 + 25&2. 12. 49a*-84a2& + 36d«. 

13. 36a^+12aj3+l. 14. 64a« + 48aftc+9ft*c". 

25a• + 20a6 + 4^^» _ 9;r*-24a^+16 



15. 



25a* + 20a(; + 4c«' 



/ 



16. 



44^2-12«+^ 
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19. JJ*+to»+2&r"+48jr+64. 2a ;r*-4a^+8ir+4. 

21. l-4x+10a^-iaB»+9;e*. 

22. 4a!»-4jr*-7J?*+4;c*+4. 

23. j?»-2ajj»+5^a^-4a»jr4-4a*. 

24. jf*-2aj?»+(a«+2&»)j!»-2a&«x+6« 

25. ««-12a*+60;e*-160a^ + 240j:»-192ar+64. 

26. ««+4aaj»-10fl»«»+4a»a?+a^ 

-27. l-ar+3a:*-4a:»+&r*-4^+3aj«-aij'+d!». 

4^_^_16^ 9j^ 6^ 16^ 
9y* ar 15y2f 16^ "*" 5j»» 25;8«* 

find the fourth roots of the followmg expressions : 

29. l4-4jr+6a:«+4a!»4-J!«. 

30. 16af*-9€«3y + 21&rV-21&ry»4-81y*. 

-31. l-4ar+iaiJ»-l&»»+19a?*-l&ir"+10a:«-4;c'+a?". 

32. {^-2(a+ft>c8+(a«+4a6+ft2)a^-2«*(a+ft)ar+a2&?}« 

Find the eighth roots of the following expressions : 

33. ^+ai:' + 28aj»+56aJ»4.70;e*+6&i?»+2&B«+8ar+l. 
^34. {^-2ajV+3a:V-24ry»+y*}^ 

Find the square roots of the following numbers : 
35. 1156. 36. 2025. 37. 3721. 38. 6184. 
39. 7569. 40. 9801. 41. 16129. 42. 103041. 
43. 165649. 44. 3080*25^ 45. 412164.^^ 
46. •835396._^ 47. l'522^56. 48. 293764oO~ 
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49. 88452401. 50. 4981*5364. 51. 64*128064. 

62. •24373969r 53. 144168049. 64. 254076-4836.- 
65. 3-25513764. 56. 4*54499761. 

67. •6687573056. 5a 196540602241. 

Extract the square root of each of the following num- 
bers to five places of decimals : 

69. -9. 60. 6-21. 61. '43. 62. -00352. 

63. 17. 64. 129. 65. 347*259. 66. 14295*387. 

Find the cube roots of the following expressions: 

67. 8a?»4 36a?2y4-54;i?y2+27y'. 

68. 1728^+ 1728a?*y3 + 576a?V + 642/». 

69. a:'-3«2(a+6) + 3;i<a+6)2-(a + 6)». 

70. a?" + 3a?« + 6:r* + 7a^ + 6:c2 + 3;r+l. 

71. afi-^aa^-h^c^a^-Sa^x-a^. 

72. &B«+48car'4.60c8:r*-80c3a;»-90c*aj*+108c»«-27A 
^3. 1 -9a?+39^-99^ + 156:i?*- 144aH» + 64;c«. 

74.1-3a?+6aj«-10:i?'+iar*-12;j:» + 10a^-6:c'+3^-.a:». 

Find the sixth roots of the following expressions : 
^75. 1 + 12a?+60^+ 160:1?' + 240:1?* + 192ar» + 64a:«. 
76. 729:iJ»-' 1468a:» + 1215a?*- 540:1?' + 135:c* - 18a? + 1. 

Find the cube roots of the following numbers: 



77. 


19683. 78. 


42875. 79. 157464. 


80. 


226981. 81. 


681472. 82. T76688. 


83. 


2628072. 84. 


3241792. 85. 54010102. 


86. 


60236-288. 87. 


191*102976.- 88. *2203488(>4. 


89. 


1371330631. 


90. 20910518875. 


91. 


91398648463126. 


92. 634(/l04iJ93&39.- 
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XXXIII. Indxcet. 



316. We have defined an index or exwmmi in Art. 16, 
aud, aooording to that definition, an index has hitherto 
alwi^ been a positive whole number. We are now about 
to extend the definition of ao index, bj exjdaining tl^ 
meaniog of fitactional indices and of n^tire indices. 

817. If m amd n ar^ any ponHve whole numbers 
a^xa'^a"**. 

The truth of this statement has already been shewn 
in Art 59, but it is convenient to repeat the demonstra- 
tion here. 

cr=axaxax to m factors, bj Art. 16, 

di^^axaxax ......to n factors, by Art 16 ; 

therefore 

cry^a*=axay^ax,..y(.ay.ai^ayf, ...to m+n factors 

=a"*",by Art 16. 
In like manner, if p is also a positive whole number, 
a" X a* xflf =flr+»'x of =flr+"*'; 
and, so on. 

318. If m and n are positive whole numbers, and m 
greater Uuui n, we have by Art 317 

<r— xa"=a*-"+»=flr; 

therefore ^=a— *. 

This also has been ahready shewn ; see Art 72. 

319. As fractional indices an-i negative indices have 
not yet been defined, we are at liberty to give what defini- 
tions we please to them; and it is fuuud convenient to 
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give such definitions to them as will make the important 
relation a^xa*=^a'*^* cUioays true, whatever m and n 
may be. 

For example; required the meaning of a*. 

By supposition we are to have a^xa* = d^=a. Thus a ^ 
must be such a number that if it be multiplied by itself 
the result is a; and the square root of a is by definition 

such a number; therefore a* must be equivalent to the 
square root of a, that is, a^ = ^Ja. 

Agsaa ; required the meaning of a'. 

By supposition we are to have 

a xa xa =a =«*=«. 

Hence, as before, a^ must be equivalent to the cube 
root of a, that is a^s* ^a. 

Again; required the meaning of a\ 

I a 4 I 

By supposition, a xa*xa xa =a^; 

s 

therefore a = ^f/c^. 

These examples would enable the student to under- 
stand what IS meant by any fractional exponent; but we 
will give the definition in general symbols in the next two . 
Artides. 

I 
320. Required the meaning qf a" %Dhere n U any 
pontive whole number. 

By supposition, 

111 1 1 * 

a^xa*xa*x ...to n&ctor8 = a* " " '*'**' =ai=a; 
1 
therefore a" must be equivalent to the n^ root of a, 

1 
that ls» 0^= ^o. 
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321. Required the meaning qf a* tehere m and n am 
amp positive whole numbers. 

Bj supposition, 

a*x a*xa* X ... to n factors=a* • • =a"; 

therefore a" must be equiyalent to the n**^ root of a", 

that ifli a- = l/aT. 

flence a* means the n*^ root of the m^ power of a; 
that is, in a fractional index the numerator denotes a power 
and the denominator a root 

322. We have thus assigned a meaning to anj positive 
index, whether whole or fractional; it remains to assign a 
meaning to negative indices. 

For example, required the meaning of a~'. 

By supposition, c^xa''*^ c^"* = a^ = a, 

therefore *"' ~ 55 " 5 * 

We will now give the definition in general symbols. 

323. Required the meaninq qf a"*/ where n is any 
positive number whole or/raetionaL 

By supposition, whatever m may be, we are to have 

a'*xa'"=a''-\ 

Now we may suppose m positive and greater than n, 
and then, by what has gone before, we have 

a*"" Ao^sscn and therefore «*"*=^ • 

a"* 
Therefore • a* x «-•=-;?; 

therefore a~"=-=. 

or 
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Tn order to express this in words we will define the 
Word reciprocal. One quantity is said to be the recipro- 
ccU of another when the product of the two is equal to 

nnity ; thus, for example, x is the reciprocal of -. 

X 

Hence a"* is the reciprocal of a" ; or we may put this 
result symbolically in any of the following ways, 

«-"=Ji, a"=^, a-xa-=l. 

324. It will follow from the meaning which has been 
given to a negative index that a"* -i- a" = a"-" when m is less 
than fly as well as when m is greater than n. For suppose 
fl» less than n ; we have 

a*" 1 . s 

Suppose fn—n\ then a^-r-a" is obviously =lj and 
flf«-"=^. The last symbol has not hitherto received a 
meaning, so that we are at liberty to give it the meaning 
which naturally presents itself; hence we may say that 

325. In order to form a complete theory of Indices it 
would be necessary to give demonstrations of several pro- 
positions which will be found in the larger Algebra. i3ut 
these propositions follow so naturally from the definitions 
and the properties of fractious, that the student will not 
fiud any difficulty in the simple cases which will come be- 
fore him. We shall therefore refer for the complete theory 
to the larger Algebra, and only give here some examples as 
specimens. 

326. If m and n are positive whole numbers we know 
that («•")"= a""; see Art. 279. Now this result will also 
hold when m and n are not positive whole numbers. Ifor 
example, 

For let (a^)*=a?; then by raising both sides to the 
fourth power we have a^=ai^i then by raising both sides 
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to the third power we haTO a=^*'; therefore x^a^^ which 
was to be shewn. 

327. If » is a positive whole number we know that 
c^xtr={ab,\ This result will also hold when n is not 

a positive whole number. For example, a'x&* = (a6)*. 
For if we raise each side to the third power, we obtain in 
each case ah ; so tliat each side is the cube root of ah. 

In like manner we have 

111 1 

a" xft"x<f x...=(a5c...)". 

Suppose now that there are m of these quantities 
a, h, c,..., and that all the rest are equal to a; thus we 
obtain 

(a»)-=(<r)-; thatis,(Va)"=ydr. 

Thus the m^ power of the n^ root of a is equal to the 
«* root of the m* power of a. 

328. Since a fraction may take different forms without 
any change in its value, we may expect to be able to ^ve 
different forms to a quantity with a fractional index, with- 
out altering the value of the quantity. Thus, for example, 

2 4 9 4 

since « = ^ we may expect that 0*^0^1 and this is the 

3 6 

case For if we raise each side to the sixth power, we 
obtain a^ ; that is, each side is the sixth root of a*. 

329. We will now give some examples of Algebraical 
operations involving fractional and negative exponetfts. 

Multiply ah^c^ by a^b^c^. 

2 17 3 1 13 1.2_ 
3^2^6' 4 3""12' 3 8"' 

ther^oro efilr c* x a« ^ c' = t^l^e. 
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Divide ajJy* 


by^V. 




3 11 2 11^ 


therefore 


«* y* -7- a?» y* = aj* y* 


Multiply 


a?+a?*+«"' by a?* +«""■-« . 




X +a?' +a?"* 




a?i+^""*-a?"^ 




x^-^x^ +1 




;i?* +!+«"* 




-l-ar-'-a?-* 




«* + 2;i?'+l -a?"* 
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Here in the first Kne a^ x x=a^*^=x^^ x^ x a?'=«», 
«i X x''^^af*= 1 ; and so on. 

DiYide 
a?*-3^iy"*+3a^y-i-.y-4 by a?*-24^y"*+y"'i 
«* - ac^y"* + y"*^ a?* - 3^iy~* + Sa^j/"^ - y~^ (^aj* - y""^ 
;i?»-2a?»y"^+ ^y~^ 

— «*y"*+2;c*y"*-y~i 

- fl?*y~*+ai?*y"*-y"* 
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Examples. XXXIII . 
Find the value of 

I. 9"*. 2. 4"*. 3. (100)"*. 4. (1000)*. 5. (SI)"*- 

Simplify 

6. (a«)-» 7. («"■)-». 8. Ja-^. 9. Ua-\ 

10. a^xdfix oT^, 
Multiply 

II. «^+y* by s^-y^, 12. a*+aM + 2>* by a^-bK 

13. iif+a?^ + 2 by x-^x^-2, 

14. ar* + a^ + l by a?-*-a?-*+l. 

15. a"* + a~* + l by a~*-l. 

16. a*-2+a"^ by a*-a~* 

17. a+aM-a?^y* by a+aM-l-aj^y'. 

18. x^-xy^+x^-y^ by ar+arV^ + y- 
Divide 

19. x^-y^ by a^-f^. 20. a-& by a^-ft^. 

21. 64a?-^ + 27y"' by 4^"* + 3y"*. 

22. x^-xy^+x^y-y^ by x^-yK 

23. a* + aM + &* by a* + aM + &^. 

24. a* + 6*-c* + 2aM by a* + &* + A 

25. a^-2ay + «' by fl;^-2aM + a. 

26. ,a?*-4a^y* + 6i*2/*-4^M+y* ^7 «i-2^*y* + y*. 
Find the square roots of the following expressions : 

27. x^-4 + 4x'K 28. (a?+a:"7-4(a?-;i?-i). 
29. x^'-4x^-\-2x^ + 4x-4x^+xK 

80. 4j?* - 12a?* + 26 - 24aj"* + 16a?"*. 
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XXXIV. Surdi. 

330. When a root of a number cannot be exactly 
obtained it is called an irrational qtumtiiy, or a mrd. 
Thus, for example, the following are surds; 

And if a root of an algebraical expression cannot be 
denoted ¥rithout the use of a fractional index, it is also 
called an irrational quantity*^ a surd. Thus, for ex- 
ample, the following are surds; 

h/^ J%. ^/(a«+a6+n ija\ ff{(^+V). 

The rules for operations with surds follow from the 
propositions of the preceding Chapter; and the present 
Chapter consists almost entirely of the application of those 
propositions to arithmetical examples. 

331. Numbers or expressions may occur in the form 
of surds, which are not really surds. Thus, for example, 
1^9 is in the form of a surd, but it is not really a surd, for 
ii/9=3; and ^{a*+2ab+b^ is in the form of a surd, but 
it is not really a surd, for ^{d'+2ab+l3^=a+b. 

332. It is often convenient to put a rational quantity 
into the form of an assigned surd ; to do this we raise the 
quantity to the power corresponding io the root indicated 
by the surd, and prefix the radical sign. For example, 

8=s/3*-^9; 4=1^43=^64; a=4^a*; a-f 6= 4^;a+6)». 

333. The product of a rational quantity and a surd 
ma^ be expressed as an entire surd, by reducing the 
rational quantity to the form of the surd, and then multi- 
plying ; see Art 327. For example, Z»j2=j9x^2 = Jl8; 

2^4=^8x^4=5/32; aJb=Ja*x^=^{aH>). 

334. Converselj;, an entire surd may be expressed as 
the product of a rational quantity and a surd, if the root of 
one factor can be extracted. 

T.A. 16 
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For example, ^/32a ,^(16x2)= Jl6x^2=^4:»j2i 

^48= V(8x6)=y8x y6 = 2«/6; 

335. A sard fraction can be transformed into ao 
equivalent expression with the surd part int^i;raL 

For example, ^l^ s/l^'^l' ^^^ = ^ I 

•/2_ V2x9 _ Vl8_yi8 
^3~^3x9"'^27'" 3 • 

336. Surds which hare not the same index can be 
transformed into equivalent surds which liave ; see Art. 327. 

For example, take ^5 and ^11: J5=A Jll = (ll)*j 

6i=5*= :/5»= •/126, (11)* = 11*= •/(ll)«=yi21. 

337. We may notice an application of the preceding 
Article. Suppose we wish to know which is the greater, 
j^5 or li^ll. When we have reduced them to the same 
index we see that the former is the greater, because 125 is 
greater than 121. 

338. Surds are said to be iimilar when they have, or 
can be reduced to have, the same irrational &ctors. 

Thus 4^/7 and 5^/7 are similar surds; 5^/2 and 4^/16 
are also similar surds, for 4^16=84/2. 

339. To add or subtract similar surds, add or subtract 
their coefficients, and affix to the result the common 
irrational factor. 

For example, ^/l2 + ^/76-^/48=2^/3 + 6^3-4^/3 
= (2 + 5-4) ^/3 = 3^/3. 
2 V3 1 V256 2 Vl2 1 V64 x 12 
i V 2 + 4 '^ T" =3 '^ 8 "^4 ^"^7~ 
^2^12 1 4>yi2 ^ 2yi2 
"3243 3 • 
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34jOw To multiply simple surds which have the same 
faidex, multiply separately the rational factors and the 
irrational factorsk 

Jforexample, 3V2x/s/3=3>/6; 4^^/5x7^6=28^^/30; 
24^4x34i'2 = 6^8=6x2=12. 

341. To multiply simple surds which have not the same 
index, reduce tiiem to equivalent surds which have the same 
index, and then proceed as before. 

For example, multiply 4 >/5 by 2 y\\. 

By Art 336 j6=i/\26, 4^11=4^121. 

Hence the product is 8 4^(125 x 121), that is, 8^15125. 

342. The multiplication of compound surds is per- 
formed like the multiplication of compound algebraical 
expressions. 

For example, (6 ^3 - 5 >/2) x (2 ^3 + 3 ^/2) 
= 36 + 18^6-10^6-30=6 + 8^/6. 

343. Division by a simple surd is performed by a rule 
like that for multiplication by a simple surd; the result 
may bo simplified by Art. 335. 

For example, 3V2+4V3=|^^ = ?y| = ^y^ = f; 

4V5-2^11=2;^--j^j2r-^'^l2i-2 '^ 121^(11/ 

24^1830125 

■"^■^11 • 

The student will observe that by the aid of Art. 335 the 
results are put in forms which are more convenient for nu- 
merical application ; thus, if we have to find the approxi- 
mate numerical value of 3 j2-i-4jZ, the easiest method ii 
to extract the square root of 6, and divide the result by 4. 

15—2 
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844 The only case of division by a oompoand snrd 
which Is of any importance is that in which the divisor is 
the sum or difference of two quadratic surds, that is, surds 
involving square roots. The division is practically effected 
by an impoi-tant process which is called rcUumalising the 
denominator qf a fraction. For example, take the fiuction 

5 /24-2 /a ' ^ ^® multiply both numerator and denomi- 
nator of this fraction by 5 1^2-2^/3, the value of the frac- 
tion is not akered, while its denominator it nuuie rational; 

thus 4 _ 4(5^2-2^3) 

6^/2 + 2^3 (6V2 + 2V3)(6^/2-2V3) 
^ 4(5^2-2^/3) 10>/2-4^/3 
60-12 ~ 19 

Similarly, n^3^V2 - (V3+>/2)(2^3+^2) 
^^^'2 3-^/2 (2^3-V2)(2n/3h-V2) 
^8+3jv/6^ 8 + 3^/6 
12-2 10 • 

345. We shall now shew how to find the square root of 
a binomial expression, one of whose terms is a quadratic 
surd. Suppose, for example, that we require the square 
root of 7 + 4i^3. Since Ux-^Jy^=x+y + 2j(xy), it is 
obvious that if we find values of x and y fi*om x+y—*!, 
and 2 J{xp) = 4 1^3, then the square root of 7 + 4 s/3 will be 
a/^ + ijif. We may arrange the whole process thus : 

Suppose J{1-^^JS)= Ja:-^ ^y; 

square, 7+4i^3=:i?+y+2,^(«y). 

Assume a?+y=7, then 2^(a!y)=: 4,^3; 
square, and subtract, (a? +y)*— 4^^=49-48 = 1, 
that is, (a? - y)* = 1 , therefore « — y = 1 . 

Sincea? vy=7 andaf-y=l, wehavear=4, y=3; 
therefore V(7 + 4^/3)=V4 + >/3 = 2+Va 

Bimilarly, ^/(7-4 J3)=2- V3. 
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Z!xAMniE& XXXIV. 

SimpUfy 

1. 3^/2 + 4 J8-J32. % 2^4+6^(32-4/108. 

3. 2j3 + 3^/(li)-V{6i). ^ ;y2~^* 

Multiply 

6. ^/S+^/(li)-;^by^3. 

«• -^^-4^6*^2^^^^ 

7. l+^/3-^/2 by ^6-^/2. 

R N/3+j2by-^+^. 

Eationaliae the denominators of the following fractions: 

„ 3+s/2 ,„ n/S+n/J' 

»• 2^32- *»• ^/3-J2• 

"• 3^6 + 2^3 - *^ 3^-2^6 

Extract the square root of 

13. 14 + 6^6. 14. 16-6^/7. 16. S+^iA 

16. 4-V16. 

Simplify 

^^' ;?(6T-;724)- ^^ V(7-W3)' 

1+J3 
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XXXY. RaUo. 

346. Ratio is the relation which one quantity bean 
to another with r^nect to magnitade, the comparison 
being made by considering what multiple, part, or parts, 
the firHt is of the second. 

Thus, for example, in comparing 6 with 3, we observe 
that 6 has a certain magnitude with respect to 3, which 
it contains twice ; again, in comparing 6 with 2, we see that 
6 has now a different relcUive magnitude, for it contains 
2 three times; or 6 is greater when comiKtred with 2 than 
it is when compared with 3. 

347. The ratio of a to 6 is usually expressed by two 
points placed between them, thus, a : b; and the former is 
called the antecedent of the ratio, and the latter the conse- 
quent of the ratio. 

348. A ratio is measured by the fraction which has for 
its numerator the. antecedent of the ratio, and for its 
denominator the consequent of the ratio. Thus the ratio 

of a to 6 is measured by t ; then for shoitness we may 
say that the ratio of a to & is equal to t or is ^ . 

349. Hence we may say that the ratio of a to 6 is equal 

to the ratio oi cUid, when r = 3 • 
a 

350. If the terms of a ratio he multiplied or divided 
"by the same quantity the ratio is not altered, 

351. We compare two or more ratios by reducing 
tHh fractions which measure these ratios to a common 
denominator. Thus, suppose one ratio to be that of a to ^ 
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md another ratio to be that of c to d^ then the first ratio 

a ad , ., ^ ., c he 

r = =-i, and the second ratio 3 = 7-/. 
h bd' d ha 

Hence the first ratio is greater than, equal, to, or less 
than the second ratio, according as a(3? is greater than, 
equal to, or less than be, 

352. A ratio is called a ratio of greater inequality, of 
less inequality, or of equality, according as the antecedent 
is greater than, less than, or equal to the consequent. 

353. A ratio of greater inequality is diminisliedf 
and a ratio of less inequality is increased, by adding 
any number to both terms cftfie ratio. 

Let the ratio be ^ , and let a new ratio be formed by 

a-^x 
adding x to both terms of the original ratio; then j—- 

is greater or less than y according as & (a + a?) is greater or 

less than a(J>-¥x); that is, according as bx is greater or less 
than a^y that is, according as 6 is greater or less than a. 

354. A ratio of greater inequality is increased, and 
a ratio of less inequality is diminished, by taking from 
both terms of the ratio any number which is less than 
each of those terms. 

Let the ratio be t , and let a new ratio be formed by 
taking x from both terms of the original ratio; then ,— 

is greater or less than -,, according as 5(a— a?) is fircatcr 

or less than a (6— a?); that is, according 2t» bx S& Ioejj m^ 
greater than ax, that is^ according as 6 is less or groator 
than a, 

355. If the antecedents of any ratios be mnlliplied 
tog:ether, and also the consequents, a new ratio is obtnJncd 
vrhLch is said to be compounded of the former ratios. 



a-x 

X 
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the ratio 00 : M is said to be compounded of the two ratiot 

a \btaAe : d 

When the ratio a : & is compounded with itself tlie 
resulting^ catio is a> : 5* ; this ratio is sometimes called the 
duplicate ratio of a : ^. And the ratio a^ ib^is sometimes 
called the triplicctte ratio of a : d. 

356. The following is a very important theorem con- 
oeming equal ration 

Suppose that £ = ^ = /•> ^^^ ^^^ of these ratios 

\pl/' + q(f + r/^J 
where p, 9, r, n are any nimibers wliutever. 

Porlet*=^ = %= y, then 

A*=a, kd=e, kf-e\ 
therefore p{kbf+q{kdr-{-r{JtfT=^pa^-\'qif'¥rir% 

The same mode of demonstration may be applied, and 
a similar result obtained when there are more than three 
ratios given equal 

As a particular example we may suppose n = 1, then we 

see that if ^ = ^ = >> ^^^ of these ratios is equal to 
oaf 

pa-t-gc rg ^^^ ^^^^ ^ ^ special case we may suppose 

pb-^qd-^rf 

p^q=:ry 80 that each of the given equal ratios is equal to 

a+e+e 
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Examples. XXXY. 

1. Find the ratio of fourteen shillings to three guineas. 

2. Arrange the follo\ving ratios in the order of magni' 
tude; 3 : 4, 7 : 12, 8 : 9, 2 : 3» 5 : 8. 

3. Find the ratio compounded of 4 : 15 and 25 : 36. 

4. Two numbers are in the ratio of 2 to 3, and if 7 be 
added to each the i*atio is that of 3 to 4: find the number. 

5. Two numbers are in the ratio of 4 to 5, and if 6 be 
taken from each the ratio is that of 3 to 4 : find the numbers. 

6. Two numbers are in the ratio of 5 to 8; if 8 be 
added to the less number, and 5 taken from the greater 
number, the ratio is that of 28 to 27 : find the numbers. 

7. Find the number which added to each term of the 
ratio 5 : 3 makes it three-fourths of what it would have be^- 
come if the same number had been taken from each term. 

8. Find two numbers in the ratio of 2 to 3, such that 
their difference has to the difference of their squares tlie 
ratio of 1 to 25. * 

9. Find two numbers in the ratio of 3 to 4, such that 
their sum has to the sum of their squares the ratio of 
7 to 50. 

10. Find two numbers in the ratio of 5 to 6, such that 
their sum has to the difference of their squares the ratio uf 
lto7. 

11. Find X so that the ratio x : 1 may be the duplicate 
of the ratio % \x, 

12. Find x so that the ratio a—x :b—x may be the 
duplicate of the ratio a : b, 

13. A person has 200 coins consisting of guineas, half- 
sovereigns, and half-crowns; the sums of money in guineas. 
half-«oTereigns, and half-crowns are as 14 : 8 : 3; find 
the numbers of the different coins. 

14. Ub-a ib+a-ia-b : 6a-6, find a :b. 

.. <r*^ Wl W.I. 

Ifi. If — T = r — = , then/ + m+n = 0. 

a— 6 b-e o-^a^ 
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XXXVL Proportion. 

357. Four nambera are said to be proportioiial when 
the first is the same multiple, part^ or parts of the seouud 

as the third is of the fourth ; that is when £ = 3 the four 

o a 

numbers a, b, endure called proportionals. This is usually 

expressed by saying that aisto&as<;isto</; and it is 

represented thus a:b ::e zd^or thus a : b=c : d. 

The terms a and d are called the sxtremety and b and e 

358. Thus when two ratios are equal, the four numbers 
which form the ratios ai*e called proportionals ; and the pre- 
sent Chapter is devoted to the subject of two equal ratios. 

359. When four numbers are proportionals the pro* 
duet of the extremes is equal to the product qft/ie measu. 

Let Ofb^Cfdhe proportionals ; 
then ? = ^; ^ 

multiply by bd; thus ad -be. 

If any three terms in a proportion are gfiyen, the fourtli 
may be determined from the relation €ui= be. 

If b-c we have ad=b^; that is, \f the first be to the 
secofid as the second is to the third, the product qf the 
extremes is equal to tfie square qftlie mean. 

When a ib'.'.b :d then a, b, d are said to be in con- 
tinued proportion; and b is called the mean proportional 
between a and d, 

360. ff th£ product of two numbers be equal to the 
product (^ two otherSy the four are proportionals^ the 
terms of either product being taken for the means^ and 
the terms of the other product for the extremes. 

For let xy==ab; divide by ay, thus - = - ; 

or xiawbiy (Art 357X 
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961. If a ihiicid^ and cidv.e:/^ then a :b ::€:/. 
For T = ^, and ^ = 7 ; therefore r = ^; 

or a :h lie :/. 

362. XffouT numhen he proportionals, they are pro- 
portionals when taken inversely; that \a, if a ih ::c :d^ 
then h : a i\ d \ c. 

For T = 3; divide unity by each of these equals; 

thus - = -\ or h I a :: d I e, 
a c ' 

363. If four numbers be proportionals, they are pro- 
portionals when taken alternately; that is, if a : 6 :: c : ^, 
then a'.ciihxd, 

For 1 = 5; multiply by - ; thus - = 3 ; 
or a :c::h \d. 

364. If four numbers are proportionals, the first 
together teith the second is to the second as the third 
tftgether with the fourth is to the fourth; that is 
ifa:b::e:d, then a + b:b ::c + d : d. 

For 1=3; add unity to these equals; thus 
r + 1 = ^ + 1, that IS — T- = —J- ; ora-\-b'jtb::c + d:d, 

365. ^/!90 /^ excess of the first above the second is to 
the second as the excess qf the third above the fourth is to 
the fourth. 

For 7 = 3; subtract unity from these equals; thus 
j-l=^-l, thatis -y- = -j- or a-b :b :: c-d : d. 
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868. AUo ihefirtt U to the excess qf the first above ths 
second as the third is to the excess qf the third (tbove the 
fourth. 

By thelast Artide^ = ^; alsof = ^; 
o a a 



or a— 6 : a :: e-d : e; therefore a : a-& :: c : e-d, 

367. When four numbers are proportionals^ the sum 
qf the first and second is to their difference as the eum 
qf the third and fourth is to their difference; tiiat is, if 
a :b :io : d, then a+& : a—b :: e-t-d : e—d 

By Arts. 364 and 365 — v- = -^i and -r- = -3- ; 

therefortJ-^--^=-^---j-, that is ^3-^ = ^-^, 

or a+6 : a— 6 :: c+rf : tf-rf. 

368. It is obvious from the preceding^ Articles that if 
four numbers are proportionals we can derive from them 
many other proportions; see also Art 356. 

369. In the definition of Proportion it is supposed that 
we can determine what multiple or what part one quantity 
is of another quantity of the same kind. But we cannot 
always do this exactly. For example, if the side of a 
square is one inch long the length of the diagonal is de- 
noted by J2 inches ; but mJ2 cannot be exactly found, so 
that the ratio of the length of the diagonal of a square 
to the length of a side cannot be exactly expressed by 
numbers. Two quantities are called incommensurable 
when the ratio of one to the other cannot be exactly ex- 
pressed by numbers. 

The student's acquaintance with Arithmetic will sug- 
gest to him that if two quantities are really incommen- 
surable still we may be able to express the ratio of one to 
the other by numbers as nearly as we please. For example, 
we can find two mixed numbers, one less than J2, and the 
other greater than V2, and one differing from the other by 
u small a fraction as we please. 
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870. We will give one proposition with respect to the 
comparison of two incommensarable quantities. 

Let X and y denote two quantities; and suppose it 
known that however' great an integer q uiay be we can Gnd 
another integer p such that both x and y lie between 

- and ''- — : then x and y are equal 

For the difference between x and y cannot be so great 

as - ; and by taking q lai^ enough - can be made less 

than any assigned quantity whatever. But if x and y were 
unequal their difference could not be made less than any 



assigned quantity whatever. Thei-efore x and y must be 
equal 

371. It will be useful to compare the definition of pro- 
portion which has been used in this Chapter with that 
which is given in the fifth book of Euclid. Euclid's defini- 
tion may be stated thus: four quantities are proportionals 
when if any equimultiples be taken of the first and the 
third, and also any equinmltiples of the second and the 
fourth, the multiple of the third is greater than, equal to, 
or less than^the multiple of the fourth, according as tlie 
multiple of the first is greater than, equal to, or less than 
the multiple of the second. 

372. We will first shew that if four quantities satisfy 
the algebraical definition of proportion, they will also 
Batisfy Euclid's. 

For suppose that a :h .', c\d\ then T = ^ ; therefore 

^ = ^, whatever numbers p and q may be. Hence pc is 

greater than, equal to, or less than qd, according as j9a is 
greater than, equal to, or less than qh. That is, the four 
quantities a, &, c, d satisfy Euclid's definition of proportion. 

373. We shall next shew that if four quantities satisfy 
Euclid's definition of proportion they will also satisfy the 
algebraical definition. 

For suppose that a, h, c, d are four quantities such that 
whatever numbers p and q may be, pc is greater th^ 
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equal to^ or less than qd, aocording as pa is greater than, 
equal to, or less than qb. 

First suppose that e and d are commensurable; take 
p and q sacn that pc—qd\ then by hypothesis pa=qb: thus 

^ = 1 =s ^ ; therefore ; = j. Therefore a :b ::c td. 
qb qd' b d 

Next suppose that c and d are incommensurc^. 
Then we cannot find whole numbers p and ^, such that 
pc-qd. But we may take any multiple whatever of €^ as 
qd, and this will lie between two consecutive multiples oicy 

say between pc and (jp+ 1)cl Thus ^ is less than unity, 
and ^^ , ' is greater than unity. Hence» by hypothesis, 
*^ is less than unify, and x^ — » greater than unity. 

Thus ^ and ^ are both greater than - , and both leas than 

t) -u 1 

- — . And since this is true however great p and q may 
Q • 

be, we infer that -, and i cannot be unequal; that is, they 

must be equal : see Ait. 370. Therefore a i b :: c \ d. 

That is, the four quantities a, b, Cy d satisfy the alge- 
braical definition of proportion. 

374. It is usually stated that the Algebraical definition 
of proportion cannot be used in Geometry because there is 
no method of representing geometrically the result of the 
operation of division. Straight lines can be represented 
geometrically, but not the abstract number which expresses 
how often one straight line is contained in another. But it 
should be observed that Euclid's definition is rigorous and 
applicable to incommensurable as well as to commemtur- 
(Me quantities ; while the Algebraical definition is, strictly 
speaking, confined to the latter. Hence this consideration 
alone would furnish a sufllcient reason for the definition 
adopted by Euclid. *. 
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Examples. XXXVL 

Find the yalue of x in each of the following propor- 
tion& 

I. 4 J 7 :: 8 : «. 2. 3 : 7 :: ^ : 42. 
3. 6 : « :: a? : 45. 4. « : 9 :: 16 : a?. 
6. a?+4 : a?+2 :: a? + 8 : a? + 5. 

6. « + 4 : 2a? + 8 :: 2x-\ : 3a? + 2. 

7. 3^+2 :a?+7 :: 9a?-2 : 5a? + 8. 

8. aj2+a?+l :62(a?+l)::a^~a?+l : 63(a:-l). 

9. ctx-¥h ihx+a-mx + n \nx-\-m, 

10. Upq=rs, and qt = 8u, then ;? : r :: f : w. 

II. If a : & :: c : c?, and a' : 6' :: c' : rf', then 
aoi \W \\cd \ ddf and a6' : «'& :: cd' : cfd. 

12. If a : 6:: 6 : c, then (a2 + &=^)(6* + 0=:(a6 + &c)'. 

13. There are three numbers in continued proportion; 
the middle number is 60, and the sum of the others is 125: 
find the numbers, 

14. JFind three numbers in continued proportion, such 
that their sum may be 19, and the sum of their squares 
13a 

If a : 6 :: c : e?, shew that the following relations are 
true. 

15." a(<?+e?)=c(a+&). 16. aj{(^+d^=e^{fl^^l^ 



(a-fg)(a'+c«) _ {h + dW ^d^ 
^^' (a-c)(a^-c2)''(&-flO(&^-*)* 

pa^ + qah + r&* _ pc^ + qcd-^-rd^ 
^^' Id^ + mab + ni^ " Ic^+mcd 4- nd^ 

^^- a 2b 3c"*"4^"o^U 3 2^"*]' 
iO. a ; b :: ^/(ma^+ncf) : /^{nibf-^ndr). 
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375. The present Ohapter consigto of a series of pro- 
positions connected with the definitions of ratio and pro- 
portion stated in a new phraseology which ia conyenient 
for some purposes. 

376. One-qoantii^ is said to vary directfy as another 
when the two quantities depend on each Other, and in such 
a manner that if one be changed the other is changed in 
the same proportion. 

Sometimes for shortness we omit the word directly, 
and say simply that one quantity varies as another. 

377. Thus, for example, if the altitude of a triangle be 
invariable, the area varies as the base; for if the base be 
increased or diminished, we know from Euclid that the 
area is increased or diminished in the same proportion. 
We may express this result with Algebraical symbols thus ; 
let A and a be numbers which represent the areas of two 
triangles havmg a common altitude, and let J3 and b be 
fiuir&eri which represent the bases of these triangles re- 
spectively; then — = -T-. And from this we deduce 

A a 

-^ = > , by Art 363. If there be a third triangle having the 

same altitude as the two already considered, then the ratio 
of the number which represents its area to the number whic^ 

represents its base will also be equal to 7. Put r=m, 

then^=m, and A = mB. Here A may represent the 

area of any one of a series of triangles which have a com- 
mon altitude, and B the corresponding base, and m re- 
mains constant. Hence the statement that the area varies 
as the base may also be expressed thus, the area has a 
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constant ratio to the base; by which we mean that the 
tiumb&r which represents the area bears a coii6tuut ratio 
to the number which represents the base. 

These remarks are intended to explain the notation and 
phraseology which are used in the present Chapter. When 
we say that A varies as B, we mean that A represents the 
numerical value of any one of a certain series of quantities, 
and J3 the numerical value of the corresponding quantity 
in a certain other series, and that A=mB, where m is 
some number which remains constant for every correspond- 
ing pair of quantities. 

It will be convenient to give a formal demonstration 
of the relation A=mB, deduced from the definition in 
Art 376. 

378. jyA vary as B, tJien A U equal to B mrdtiplied 
by some eonstant number. 

Let a and b denote one pair of corresponding values of 
the two quantities, and let A and B denote any other pair; 

then — = T-,by definition. Hence A=iB=mB, where 
a b' '' b 

971 is equal to the constant ^ . 

379. The symbol a is used to express variation ; thus 
A Qc B stands for A varies as B. 

380. One quantity is said to vary inversely as another, 
when the first varies as the reciprocal of the second. See 
Art 323. 

Or if ^=-5, where m is constant, A is said to vary 
B 

inversely as B, 

381. One quantity is said to vary as two others jb/n^^y, 
when, if the former is changed in any manner, the product 
of the other two is changed in the same proportion. 

Or if A=mBC, where m is constant, A is said to vary 
iointly as B and C. 

T.A. ^6 
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3S2. One quantity is said to raiy directly as a second 
and invermly as a third, when it varies jointly as the 
■eoond and the redproeal of the third. 
__ » 

Or if ^ ^ -TT 9 where m is constant^ A is said to tbij 
c 
directly as B and inrersely as C, 

383. I/Il « B, and B x C, then A x C. 

For let^=m^, and ^=n(7, where m and n are con- 
stants; then ^=mn(7; and, as mn is constant^ A ac C, 

384. 1/ A<kC, and B «C, CA«n AifcB ac C, and 

V(AB) X C. 

For let A =mC, and ^=9tC, where m and n are con- 
■tants; then A^B={mAn)C; therefore A^B x (7. 

Also JC^-5)*>/(mnC^=CV(mn); therefore J{AB) <cC. 

385. jCT A X BC, <A«iBx Hiaw^'Cx^- 
Porlet^=m5C;then-0 = i ^ ; therefore ^ x ~ . 
Similarly, Cx~. 

386. JCTA X B, am? C x D, then AC x BD. 

For let A = fnBf and C^nD; then AC=fnnBD\ 
therefore ^C x ^/>. 

Similarly, if AoiB, and CVZ>, and E(^F» then 
^C^ X ^Z>F; and so on. 

387. -Cr A X B, th^ A* x B*. 

For let A =mB, then A*=m*B^; therefore A* x B^. 
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388. -Jf A oc B, thm AP x BP, voKwt P u any 
quantity variable or invat table. 

For let A =mB, then AP=mBP; therefore -4P « BP, 

389. -(/* A « B trAiWi C t* invariable^ and AccG token 
B is invariable, then A oc BC ichen both B aw<j? C are 
variable. 

The yariation of A depends on the variations of the 

two quantities B and C; let the variations of the latter 

quantities take place separately. When B is changed to b 

A B 
let A be changed to af ; then, by supposition, -/ = -r . 

Now let C be changed to e, and in consequence let a' be 

a' C 
changed to a ; then, by supposition, - = - . Therefore 

A a^ B C ., ,. A BC .. ^ . „^ 
-5 X — = r- X - ; that IS, — = -^— ; therefore A x ^(7. 
a a b c* 'a fee ' 

A very good example of this proportion is furnished in 
Geometry, It can be shewn that the area of a triangle 
varies as the base when the height is invariable, and that 
the area varies as the height when the base is invariable. 
Hence when both the base and the height vary, the area 
varies as the product of the numbers wmch represent the 
base and the height. 

Other examples of this proposition are supplied by the 

2uestions which occur in Arithmetic under the head of the 
>puble Rule of Three. For instance suppose that tiit> 
quantity of a work which can be accomplished varies ai 
the number of workmen when the time is given, and varies 
as the time when the number of workmen is given ; thf^ti 
the quantity of the "work will vary as the product of the 
number of workmen and the time when both vary. 

390. In the same manner, if there be any number of 
quantities B, (7, 2>, ...each of which varies as another 
quantity A when the rest are constant^ whien they all varj 
A vaiies as thdr product. 
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Examples. XXXVIL 

1. A varies as B, and A=2, when 3=1; find the 
Talne of ^ when ^=2. 

2. If -4« + ^ varies as -4«--e*, shew that A^B 
varies as ^—^« 

3. 3^ + 5^ varies as 5^ + 3^, and ^ =5 when B = 2; 
find the ratio A : B. 

4. A varies as n^ + C; and A =4 when ^ = 1, and 
C-2; and^=7 when^ = 2,andC7=3: find ». 

5. A varies as B and (7 jointly; and A=\ when 
^=l,and Csl: find the value of ^ when B=2 and C=% 

6. -4 varies as B and C jointly; and A = S when 
^=2, and C= 2 : find the value of BG when ^ = 10. 

7. A varies as B and C jointly; and ^ = 12 when 
F=2, and (7=3: find the value oi A : B when (7=4. 

8. ^ varies as B and (7 jointly ; and A = a when 
^^6, and (7=c: find the value of A when ^=&> and 

9. -/4 varies as B directly and as C inversely ; and A=a 
when B*=b^ and C=ci find the value of A when ^=<; and 
t7=6. 

10. The expenses of a Charitable Institution are partly 
instant, and partly vary as the number of inmates. 
When the inmates are 960 and 3000 the expenses are r^ 
ipectively £112 and £180. Find the expenses for 1000 
inmates. 

11. The wage&of 6 men for 7 weeks being £17. lOf. 
Snd how many men can be hired to work 4 weebs for £30. 

12. If the cost of making an embankment vary as the 
>en^h if the area of the transverse section and height be 
constant, as the heigfht if Uie area of the transverse section 
fcnd length be constant, and aa the area of the transverse 
lection if the length and height be constant, and an em- 
bankment 1 mile long, 10 fdet high, and 12 feet broad cost 
£9600 find the cost uf an embankment half a mile long, 
16 feet high, and 15 feet broad. 
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XXXVIII. Arithmetical Progresnon, 

391. Quantities are said to be in Arithmetical Pnv- 
^ession when they increase or decrease by a common dif- 
ference. 

Thus the following series are in Arithmetical Pro- 
gression, 

2, 5, 8, 11, 14, 

20, 18, 16, 14, 12, 

a, a + bf a+26, a+36, a+4& 

The common difference is found by subtracting any 
term ft'om that which immediately follows it. In the first 
series the common difference is 3 ; in the second series it is 
>-2; in the third series it is b. 

392. Let a denote the first term of an Arithmetical 
Progression, b the common difference; then the second 
term iaa + b, the third term is a-f-2&, the fourth term is 
a+ 3&, and so on. Thus the n*^ term is aHr(»-l)6. 

393. To find the sum of a given number of terms of 
an ArithmeticcU Progression, the first term <md the conv- 
Tnon different being supposed known. 

Let a denote the first term, b the common difference, n 
the number of terms, / the last term, s the sum of the 
terms. Then 

*=a+(a+&)+(a+2&)+ + 1, 

And, by writing the series in the reverse order, we have 
.iiso 

s=zl+{l-b)+{l-2b) + +a. 

Therefore, by addition, 

29={l+a) + {l+a) + tow terms 

=n{i+a); 

therefore »=|(^+«) (1). 
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Also /=a+(«-l)6 (2), 

Umi t=|{2a+(n-l)6} (3). 

The equation (3) gires the Tslue of t in terms <^ the 
qnanUties which were sapposed known. Equation (1) alao 
ffiyes a oonyenient expression for #, and furnishes the 
following rule: the nun qf any number qf terms in 
Arithmetical Progresnon i» equal to the product of the 
number qf the terme into ha{f the eum qf the ftnt and 
last terms. 

We shall now apply the equations in the present Article 
to soWe some examples relating to Arithmetical Pro- 
gression. 

394. Fmd the sum of 20 terms of the series 1, 2, 3, 4,... 
Here a=l, 5=1, fi=20; therefore 

20 

t= ~(2+19)=10x21=210. 

395. Find the sum of 20 terms of the series^ 1, 3, 6, T,.*. 
Here a=l, 5=2, n=20; therefore, 

20 20 

t=-{2 + 19x2)=^x40 = (20)*=40a 

396. Find the sum of 12 terras of the series 20, 18, 16>.., 
Here a=20y 5-=— 2, n = 12; therefore 

t=^(40-2xll)=6(40-22).=6xl8=ie8. 

397. Findthesumof 8 terms of the series -,-,-,-,... 

12 w 4 9 

Herea=^r^, b = — ^n=S; therefore 



8/2 ^ 7\ ^ 9 ^ 
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898. How many terms mast be taken of tho series 
15y 12, 9,... that the sum may be 42 ? 

Here #=42, a=16, ft =—3; therefore 

42=|(30-3(«-l)} = 2(33-3«). 

We hare to find n from this quadratic equation ; by 
solving it we shall obtain n.=4 or 7. The series is 15, 1^ 
9, 6, 3, 0,-3, ; and thus it will be found that we ob- 
tain 42 as the sum of the first 4 terms, or as the sum of the 
first 7 terms. 

399. Insert five Arithmetical means between 11 and 
23. 

Here we have to obtain an Arithmetical Progression 
consisting of seven terms, beginnmg with 11 and endini; 
with 23. Thus a=ll, /=23, n=7 ; therefore by equation 
(2) of Art 393, 

23 = ll + 6&, 

therefore &= 2. 

Thus the whole series is 11, 13, 15, 17, 19, 21, 23* 

Examples. XXXVIIL 

Bum the following series : 

1. 100, 101, 102, to 9 terms. 

2. 1, 2J, 4, to 10 terms. 

3. 1, 2|, 4^, to 9 terms. 

4. 2, 3J, 5j, to 12 terms, 

2 5 

5. o, ^, 1, tolStemuL 

o o 

2* "S' ""6' to 16 terms. 

7. Insert 3 'Arithmetical means between 12 and 20. 
& Insert 5 Arithmetical means between 14 and id. 
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9. Insert 7 Aritlimelical means between 8 and —it 

lOl Insert 8 Arithmetical means between — I and & 

11. The first tenn of an Arithmetical Progression is 
13, the second term is 11, the sum is 40: find the number 
oft 



12. The first term of an Arithmetical Progression is 
\ and the fifth term is 11 : find the sum of 8 terms. 

13. The sum of four terms in Arithmetical Progression 
is 44, and the last term is 17: &id the terms. 

14. The sum of three numbers in Arithmetical Pro- 
gression is 21, and the sum of their squares is 155 : find the 
numbers. 

15. The sum of fk^^ numbers in Arithmetical Progres- 
sion is 15, and the sum of their squares is 55: find the 
numbers. 

16. The serenth term of an Arithmetical Progression 
is 12, and the twelfth term is 7; the sum of the series is 
171 : find the number of terms. 

17. A.traveller has a journey of 140 miles to perform 
He goes :e6 miles the first day, 24 the second, 22 the 
third, aud so on. In how many (Jays does he peiform Uie 
journey? 

18. A sets out from a place and travels 2^ miles au 
hour. B sets out 3 hours after A^ and travels in the 
same direction, 3 miles the first hour, 3^ miles the second, 
4 miles the third, and so on. In how many hours will B 
overtake A 7 

19. The sum of three numbers in Arithmetical Pro- 
gression is 12 ; and the sum of their squares is 66 : find 
the numbers. 

20. If the sum of n terms of an Arithmetical Pro- 
gression is always equal to «*, find the first term and the 
common difference. 
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XXXIX Geometrical Progression, 

400. Quantities ai'e sajd to be in Geometrical Pro- 
gression when each is equal to the product of the preceding 
and some constant factor. The constant factor is called 
the common ratio of the series, or more shortly, the ratio. 

Thus the following series are in Geometrical Progres- 
sion. 

1, 3, 9, 27, 81, 

1 1 1 J^ 

^'2' 4' 8' 16' 

a, ar, ar^, ar^, ar*, 

The common ratio is found by dividing any term by 
iliat which immediately precedes it. In the first example 

I 
the common ratio is 3, in the second it is - , in the third 

it isr. 

401. Let a denote the first term of a Geometrical Pro- 
gression, r the oommon ratio; then the second ternj h tit\ 
the third term is ar^, the fourth term is ar^, and so on. 
Thus the n^ term is ar*-\ 

402. To Jlnd the sum of a given number of terms ([fa 
Geometrical Progression^ the first term and tlie com imm 
ratio being supposed known. 

Let a denote the first term, r the common ratio, n tJii? 
number of terms, s the sum of the terms. Then 

therefore sr-ar-\-a7^-\-ar^-¥...-^ar^''^-^ar^. 

Therefore,, by subtraction, 

sr—s^ar^—a, 

therefore '=^-1:^ ^^^ 
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If / denote Che last term we hare 

l^at^-^ (2), 

therefMo t = -j;£y ^)' 

Equation (1) gires the value of « in terms of the 
quantities which were supposed known. Equation (3) is 
sometimes a convenient form. 

We shall now apply these equations to solve some ex- 
amples relating to Geometrical Progression. 

403. Find the sum of 6 terms of the series 1, 3, 9, 27|. .. 
Here a=l, r=3, n=6; therefore 
3«-l 729-1 



3-1 3-1 



= 364 



404. Find the sum of 6 terms of the series 1, —3, 
9, -27,... 

Here fl=l, r= —3, «=6; therefore 

(-ay-i 7-29-1 

' -3-1 -4 ^"*- 

405. Find thesnmofStennsof the8erie8 4,2, 1, -^.. 
Hei«a=4, r=-, n=8; therefore 



, <^-0 *{^-'^ 285 2 



255 
T~j _^^I 64 ' 1 ~ 32 • 

2 2 

406. Find the sum of 7 terms of the series, 8, -4^ 
Here a=8, *'=-2» **=^5 therefore 

, »{(-sy-} <-m-') m.; « 

1_ 1_ 16 3 8 

"2 ""2 
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407. Insert three Qeometrical means between 2 and 

n. 

Here we have to obtain a Geometrical Progression 
consisting of /m terms, beginning with 2 and ending with 
32. Thus a =2, ^=32, n=5; therefore, by equation (2) 
of Art 402, 

32= 2f^ 
that is r*=16 = 2*; 

therefore r = 2. 

Thus the whole series is 2, 4, 8, 16, 32. 

408. We may write the value of «, given in Art. 402, 
thus 

a(l-f^ 
'- 1-r • 
Now suppose that r is les9 than unity; then the larger 
n is, the smaller will r^ be, and by taking n large enough 
r" can be made as small as we please. If we neglect r* 
we obtain 

a 

and we may enunciate the result thus. In a Geometrical 
Progression in which the eommmi ratio is numerioally 
less than unity, by taking a sufficient number of terms 
the sum can be made to differ as little as we please 

from - — . 
1-r 

409. For example, take the series 1, ^ , -, - , ... 

.Z 4 o 

Here a=l, ♦"=- ; therefore y—- =2. Thus by taking 

a sufficient number of terms the sum can be made to differ 
as litUe as we please from 2. In fietct if we take four 

terms the sum is 2—-, if we take Jive terms the sum is 

o 

2- — , if wo take six terms the smn is 2- — , and so on. 

The result is sometimes expressed thus for. shortness, 
^le sum of an infinite number qf terms qfthis. series is 
2; or thus, the sum to infinity is 2. 
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410. Recurring decimals are examples of what avo 

called infinite Geometrical Progression. Thus for example 

3 24 24 24 
•3242424... denotes - + pj+ ^-^ + _+... 

3 
Here the terms after — form a Geometrical Progre»- 

24 
Bion, of which the first term is rr^, and the common ratio 

is rrg. Hcnco WO maj say that the sum of an infinite 

number of terms of this series is jp"^ ( ^— Tq2)» ***^ ^ 

24 

•^^. Therefore the ralue of the recurring decimal Is 

990 

10 "^990' 

The value of the recurring decimal may be found prac- 
tically thus: 

Let #= -32424...; 

then 10*= 3-2424..., 

and 1000 «= 324-2424... 

Hence, by subtraction, (1000- 10) #=324 -3 = 321; 

therefore '=990' 

And any other example may be treated in a similar 
manner. 



BxAMPLBa XXXIX. 

Sum the following series : 

1. I, 4, 16, to 6 terms. 

2. 9, 3, 1, to 5 terms. 

*• 2«' !«' 4. to 4 terms 

*• i. V2. 2. 2V2, ... to 12 tenna. 
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« 3 1 1 ^ ^^ 

5. g, ^, g, to 6 terms. 

2 3 

6. 3» -1>2' to7terma. 

7. 1, -g, ^, ...i... to infinity. 

8. 1, ^, ^, to infinity. 

9. 1> ""2' 4' to infinity. 

2 

10. 6, -2, -, to infinity. 

«> 

Find the value of the following recurring decimals : 

11. -161515... 12. 123123123... 
13. -4282828... 14. -28131313... 

15. Insert 3 Geometrical means between 1 and 256. 

16. Insert 4 Geometrical means between 5^ and 40^. 

17. Insert 4 Geometrioil means between 3 and -729. 

18. The sum of three terms in Geometrical Progress'on 
is 63, and the difference of the first and third terms is 45: 
find the terms. 

19. The sum of the first four terms of a Geometrical 
Progression is 40, and the simi of the first eight terms is 
3280 : find the Progression. 

20. The sum of three terms in Geometrical Progres- 
sion is 21, and the sum of their squares is 189 : find tiitf 
terms. 
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XL. Harmomcal Progression. 

411. Three i^Dantities AjB^Cure said to be in liar* 
monical Progression when A \C i: A — B ; B — C. 

Any number of quantities are said to be in Hannonical 
Progression when every three consecutive quantities are in 
Hannonical Progression. 

412. 1%$ reciprocals qf^ quantities in Harmonical 
Progression are in Arithmetical Progression. 

Let Aj B, C be in Harmonical Progression; then 
A : C ::A-B : B-C. 

Therefore A{B''C) = C{A -B). 

Divide by ABC; thus q—^ = ;g "~ "J • 
This demonstrates the proposition. 

413. The property established in the preceding Article 
will enable us to solve some questions relating to Har- 
monical Progression. For example, insert five Harmonical 

2 8 

means between - and —. Here we have to insert five 

S 15 

O I if 

Arithmetical means between - and -^. Hence, by equa- 
tion (2) of Art 393, 

8 2 ' 

8 1 

therefore 66=-, therefore 6= — . 
o 16 

3 25 26 
Hence the Arithmetical Progression is-, — , -,, 

2 Id lb 

l6' 16' 16' T' ^^ therefore the Harmonical Pro- 

irressionis- 1? ^« ^® i« ^^ 8 
u™«„n«^, 2^, -, _, _, _, -., 
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414. Let a and c be any two quantities; let A be 
their Arithmetical mean, G- their Geometriosd mean, H 
their Harmonical mean. Then 

A—a^c-A ; therefore -4 = - (a+c). 

a : G :: G : c; therefore G= ,J{flc), 

a I e \: a-H : ff-e; therefore ^=— . 

a+c 



EZAMPUBS. XL. 

1. Continue the Harmonical Progression 6, 3, 2 for 
three terms. 

2. Continue the Harmonical Progression 8, 2, 1} for 
three terms. 

3. Insert 2 Harmonical means between 4 and 2. 

4. Insert 3 Harmonical means between - and ^ . 

6. The Arithmetical mean of two numbers is 9, and * 
the Harmonical mean is 8 : find the numbers. 

6. The Geometrical mean of two numbers is 48, and 
the Harmonical mean is 46^ : find the numbers. 

7. Find two numbers such that the sum of their Arith- 
metical, Geometrical, and Harmonical means is 9^, and the 
product of these means is 27. 

8. Find two numbers such that the product of their 
Arithmetical and Harmonical means is 27, and the excess 
of the Arithmetical mean above the Harmonical mean 

9. If a, d, tf are in Harmonical Progression, shew that 

a-^€—2b : a—e :: a—c : a-¥c, 

10. If three numbers are in Geometrical Progression, 
and each of them is increased by the middle numMr, diiew 
that the rensults are in Harmonioil Progression. 
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XLL Birmutation8 and Gombinationa. 



415. The different orders in which a set of things can 
be arranged are called their permutations. 

Thus the permutations of the three lettess a, 5, c, taken 
fcwo at a time, are a6, ba^ ac^ ca, be, cb. 

416. The eombinatians of a set of things are the 
different colleotions which can be formed out of them, 
without regarding the order in which' the things are placed. 

Thus the combinations of the three letters a, b, e, taken 
two at a time, are ab, ac, be ; ab and da, though different 
permutations, form the same combination, so also do ae 
and ea, and be and eb, 

417. T/i6 number of permutations of n things taken 
rata time is n (n — 1) (n — ^2). . , .(n — ^r-hl). 

Let there be n letters a, b, c, d,...,] we shall first find 
the number of permutations of them taken two at a time. 

Put a before each of the other letters ; we thus obtain 
n — 1 permutations in which a stands fixst. Put b before 
each of the other letters ; we thus obtain n — 1 i)eniiuta- 
tions in which b stands first. Similarly there are n — 1 
permutations in which c stands first. And so on. Thus, 
on the whole, there are n {n — 1) permutations of n letters 
taken two at a time. We shall next find the number of 
permutations of n letters taken three at a time. It has 
just been shown that out of n letters we can form n {n — 1) 
permutations, each of two letters; hence out of the n — 1 
letters b, c, <f,. . . .we can form (w — 1) (n — ^2) permutations, 
each of two letters: put a before each of these, and 
we have (n — 1) {n — 2) permutations, each of three letters, 
in which a stands first. Similarly there are (n — 1) (n — 2) 
per nutations, each of three letters, in which b stands first. 
Similarly there are as many in which e stands first. And 
BO on. Thus, on the whole, there are n (n — 1) (n — ^2) per- 
mutations of n letters taken t/iree at a time. 
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From considering these cases it might be conjectured 
that the number of penmitations of n letters taken r at a 
time is n(«— l)(»-2)...(n-r+ 1^; and wo shall shew 
that this is the case. For suppose it known that the num- 
ber of permutations of n lettera taken r-1 at a time is 
w (« — 1)(»- 2). . {w — (r — 1) + 1}, we shall slicw that a similar 
formula will give the number of permutations of n letters, 
t:ikcn r at a time. For out of the w — 1 letters 6, c, rf,... 
wo can form (»—!)(» -2) {w-l-(r— 1)+1} permuta- 
tions, each of r— 1 letters: put a before each of these, and 
we obtain as many permutations, each of r letters, in 
which a stands first Similarly there are as many permu- 
tations, each of r letters, in which h stands first Sinii- 
l-.ft'ly there are as many permutations, each of r letters, 
in which c stands first. And 80 on. Thus on the whole 
tliere are «(«—l)(»-2).. ..(?*— r+1) permutations of n 
letters taken r at a time. 

If then the formula holds when the letters are taken r — 1 
at a time it will hold when they are taken r at a time. 
But it has been shewn to hold when they are taken three 
at a time, therefore it holds when they are taken four at a 
time, and therefore it holds when they are taken five at a 
time, and so on: thus it holds universally. 

418. Hence the number of permutations of n things 
taken all together ifi n (w^ 1) (n— 2)... 1. 

419. For the sake of brevity »i (» - 1 ) (n - 2). . . 1 is often 
denoted by [n ; thus \n denotes the product of the natural 
numbers from 1 to » inclusive. The symbol |w may bo 
\^i\A, factorial n. 

420. Any cmnbination qf r thifigs wiU produce [r 
permuiations. 

For by Art. 418 the r things which form the given 
combination can be arranged in (r different orders. 

4?1. The number qf combinations qfn things taken i 

, ,. . n(n-l)rn-2)...(n-r + l) 
ai a time ts -^ 1^^ — ^^ -. 

T.A. n 
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For the number of permutations of n things taken r at 
»timeMii(n-l)(fi-2)...(n-r+l)byArL417; and each 
combinatiou prodnoes r permutations by Art 420; heuce 
the number of combmations most be 

n(n-l)(n~2)...(n-r-t-l) 

IL 
If we multiply both numerator and denominator of 

In 
this expression by I n—r it takes the form , — \~ — , the 

Tahie of course being unchanged. 

422. To find the number qf permutations of n things 
taken aU together which are not all different. 

Let there be n letters ; and suppose p of them to be a, 
q of them to be 5, r of them to be c, and the rest of them 
to be the letters d, €,..., each occurring singly: then the 
number of permutations of them taken all together will be 

For suppose N to represent the required number of 
peftuutations. If in any^ one of the permutations the p 
letters a were changed into p new and different letters, 
then, witliout changing the situation of an^ of the other 
letters, we could from the single permutation produce \p 
different permutations: and thus if the p letters a were 
changed into p new and different letters tne whole number 
of permutations would he Nx[p, Similarly if the q letters 
b were also changed into q new and different letters the 
w.dIo number of permutations we could now obtain would 
he Nx\px \q. And if tlie r letters c were also changed 
into r new and different letters the whole number of per- 
niutatious would be iV x [^ x [^ x [r. But this number 
niust be equal to the number of permutations of n different 
letters taken all together, that is to [». 

I n 

ThuB JVx[£x \qx [r = \n; therefore iV=p-j=— . 

And simihirlj any other case may be treated. 
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423. The student should notice the peculiar method of 
demonstration which is employed in Art 417. This is called 
mathenuUical induction^ and may be thus described: We 
Bhew that if a theorem is true in one case, whatever that 
case may be, it is also true in another case so related to the 
former that it may be called the next case ; wo also shew 
in some manner that the theorem U true in a certain case; 
hence it is true in the next case, and hence in the next to 
that, and so on; thus finally the theorem must be true 
in every case after that with which we began. 

The method of mathematical induction is frequently 
used in the higher parts of mathematics. 

Examples. XLI. 

1. Find how many parties of 6 men each can be formed 
from a company of 24 men. 

2. Find how many permutations can be formed of the 
letters in the word company, taken all together. 

3. Find how many combinations can be formed of the 
letters in the word longitude, taken four at a time. 

4. Find how many permutations can be formed of the 
letters in the word consonant, taken all together. 

5. The number of the combinations of a set of things 
taken ybi^r at a time is twice as great as the number taken 
three at a time : find how many things there are in the set. 

6. Find how many words each containing two conso- 
nants and one vowel can be formed from 20 consonants 
and 5 vowels, the vowel being the middle letter of the 
word. 

7.^ Five persons are to be chosen by lot out of twenty: 
find in how manv ways this can be done. Find also how 
often an assigned person would be chosen. 

a A boat's crew consisting of eight rowers and a 
steersman is to be formed out of twelve persons, nine of 
whom can row but cannot steer, while the other three can 
steer but cannot row: find in how many ways the crew 
can be formed. Find also in how many ways the crew 
could be formed if one of the three were able' both to row 
aud to steer. 

17—2 
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XLII. Binomial Theorem. 

424 We hare already seen that ( jr + «)* = aj" + 2xa + a', 
and that (;r+a)»=d:"+3i*a+3a?a*+a'; the object of the 
present Chapter is to find an expression for (x-k-a)* where 
n is any positive integer. 

425. By actual multiplication we obtain 

{x+a){x + b){x+c){x+d)=a!*+{a+b+c-^d)a!^ 

+ (ab'i-ac + ad + bc + bd+cd)j^ 
•k- {abc+ bed +cda'k'dab)jc+ abed. 

Now in these results we see that the following laws 
hold: 

I. The number of terms on the right-hand side is one 
more than the number of binomial factors which are multi- 
plied together. 

II. The exponent of a; in the first term is the same as 
the number of binomial factors, and in the other terms 
each exponent is less j^han that of the preceding term by 
unity. 

III. The coefficient of the first term is unity; the 
coefficient of the second term is the sum of the second 
jcttors of the binomial factors ; the coefficient of the tliird 
term is the Kum of the products of the second letters of 
tlie binomial factors taken two at a time ; the coefficient of 
tlie fourth term is the sum of the products of the second 
letters of the binomial factors taken three at a time ; and 
so on; the last term is the product of all the second letters 
of the binomial factoids. 

We shall shew that these laws always hold, whatever 
be the number of binomial factors. Suppose the laws 
to hold when n—l factors are multiplied together; that ii^ 
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Bopposo there are n— 1 factors x+a,0B+h^x-^ey...x-\-k^ 
aud that 

{x + a) (a? + h), . .(^ + k)^ af"^ -^px*-^ + qaf'^ + raf''* + . . . + ti, 

where /? = the sum of the letters ayby c,... k^ 

Q'=the sum of the products of these letters taken 
two at a time, 

r=the sum of the products of these letters taken 
three at a time, 



fi=the product of all these letters. 

Multiply both sides of this identity by another factor 
«+/, and arrange the product on the right hand according 
to powers of x; thus 

(a?+a)(a?+&)(a? + c)...(4?+A)(a?+/)=;r"-f(i? + />c""» 

Now j!?+/=a+6+c+...+ifc+; 

= the sum of all the letters a, &, <;,... A;, / ; 

=the sum of the products taken two at a 
time of all the letters a, &, Cy..,k, I ; 

r+g/=r+/(a6+ac + 6c+... ) 

=the sum of the products taken throe at a time 
of all the letters a, 6, Cy...k,l; 



tJ=the product of all the letters. 

Hence, if the laws bold when n- 1 factors are niulti- 
plied together, they hold when n factors are multiplied 
together; but they have been shewn to hold when four 
factors are multiplied together, therefore they hold v/licn 
€ee factors are multiplied together, and so on: thus they 
oold uniyersally. 
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We shall write the resnlt for the multiplication of n 
iactorB thus for abbreviation : 

(«+a)(«+6)...(ar+A)(4?+/)=aj-+PdJ*-^+C^"« 

Now P 18 the sum of the letters a,b,ef,.. k, ly which are 
n in number; Q is the sum of the products of these 

letters two and two, so that there are — ) * of these 

products; i2 is the sum of ^7 o q"" products; and so 

on. See Art 421. 

Suppose &, Ci,..k, I each equal to a. Then P becomes 
^ , n(n-\) - „ 1 n(«— l)(n-2) , 

no, Q becomes -V-7r^«> ^ becomes ^ . ^^- — V; 

and so on. Thus finally 

n(n-l)(n-2)(n~3) 

^ 1.2.3.4 

426. The formula just obtained is called the Binomial 
Theorem; the scries on the right-hand side is called the 
expansion of (:r+a)^ and when we put this series instead 
of {x-^-aY we are said to expand («+a)". The theorem 
was discovered by Newton. 

It will be seen that we have demonstrated the theorem 
in the case in which the exponent n is a positive integer; 
and that we have used in this demonstration the method 
of mathematical induction, 

427. Take for example {x + a)'. Here n = 6, 
«(n-l) _6.g n(n-l)(n-2) 6.g.4_ 

1.2 ""1.2""^^'^ 17273 17273"^"' 

«(n~ l)( n-2)(w-3) ^ 6.5.4.3 ^ 

i~2.3.4 "1.2.3.4" ' 

n(il-l)(n--2)(w~3)(n-4) _ 6.6.4.3. 2_ 

1.2.3.4.5 1.2.3.4.6" ' 
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thnfl 

Again, suppose we require the expansion of {V^-^-cy)^: 
we have only to put l^ for x and cy for a in the preceding 
identity; thus 

+ 16(cy)*(&2)2 + 6(c//)»62 + (cy)6 = &« + 6cy&w 4. is^yfts 
+ 20cV&« + 1 5cYb* + ec'^'ft' + dV- 

Again, suppose we require the expansion of (a?— <?)•; we 
must put — c for a in the result of Art. 425 ; thus 



1 • ^ 



1.2.3 <^*^+- 

Again, in the expansion of (;i?+a)* put 1 for or; thus 

and as this is true for all values of a we may put a; for a ; thus 

428. We may apply the Binomial Theorem to expand 
expressions containing more than two terms. For exumplo. 
required to expand {l + 2a!—a^)\ Put y for 2a?— a?*; then 
wehave(l + 2a?-a?*)*=(l+y)»=l + 4y + 6y^ + 42^-fy* 

Also (2a?-a^==(2a?)2-2(2a?)aj"+(a;«)2=4aj«-4a;»+a?*, 

C2«-«^*= (2a?)*- 4(2a?) V + 6 (2a?)«(aj2)«-4(2a?)(«8)' 4. («•)* 
» ld«* - 32«» + 24aj« - ac' + a?*. 
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Hence, collecting the terma, we obtain (1 + 2:i; ~ 3^ 
= l + ar+20^+8a^-26j;*-ac»+2aB«-&ij'+;B». 

429. In the expansion of (l+x)" the coefficients qf 
terms equally distant from the beginning and the end 
are the same. 

The ooeflSdent of the r^ term from the beginning is 

n(n-lXn-2)...(n-r + 2) . w 1 • u ^u * 

-^ ^ . J '; by multiplying both numerator 

In 

and denominator by I « — r + 1 this becomes , -— r . 

L* — 1 [n-r+l 

The r** term from the end is the (n-r+2)* term from 
the beginning, and its coefficient is 

n(n-.l)...{n-(n~r+2) + 2} ^^^^n(n-l)...r 
[w-r+1 ' \ n-r+l 

by multiplying both numerator and denominator by [r-1 

In 

this also becomes , r-r 7« 

[r-1 [n-r-f 1 

430. Hitherto in speaking of the expansion of (a;+a)" 
we have assumed tl^at n denotes soms pesUive integer. 
But the Binomial Theorem is also applied to expand 
{» + a)* when n is a positive fraction, or a negative quan- 
tity whole or fractional. For a discussion of the Binumial 
Theorem with any exponent the student is referred to the 
larger Algebra; it will however be a useful exercise to 
obtain vanous particular cases from the general formula. 
Thus the student will assume for the ^sent that whatever 
be the values of ^, a, and n, 

n(n-l)(»-2)(«-3) 

1.2.3.4 

If n 18 not a positive integer the series nerer ends. 
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431. As an example take (1+y)*. Here in the fomula 
of Art. 430 we put 1 for x, y for a, and - for n. 

n(n-l) 2V2 ) _ \ 
1.2 • 1.2 8' 

w(n-l)(n~2) 2V2"VV2""V _ ^ 
1.2.3 1.2.3 16' 

1.2.3.4 1.2.3.4 128» 

and 80 on. Thus 

(i+y)*=i+iy-^2/»+f6J/'-iV+ 

As another example take (1 + y)"^. Here we put 1 for x, 

y for a, and — - for n. 

1 n(n-l) _3 n(OT-l)(n-2) _ 6 
^""""2' 1.2 ~8' 1.2.3 16' 

n(n~l)(n-2)(n~3) _35 _„ ^^^^ 

1.2.3.4 128' 

(i+yr*=i-^2/-^|y^-S2^-^r2|2^- 

Again, expand (1 + y)"". Here we put 1 for x, y for a, 
and - m for n. 

«(«j-l) m(m -fl) 
»--w*, 1.2 " 1.2 ' 

n(n-l)(n~2) m(m + l)(m+2) 
1.2.3 1.2.3 ' 

>(fi -l)(n-2)rn~3> m{m-^\Xm-¥2){m^2) ^nd so on. 
1.2.3.4 " 1.2.3.4 ' 
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fii^>iH-l)(m-t-2)(m-f 3) .__ 
1.2.3.4 ^ •• 

As a particular case soppose i»=l ; thus 
(l+y)->=l-y+l^-|f»+y*-... 
Tins maj be rerified by diyiding 1 by 1 + y. 

Again, expand (1 +2x— aj*)« in powers of x. Pat y for 
SjT'j^; thn8wehave(l+2j?-a^«=(l+y)i 

Now expand (2jF-ir^)', (2a? -a;*)',... and collect the 
terms : thus we shall obtain 

1 3 

{l+2a?-«*)'=l+«-aj»+«'-ra;*+... 
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1. Write down the first three and the last three terms 

of(a-ic)«. 

2. Write down the expansion of (3 — 2 o^. 

3. 3xpand(l-2yy. 

4. Write down the fir^t four terms in the expansion 
of (4?H-2y)- 

i. Expand (l + ^c- a:*)* 

«. Expand (1 +«•«-«'/. 
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7. Expand (l-2a?+aj»)*. 

8. Find the coefficient of d^ in the expansion of 

9. Find the coefficient of o^ in the expansion of 

10. If the second term in the expansion of (a?+ y)* bo 
240, the third term 720, and the fourth term 1080, find 
X, yy and ». 

11. If the sixth, seventh, and eighth terms in the ex- 
pansion of {x-k-yY be respectively 112, 7, and -, find Xy y, 

12. Write down the first five terms of the expansion 
of (a -2a?)*. 

13. Expand to four terms (l ~ g ^) • 

14. Expand (1-24?)-^ 

15. Write down the coefficient of a^ in the expansion 
of(l-a?)-8. 

16. Write down the sixth term in the expansion of 

17. Expand to five terms (a-36)"V*: shew that if 

a=l and &=- the fourth term is greater than either the 
o 

third or the fifth. 

18. Write down the coefficient of 4^ in the expansion 
of(l-a?)-*. 

19. Expand (1 + ip+ a?^ » to four terms in powers of ^ 
90. Expand (1 — « + «*)'« to four terms in powers of a. 
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XLIIL Scales of Notation, 

432. The student will of course have learned from 
Arithmetic that in the ordinary mctliod of expressing 
whole numbers by figures, the number represented by each 
figure is always ioma multiple of some power cf ten. Tims 
in 523 the 5 represents 5 hundreds, that is 5 times 10' ; 
the 2 represents 2 tens, that is 2 times 10^; and the 3, 
which represents 3 units, may be said to represent 3 times 
10^ see Alt 324. 

This mode of expressing whole numbers is called the 
common scale ofnotcUion, and ten is said to be the btise 
or radix of the common scale. 

433. We shall now shew that any positive integer 
greater than unity may be used instead of 10 for the radix ; 
and then explain how a given whole number may be 
expressed in any proposed scale. 

The figures by meaiis of which a number is expressed 
are called digits. When we speak in future of any radix 
we shall always mean that this radix is some positive 
integer greater than unity. 

434. To shew that any whole number may be express- 
ed in terms of any radix. 

Let N denote the wfaole number, r the radix. Suppose 
that r* is the highest power of r which is not greater than 
N; divide iV by r"; let the quotient be a, and the re- 
mainder P : thus 

N=ar*+P. 

Here, by supposition, a is less than r, and P is less 
than r*. Divide P by r""^; let the quotient be b, and the 
remainder Q : thus 

Proceed in this way until the remainder is less than r : 
thus we find N expressed in the manner shewn by the 
following identity, 

N=ar*+br*-^'i'Cr^'^^ +Ar+Aj. 
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Each of the digits a, h, Cy^^..h, k is less than r; and 
any ono or more of them after the first may happen to be 
zero. 

435. To express a given whole number in any pro- 
posed scale. 

By a given whole number we mean a whole number 
expressed in words, or else expressed by digits in some 
assigned scale. If no scale is mentioned the common scale 
is to be understood. 

Let N be the given whole number, r the radix of the 
scale in which it is to be expressed. Suppose A;, k,...Cyh,a 
the required digits, n+1 in number, beginning with tlmt 
on the right hand : then 

iV=ar" + &r"-^ + cr*~'+...+Ar+Aj. 

Divide JVby r, and let M be the quotient; then it is 

obvious that il!f=ar*~' + &r*~' + +/*, and that the 

remainder is k. Hence the first digit is found by this 
rule: divide the given number by the proposed radix, 
arid the remainder is the first qfthe required digits. 

Again, divide itf by r ; then it is obvious that the 
remainder is h) and thus the second of the required 
digits is found. 

By proceeding in this way we shall find in succession 
all the required digits. 

436. We shall now solve some examples. 

Transform 32884 into the scale of which the radix is 
seven. 

7 I 32884 

7 46^)7 ...5 

7 I 671^... 

7[ao...6 

7|^...4 

1...6 

Thus 32884=1 . 7'+6 . 7* + 4. 7»+-6 .7"+0 . 7V+5, 
so th: t the number expressed in the scale of which the 
mdijT IS seven is 164605. 
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Transfomi 74194 into the scale of which the radix k 
twel?e. 

12 1 74194 
12 1 6182 ... 10 
12 I 515... 2 
12 j 42. ..11 
3... 6 
ThuB 74194=3. 12« + 6. 12'+ 11. 122+2. 12 + 10. 

In order to express the nnmher in the scale of which 
the radix is twelve in the nsnal manner, -we require two 
new symbols, one for ten, and the other for eleven : we will 
use t for the former, and e for the latter. Thus the number 
oxpreAsed in the scale of which the radix is twelve is 
36^/. 

Transform 645032, which is expressed in the scale of 
which the radix is nine, into the scale of which the radix is 
eight 

8 1 645032 

72782 ...4. 

The division by eight is performed thus: First eight is 
not contained in 6, so we have to find how often eight is 
contained in 64; here 6 stands for six times nine, that is 
fifty-four, so that the question is how often is eight con- 
tained in fifty-eight, and the answer is seven times with 
two over. Next we have to find how often eight is con- 
tained in 25, that is how often eight is contained in twenty- 
tliree, and the answer is twice with seven over. Next we 
have to find how often eight is contained in 70, that is how 
often eight is contained in sixty-three, and the answer is 
seven times vrith seven over. Next we have to find how 
often eight is contained in 73, that is how often eight is 
contained in sixty-six, and the answer is eight times with 
two over. Next we have to find how often eight is con- 
tained in 22, that is how often eight is contained in twenty, 
and the answer is twice with four over. Thus 4 is the first 
of the required digits. 

We will indicate the remainder of the process ; the 
student should carefully work it for himself, and then coni' 
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pare his result with that which is here obtained. 

8 1 72782 

8 1 8210 .. .2 

8 1 1023 .. .3 

8|213...6 

8|22...6 

1...3. 

Thn9theiinmber = 1.8«+3.8'+5.8*+6.8»+3.8*+2.84.4, 
so that, expressed in the scale of which the radix is eight, it 
is 135o324. 

437. It is easy to form an unlimited number of self- 
verifying examples. Thus, take two numbers, expressed in 
the common scale, and obtain their sum, their difference, 
and their product, and transform these into any proposed 
scale; next transform the numbers into the proposed 
scale, and obtain their sum, their difference, and their pro- 
duct in this scale ; the results should of course agree re- 
spectively with those already obtained. 



Examples. XLIII. 

1. Express 34042 in the scale whose radix is five. 

2. Express 45792 in the scale whose radix is twelve. 

3. Express 18(>6 in the scale whose radix is two. 

4. Express 2745 in the scale whose radix is eleven. 

6. Multiply eM by te ; these being in the scale with 
radix twelve; transform them to the common scale and 
multiply them together. 

6. Find in what scale the number 4161 becomes 10101. 

7. Find in what scale the number 5261 becomes 40205. 

8. Express 17161 in the scale whose radix is twelve, 
and divide it by te in that scale. 

9. Find the radix of the scale in which 13, 22, 33 are 
in geometrical progression. 

10. Extract the square root of ^^001, in the scale 
whose radix is twelve. 
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XLIV. InteresL 

438. The sabjoct of Interest is discossed in treatises 
on Arithmetic; bat by the aid of Algebraical notation 
the rules can be presented in a form easy to understand 
and to remember. 

439. Interest is money paid- for the ose of money. 
The money lent is cdled the Principal. The Amount at 
the end of a given time is the sum of the Piincipal and the 
Interest at the end of that time. 

440. Interest is of two kinds, simple and compound. 
When interest is charged on the Principal alone it is called 
simple interest ; but if the interest as soon as it becomes 
due is added to the principal, and interest chaiged on the 
whole, it is called compound interest. 

441. The rate of interest is the money paid for the nse 
of a certain sum for a certain time. In practice the sum is 
Usually ^luO, and the time is one year; and when we say 
tliat the rate is £4. bs, per cent, we mean that £4. 5s,, that 
is £4^, is p:iid for the use of £100 for one year. In theory 
it is convenient, as we shall see, to use a symbol to denote 
the interest of on^ pound for one year. 

442. To find the amount of a given sum in any given 
time at simple interest. 

Let P be the number of pounds in the principal, n the 
number of years, r the interest of one pound for one year, 
expressed as a fraction of a pound, M the number of 
pounds in the amount. Since r is the interest of one pound 
for one year, Pr is the interest of P pounds for one year, 
and wPr is the interest of P pounds for w years; therefore 
M=P+Pnr=P{l+nr). 

.. 443. From the equation M= P (1 + «r), if any three of 
the four quantities M, P, n, r are given, the fourth can be 
found: thus , 

p, ^ M-P M'-P 

"l + »r' " Pr ' ^""PiT^ 



INTEREST. 273 

444. 7b find the amount of a given turn in any 
given time at compound interest. 

Let P be the number of pounds in the principal, n the 
number of years, r the interest of one pound for one year, 
expressed as a fraction of a pound, M the number of pounds 
in the amount. Let R denote the amount of one pound in 
one year; so that iZ = 1 + r. Then PR is the amount of P 
pounds in one year. The amount of PR pounds in one 
year is PRR, or PR^; which is therefore the amount of P 
pounds in two years. Similarly the amount of PR^ pounds 
m one year is pR'R, or PR^, which is therefore the anfount 
of P pounds in three years. 

Proceeding in this way we find that the amount of P 
pounds in n years js PR"* ; that is 

M^PRT, 

The interest gained in n years is 

PRT-P or P(Rr-l). 

445. The Present value of an amount due at the end 
of a given time is that sum wliich with its interest for the 
given time will be equal to the amount. That is, the Prin' 
cipal is the present value of the Amount; see Art 439. 

446. Discount is an allowance made for the payment 
of a sum of money before it is due. 

From the definition of present valine it follows that a 
debt is fairly discharged by paying the present value at 
once: hence the discount is eqiml to the amount due 
diminished by its present value. 

447. To find the present value of a sum qf money due 
at the end of a given time, and the discount. 

Let P be the number of pounds in the present value^ n 
the number of years, r the interest of one pound for one 
year expressed as a fraction of a pound, M the number of 
pounds in the sum due, D the discount. 

Let/2 = l + r. 

T. A. 18 
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At ample interest 

M^Fi^-^-nr^y by Art 442; 

At oompoimd interest 

M^PR", by Art. 444; 

thcr^om P=J; D^M-P^^^^^ . 

448. In practice it is yery common to' allow the 
interest of a snm of money paid before it is due instead of 
the dUcount as here defined. Thus at %imple interest in- 

Mnr 
stead of , the payer would be allowed Mnr for im- 

1 + nr '^^ 

mediate payment 



KXAlfPLBg. XLIY. 

1. At what rate per c^t will £a produce the same 
interest in one year as £b produces when the rate is £c 
percent? 

2. Shew that a snm of money at compound interest 
becomes greater at a given rate per cent for a given number 
of years than it does at twice that rate per cent for hsdf 
^at number of years. 

3. Find in how many years a sum of money will double 
itself at a given rate of simple interest. 

- 4. Shew, by taking the first three terms of the Bi- 
nomial series for (1 + r)" that at five per cent comiK>und 
interest a sum of money will be more than doubled in fifteen 
years. 
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MlSCEliLANSOUS EXAMPIcES. 

1. Find tlio values when a = 5 and & = 4 of 
a»+3a26+3a&2+&3, of a^ +1006+96*, of (a-6)^ 

and of (a+ 96) (a - 6). 

2. Simplify &»-3[2;p+9y-2{3«-4(ir-a?)}]. 

3. Square 3 -54?+ 2a?". 

4. Divide 1 by l-^p+aj* to four terms: also divide 
1— «byl— a?" to four terms. 

6. Find the ImOM. of 4aj»-9, 6«'-6;c-6, and 
6a?*+6a?-6. 

-+--2 -+-+2 

7. SimpUfy « ^ +±-^— , 

*^ "^ a?-a ^+a 

- o , a?-2 « + 6 7a?— 6 

8. SolTe-3- + -g-=-^-. 

9. The first edition of a book had 600 pages and w2A 
divided into two parts. In the second edition one quarter 
of tlie second part was omitted, and 30 pages were added 
to the first part ; this change made ihe two parts of tlie 
same length. Find the number of pages in each part in 
the first editioa 

10. In paying two bills, one of which exceeded the 
other by one third of the less, the change out of a £o note 
was half the difiference of the bills: find the amount of each 
bill 

,, ijjx *!. 11 11 ..11 

11. Add together y +2 4r-^ a:, z-^^x-^y, x-^^y-^zi 

and from the result subtract zx—y-^z, 

O 3 

18—2 
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12. If a = 1, & » 3, and <; « 5, find the valae of 
2a»-»-y4-c3-fo' ( &-g)+y(2a~c)-f-g g( 2a-f-& ) 

13. Siinplifjr(a+6)*-(a+&Xa-&)-{«(26-2)-(6»-2a)}. 

14. Divide 



15. Reduce to its lowest terms 



d?*+V+l 



16. Find the L.aiL of «*— 9^— 10, a:"— 7^-30, 
(d?-l-l)(a?+3)(«-10),andar«+4a?+3.' 

17. Simplify 

2 3 5 



a?-2 a?+15 a? 



la Solve «-- 



3 4 5' 



19. Solve ?(a?-l)-|(d?+2)+i(a?-3)=4. 

^ u 4 

20. Two persons A and 5 own together 175 shares in 
a ruilway company. They agree to divide, and A takes 85 
shares, while B takes 90 shares and pays ;£100 to .^. Find 
the value of a share. 

21. Add together a+2a?-y+245, 3a-4a?-2y-8l6, 
/r+y-2a + .556; 

and subtract the result from 3a + & + 3;r + 2y. 



,a«6 



22. Find the value of y:+^7a6(2(;*-fl*)-(2a-36)» 
when a = 3, &=2j, and c=2. 

23. Simplify {x{x+a)-ti{x-a)}{x{x-c^-'a{a-x)}, 

24. Divide g -4 + g"- 35 ^1 3-2' ^<^ ^®"fy **« 
result by multiplication. 

26. Find the g.cm. of ar*-«- 3a»- 10 and a?*-3a:*+2. 
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26. Simplify ji3^,-^^+^^j. 

27. Find the L.aM. of a?-4j 4aj"-7a?-2, and 
to«+74?-2. 

« , 2^1? ;c— 1 ia?— 1 

29. A man bought a suit of clothes for £^. 'Js, 6J. 
The trowsers cost half as much again as the waistcoat, and 



the coat half as much again as the trowsers and waistcoat 
together. Find the price of each garment 

30. A farmer sells a certain number of bushels of 
wheat at 78, 6d. per bashel, and 200 bushels of barley at 
4lS. 6d. per bushel, and receives altogether as much as if he 
had sold both wheat and barley at the rate of 6s. 6d. per 
bushel How much wheat did he sell? 

31. If a=l, 6=2, c- --, rf=0, find the yalue of 



a-b+e ctd—hc 
a^-b-e bd+cbc 



"VV?"?} 



32. Multiply together a? -a, x—b, a?+a, and a?+&; 
and divide tiie result by ^ + x{fl + 5) + ab, 

33. Divide ^-a^-^'-j^h^^x+y. 

34. Find the acM. of 4ii?(a^+10)-26a?-62 and 

«*-7^+10. 

120?*— 15a?y+3y* 
36. Reduce to its lowest terms ^^^Q^J^^xy'^^}/^ 



Z^ Simplify 



a 



„. a*. £=l-?zf.^,=r^lf.. 
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38. Solve -3 9--="2r- 

39. A can do a piece of work in one hour, B and C 
each in two hours: how long would A^ By and C take^ 
working together? 

40. A having three times as much money as B gave 
two pounds to Bf and then he had twice as much as B 
had. How much had each at first 1 

41. Add together 2;r+3y+4j2r, ^-22^ + 5^^, and 

42. Find the sum, the difference, and the product of 

3a^—4xy+4^ and 4c*-»-2ay— 3y*. 

43. Simplify 
2a-3(6-c)-l-{a-2(6-c)}-2(a-3(6-<?)}. 

44. Find the a.o.M. of 

«*-»-67a!*+66 and «*+a»*+ai^+2«+l. 

46. Find the L.O.M. of a!*-4, ic*— &r + 6, and a?*— 9. 

3a?»-4d^-a?-14 



47. Reduce to its lowest terms 



6a^-ll«»-10a?+7* 

48. Solve 3(a?-l)-4(x-2)=2(3-«). 

49. Solve ^/(9 + 4jr)=6-2<ya?. 

50. How much tea at Ss. 9d, per lb. must be mixed 
with 45 lbs. at ds. ^. per lb. that the mixture may be 
worth 3«.6dL per lb. 1 

51. Multiply 3a« + oft - 6« by a* - 2a6 - 36", and divide 
the product by a+ &. 

62. Find the G.O.M. of 2«(a?-3) + 3(«-e|)+15 and 
2«'-5«*-6a?+15. 

63. Simplify 
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56. Solve -+- = —-— , -— — = |^(l+2aT> 
y X xy X X 

3 7 2 26 

66. SolTe^;^^ = 2, 3^;-^ = ^. 

67. SolYe2(;»-3)-^(y-3)=3, 

3(y-6) + ^(aT-2) = 10, 

68. Solve 

7y;2f=10(y+4f), 3af^=4(;2f+d?), 9;ry^20(a;+y). 

69. Solve -+ - =w, — n. 

60. The denominator of a certain fraction exceeds the 
nnmerator by 2 ; if the numerator be increased by 6 the 
fraction is increased by unity : find the fraction. 

61. IMvide «■— p by a? — . 

33iiJ»-49a?-10 



62. Reduce to its lowest terms gi^-fj ^^ggar-lO ' 

63. Simplify ^a.^w(f + i-l). 

64. Solve 3(a:-l)+2(a?-2)=a?-3. 

66, Solve -3- = ^, -^-=-^. 

66. Solve 54?+2=3y, 6«y-l(te»+^^^=«. 

e7. Solve ?±^-^^=.3, 3J^-.?(^5 = |. 
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.(». Scire — ;^-j ar+2 2 

tSe pr«cnt age of each. 

7L Find the value when a?= 4 of 

ajc»-16j:*+235:^ ^ its lowest terms; 

72. Bedace g^ITuq^Tx-S 

tiidfindiUTalnowhena:»3. . „ ,ia 

73. IUsc>lTeuitosimplefactorsa,--a^ + 2,.^-7^+10, 



3 * 



76. Solve 9;b»-63x+ 68 = 0. ^ 

77. Ainanandaboybeingpaidforcer^^^ 

the man received 27^8hmmgs "^^J^^o^^iiUn^T^^ the 
absent 3 days out of the time received 12 **^^"«^^^^ ^^^^ 
man instead of the boy been absent ttiose 3 f^^^^^f ^h 
both have claimed an equal sum. Find the wages oi eacn 
per day. 

78. Extract the square root of 90?*- 6a^ + 7^- 2a? + 1 J 
and shew that the result is true when «= 10. 

79. Ifa:b::e:d, shew that 

a^e+ac" : b^d-^bd* :: {a^ef : (p^df. 

80. If a, b, <?, d be in geometrical progression, shew that 
«^+ <jP is greater than 6* + c*. 

81. If n is a whole positive number 7*"*^ + 1 is divisitle 
by a. 
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82. Find the least common multiple of a:*-4y*, 
a!' + 6a:V+12^' + 8y', and a^-^a^-^-l^xy^-^j^. 

..« o 1 3 114 3^. 

83. Solve - + -=-, --=2f. 

84. Solve a?+2x+2j{a^ + 2x + \)=4n, 

85. The sum of a certain number consisting of two 
digits and of the number formed bj reversing the digits is 
121 ; and the product of the digits is 28 : find the number. 

86. Nine gallons are drawn from a cask full of wine^ 
and it is then filled up with water ; then nine gallons of tho 
mixture are drawn, and the cask is again filled up with 
water. If the quantity of wine now in tho cask be to tho 
quantity oif water in it as 16 is to 9, find how much the cask 
holcls. 

87. Extract the square root of 

16a;* + 2of^-ZQx}/^ - 24;»V + ^^ ■»" 40aV- 

88. In an arithmetical progression the first term is 81, 
and the fourteenth is 159. In a geometrical progression 
the second term is 81, and the sixth is 16. Find the 
harmonic mean between the fourth terms of the two pro- 
gressions. 

89. If 1^5 =2-23606, find the value to five places oi 
decimals of . , 

90. If 0? be greater than 9, shew that tjx is greater 
than ,y (a: +18). 

91. Divide {x-yf-^yix-y^+y^x-y) by (x-2y^. 

92. Find the o.o. M. and the l. o.m. of 
24(aj"+ajV+^+y')and leia^-x^y+xj^-y^ 

93. Simplify 

X , y 1 1 



M^-^x^y-^xy^+y* afl-a^+xy^-f^ a^-y^ afi-^j/^' 
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^4. Solve -^ + -^=3 ^. 

95. Solve 

96. Solve 3;ir»-2a?+V(-3^'-4^-6)=18 + ai?. 

97. ^ rows at the rate of 8^ miles an hour. He leaves 
Cambridge at the same time that B leaves Ely. A spends 
12 minutes in Ely and is back in Cambridge 2 hours suid 
20 minutes after B gets there. B rows at the rate of 7^ 
miles an hour; and there is no stream. Find the distance 
from Cambridge to Ely. 

98. An apple woman finding that apples have this 
year become so much cheaper that she could sell 60 more 
than she used to do for five shillings, lowered her price and 
sold them one penny per dozen <£eaper. Find the price 
per dozen. 

99. Sum to 8 terms and to infinity 12 + 4 -I- 1}+ ... 

lOQ. Find three numbers in geometrical progression 
such that if 1, 3, and 9 be subtracted from them in order 
they will form an arithmetical progression whose sum is 15. 

lOL Multiply a?^--dj'-Fa?^-d^+a?*-d?+a?*-l by a?*+l; 
and divide l—sr by l-o;*. 

102. Fmd the L.C.M. of aj»-a», «»+a^, a^A-c?a^-\'C^^ 
«"— flwj*— a'a?+a^, andaj'+oc'-a'^c— 0^. 

lOX Simplify ^y^ . 






104. Solve 



4p~14 JCH-10 

3 ■*■ io~- 



10& Solve -^+ -^ = 4t + -^■ 



1 
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106. Soke «»+y2+^«=5o^ 

107. A and B travel 120 miles together by ruL B 
intending to come back again takes a return ticket for 
iivhich he pays half as much again as A ; and they find that 
B travels cheaper than A by 4*. 2rf. for every 100 miles. 
Find the price of A}% ticket 

108. Find a third proportional to the harmonic mean 
between 3 and - , and the geometric mean between 2 
and 18. 

109. Extract the square root of 



y\ y) !k\ X y) 



110. If d :&::&: c. diew that d*= ^^ ,., — —^, 

111. Divide x^—x'^ hj afl — x'*, 

112. Reduce .^^"/^^ to its lowest terms, and 
find its value when x-2, 

ar-3 13 af+2 



lia Solve 



x-4 3 3(6-5?)* 



114 Find the values of m for which the equation 
in^a^'i'(m*+mjax-{-a^=0 will have its roots equal to one 
another. 

115. Solve 3icy+4J»= 10, 6ajy-2aj*=2. 

116. Solve i + i=5, - + ?' = 2i. 

X y ' y X • 

117. Find the fraction such that if you quadruple the 
numerator and add 3 to the denominator the fraction is 
doubled ; but if you add 2 to the numerator and quadruple 
the denominator the fraction is halved. 
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118. Simplify {-(;r»)*}'*x{-(-^)-»}i. 

119. The third term of an arithmetical progression is 
18; and the seventh term is 30: find the sum of 17 terms. 

120. If — «-, ^1 —^ he in harmonical progression, 

2 2 

show that a^h^e are in geometrical progression. 
1 



121. Simplify a— 



5+ 






122. Extract the square root of 

37a^ - 30j:V ■»■ 9^ - 20;P2/« + 4y«. 

123. ResolTO Za^—IA^- 2Ax into its simple iSactors. 

a?-»-5 3(5a? + l) 4 
2u?-l bx+i 



124. SolTe;,^--4zT4^ = 2^-j-2i. 



125. Solve ^+4 = ?. 

126. Solve aj»-y*=9, a? -1-4=3(^-1). 

127. Solve y+V(«'-l)=2, V(^+l)- V(^-l) = Vy. 

128. K O) &, c, 6? are in Geometrical Progression, 

a : &-i-rf :: c* : c^d+cP. 

129. The common difference in an arithmetical pro- 
gression is equal to 2, and the number of terms is equal to 
the second term : find what the first term must be that the 
sum may be 35. 

130. Sum to n terms the series whose m*^ term is 
2x3". 

131. Simplify ^+N/(l-2^)^^jiV(1^2y) 

illJ?^^ J'^'fo^^^o^'^'^ ^^ 30a^+l&»»-50«»-24» and 
24ar + 14ar — 48^ - 32«, 
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133. Solve aj»-a?-12=0. 

134. Form a quadratic equation whose roots shall be 
U and -2. 

136. Solve ^+Ji=«*+^« 



136. Solve -77-fttn=1 + 



137. Having given ^3=1*73205, find the value of 
■ . to five places of decimals. 

138. Extract the square root of 61 - 28 JZ, 

139. Find the mean proportional between — - and 

^2 • 



140. If a^h^chQ the first, second and last terms of an 
arithmetical progression* find the number of terms. Also 
find the sum of the terms. 

141. If dy e, h, a are 2, 3, 4, 5, find the values of 

a+b+e db-cd , /a-l 

142. In the product of I -^ 4a! +*7a^+ 10x^-^150^ by 
l + 5x+9ai^+ IS^i;*-*- 17^, find the coefficient of a!*. 

Divide 21a?"-2^-70;c»-234?2+33a? + 27 by 7^+44?-9, 

143. Simphfy ^,^^^^^ -.^^, 

and N/a? ^/a x-a 

fjx—^a ,Jx-\- Ja x+a' 
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144. SolTe the following •qofttieiH^ 





.,. 60-;c 3JP-6 ^ 24-34? 
<^> 14 " 7 '"^ 4 • 




jp + 4 &P + 12 
9 "*■'' 




. . 3a?+6y 6d?-3y a?+l_2 
^'^ 20 ' 8 "^' y + 2~"i' 


146. 


SoIto the following equations : 




<"' i?s*^-"- 



(2) yf+73iTl = 7. 

(3) 3a?»-4a:y=7, 3o^-4|(*=6. 



146. A bill of £20 is paid in soYerefigns and crowns, 
and 32 pieces are used: find how many there were of eacb 
kind. 

147. A herd cost £180, but on 2 oxen being stolen, the 
rest average £\ a head more tLaa ai first : find the niimfoer 
of oxen. • 

148. Find two numbers when their sum is 40, and the 
sum of their reciprocals is -ri. . 

48 

149. Find a mean proportional to 2} and 5f ; and a 
third proportional to 100 and 130. 

150. If 8 gold coins and 9 silver coins are worth as 
much as 6 gold coins and 19 silver ones, find the ratio of 
the value of a gold coin to that of a silver coin. 

161. Remove the brackets from 
(o?-a)(a?-&)(ip-c)-pc(4J-a)-{(a + 6+c)d?-a(&+c)}d?]. 

162. Multiply ai.24^(a«6) + 2^ by a-24/(a%) + 2 V&. 

. j^?!; ^'^^^ ^^^ «0.M. of iif*-16a:»+93aj"-234a?+216 
and 4j;»-.48jr"+l86;i?-234. 
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154. Solve the following equations : 

„. 13a?-l 28-5^ _^ 3a?+l 



(2) 



2a?+3 _ 2x-H 



(3) *-y=3. 3Q + y =110-1). 

155. Solve the following equations : 

(1) ^/(^+l)+^/(2;c)=7. 

(2) 7^-20^/07=3. 

(3) 7^-5a^=36, 4iry-3y2=105. 

156. A boy spends his money in oranges ; if he had 
bought 5 more for his money they would have avenged 
an half-penny less, if 3 fewer an half-penny more : find how 
much he spent 

157. Potatoes are sold so as to gain 25 per cent, at 
6 lbs. for bdUi find the gain per cent when they are sold at 
5ll)s.for6ti?. 

158. A horse is sold for £24, and the number ex- 
pressing the profit per cent expi^sses also the cost price 
of the horse : find the cost. 

159. Simphfy ^{Aa^ + >/(16a2^ + Saa^ + ai^). 

160. If the sum of two fractions is unitv, shew that the 
first together with the square of the second is equal to the 
second together with the square of the first. 

161. Simplify the following expressions : 

a-p-(a + (&-a)}], 

25a-19&-[3&-{4a-(5&-6c)}]-8a, 
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162. Find the o.aiL of 18a*-18a'd?+6flu:«-6j:», and 
60a«-76«+15;c». 

163. Find the L.C.M. of 18(«»-y«), 12(a?-y)*, and 

24(;r»+y»). 

164. Solve the following equations : 
, . 9X + 20 _ 4*- 12 » 



(3) 






(4) 2(x-y)=3(a?-4y), 14(j?+y)=ll(aj+8) 

165. Solve the following equations : 

(1) 32:c-5aj«=12. 

(2) ^/(2a?+ 3) ^/(a?-2)= 15. 

(3) iF8+y«=S90, «y=143. 

(4) 3«»-4y«=8, 6;c*-6^=32. 

166. A and ^ together complete a work in 3 days 
lich would have occu] * ' ' 

would it employ B alone 1 



which would have occupied A fuone 4 days: how long 



2 

167. Find two numbers whose product is - of the sum 

of their squares, and the difference of their squares is 
96 times the quotient of the le.»s number divided by the 
greater. 

168. Find a fraction whicit becomes - on increasing its 

numerator by 1, and - on similarly increasing its denomi- 
nator. 
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169. 11 a ih :: e I d, shew that 

11111.111 
ahaheded 

170. Find a mean proportional between 169 and 256, 
and a third proportional to 25 and 100. 

171. Bemoye the brackets from the expression 

5-2{&-3[a-4(a-6)]}. 

172. Simplify the following expressions : 

y scy ahf «V ' 

(p-g'-m)/?— (»» + g-p)g+(g+m)m+m(/?-i»)+rt 

173. Find the g.o.m. of ir*+flw^-9a»aj*+lla^«-4{|* 
and ai^-aa!^-3a^a^-{'5cfia!--2a\ 

174. Solve the following equations : 
2a?+l x+1 



(1) ^- 
(2) 



3 6 • 

103?+ 17 12j?+2 53?-4 
18 13:17-16" 9 ' 



(3) 907+1^=70, 7y-^=4i 

(4) ^^"^^ _ 2a? +1 9 
^ ^ 3^ + 1" a?+7 • 

175. Solve the following equations: 

(1) ^+4-'*z8 = 3. 

^ a? 

(2) 2a?*-3y2=2, a^=20. 

(3) 2y2-a?2=l, 3a^-4^=7. 

(4) «4y-6, aT»+y»=126. 

T.A. 1& 
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176. When are the dock-hands at rights aiigles first 
after 12 o'clodc t 

177. A number divided by the product of its digits 
gives as quotient 2, and the digits are inverted by adding 
27 : find the number. 

17a A bill of X26. 15«. was paid with half-guineas and 
crowns, and the number of half-guineas exceeded the num- 
ber of crowns by 17 : find how n^any there were of each. 

179. Sum to six terms and to infiaiity 12+8+5^ + .... 

1 80. Extract the square root of 55 - 7 1^24. 

181. If ^=^|rY» and y=^J, find the value of 

34B*-- 16^—12 

182. Reduce to its lowest terms ^_Q^_j2a?+i44 * 

183. If two numbers of two digits be expressed by tbe 
same digits in a reversed order, shew that the difference of 
the numbers can be divided by 9. 

184. Solve the following equations: 
3a?-3 3ar-4 21-4^: 



(1) 
(2) 



9 



?^^+f=8. '^-y=ii. 



(3) ..-^1^=14. 

185 Solve the following equations: 

(1) ^/(a?+3)x^/(3a:-3)=24. 

(2) ^/(a?+2) + s/(3^+4)=8. 

(3) ar*-a:2(2a?-3)=2a?+a 

186. Find two numbers in the proportion of 9 to 7 
sach that the square of their sum shall be equal to the 
cube of their difference. 
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187. A traveller aets out from A for B^ going 3^ miles 
an hour. Forty minutes afterwards another sets out from 
B for A, going 4^ miles an hour, and he goes half a mile 
beyond the middle ^oint between A and B before he meets 
the first traveller; hud the distance between A and B. 

188. Two persons A and B play at bowls. A bets B 
four shillings to three on every game, and after playing a 
certain number of games A is the winner of eight shillings. 
The next day A bets two to one, and wins one game more 
out of the same number, and finds that he has to receive 
three shillings. Find the number of games. 

189. If m=^— a?"' and n=y-y~^, 

■hew that mn + ^{{m* + 4) (n« +^)} = 2 (xy + — ) • 

9 3 3 

190. Sum to nineteen terms : + « "*" i"*" ••- 

m. Multiply --3 + ^ by ^ + 3-2. 

Divide ^-4a!'+?a:»-^«»-T«+27by?-«+3. 

4 8 4 4 Z 

192. Reduce to its lowest terms 
4a:'-27ir2+68a?-39 



a?* - 9;c» + 29;i?2- 3907 + 18 • 



193. Find the L. 0. M. of a^+ 2x^p+ 4a!y^+ Sj/^ and 
<r»-2a?V+4ary«-8y». 

194. Solve the following equations : 
(1) i(^+6)-^(16-3ar)=4i. 

(8) ?(«+y)=i(2^+4), |(a?-y)-|(^-24). 

19—2 
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196. Bolre the following equations : 

(1) \{a^-Z)^\{x^Z). 

(2) J(a?+8)+^/(3ar-3) = 10. 

(3) 4T+y=6, («2+y2)(:cB+y») = i440. 

196. The express train between London and Cam- 
bridge, which travels at the rate of 32 miles an hour, per- 
forins the journey in 2^ hours less than the parliamentary 
train which travels at the rate of 14 miles an hour: find 
the dista^ce. 

197. Find the number, consisting of two digits, which 
is equal to three times the product of those digits, and is 
also such tliat if it be divided by the sum of the digits the 
quotient is 4. 

19S. The number of resident members of a certain 
college in the Michaelmas Term 1864, exceeded the num- 
ber in 1863 by 9. If there had been accommodation in 
lb64 for 13 more students in college rooms, the number in 
college would have been 18 times the number in lodgings, 
and the number in lodgings would have been less by 27 
than the total number of residents in 1863. Find the 
number of residents in 1864. 

199. Extract the square root of 

a*-2a»6 + 3a'*2_2a5» + &*, 
and of (a + 6)*-2(a«+62)(a + 6)2+2(a*+6*). 

200. Find a geometrical progression of four terms 
such that the third term is greater by 2 than the sum of 
the first and second, and the fourth term is greater by 4 
than the sum of the second and third. 

201. Multiply 8-30?+ ^^^-^"^"^^ 



by 9-2^+ 



7-2:1? 
7;r*-65 + 30aJ 



6-34? 
S02. Findtheo.o.M.ofa?'+4;i?*+16aDd««-^-f&r-fll 



MISCELLANEOUS EXAMPLES. 293 
m Add together ^^, ^^3^^, ^^^. 
Take , -z from 



204. Solve the following equations : 

„. 3a? 4- 5 21+4? ^^ , 

(1) -§ 3 — 39-to. 

(2) (a+t)(a-«)-a(6-«). 

(3) ^-g=^. ^-2.=3. 

205. Solve the following equations: 

(1) ea+ =44. 

(2) 4(«»+3iP)-2^(«»+3^) = 12. 

(3) a^+ay ==15, y*+aJ5r=10. 

206. A person walked out from Cambridge to a village 
at the rate of 4 miles an hour, and on reaching the railway 
station had to wait ten minutes for the train which was 
then 4^ miles off. On arriving at his rooms which were 
a mile from the Gambridffe station he found that he had 
been out 3^ hours. Find the distance of the village. 

207. The tens digit of a number is less by 2 than the 
units digit, and if the digits are inverted the new number 
is to the former as 7 is to 4 : find the number. 

20a. A sum of money consists of shillings and crowns, 
and is such, that the square of the number of crowns is 
equal to twice the number of shillings; also the sum is 
worth as many florins as there are pieces of money : find 
the sum. 

209. Extract the square root of 

4a?* + 8dw» + 4flAij2 + 16^>««2+ leoJ'^ + 16&*. 

210. Find the arithmetical progression of whidi tb$ 
first term is 7} and the sum of twelve temui is 34& 



294 MISCELLANEOUS EXAMPLES. 

211. l»ivide6a^-2&rV+47x»y«-49aV+62«y*-45y« 

212. Multiply 

^ . 12 + 4lJ?+36aj" , ^ « 26df-8aj«-14 
3 + 6* i:;:7J— by 5-2*^ 3^^ , 

213. Beduce to its lowest terms 

4a!»--4&e«-H62j?-185 
«*- 15aj« + 81«*- 185a? + 160* 

214. Solre the following equatiaiis: 
W 6 11 -*• 

(2) aJ+J|f=17, y+JaJ=8. 

,-111 1^1 4 1^1 5 
^^^ 5"^y-"2' i'*^i"9Vy'*"«"l8- 

216. Solve the foUowing equations : 

^^^ « «+3 6* 

(2) l0a!y-7«»=7, 6y*-3a?y=20. 

(3) «+y=6, f*+y*=272. 

216. Divide ^34. 4f. into two parts such that the num- 
ber of crowns in the one may be equal to the number of 
shillings in the other. 

217. A number, consisting of three digits whose sum is 
9, is equal to 42 times the siun of the middle and left-hait4 
digits; also the right-hand digit is twice the sum of the 
other two : find the number. 

218. A person bought a number of railway shares when 
they were at a certain price for ^2625, and afterwards 
when the price of each share was doubled, sold them aA 
but five for £4000: find hew many shares he bought. 
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219. Pour numbers are in arithitietlcal progression; 
their sum is 50, and tlie product of the second and third is 
156 : find the numbers. 

220. Extract the square root of 17 + 12 ^J% 

221. Divide a?-\hy a^-\\ and 

222. Simplify 

oaf*- bar *^ , g^ + y + c^+2a& + 2ag+26c 

223. Find the L. o. M. of 7a?»-4«»-21*+12 and 
21d?«-2&i?+8. 

224. Solve the following equations : 

(2) i7a?-13y = 144, 23j? + 19y=890. 

^ ^ a y~8' X z~9' z y 72' 

225. Solve the fblloiving equiations : 

(1) JL^3L^l 

^ ' 100 25a? 4 

(2) -0075;!^ + -75;i?= 160. 

(3) ^/(^+y) + ^/(a:-y)=^/<r, 

6(iF-a)-fa(6-y)=o. 

226. A person walked out a certain distance at the 
rate of 3^ miles an hour, and then ran part of the way back 
at the rate of 7 miles an hour, walking the remaining dis- 
tance in 5 ndnutes. He was out 25 minutes : how far did 
he run? 

227. A man leaves his property amounting to £7500 
to be divided between his wife, his two sons, and his tiiree 
daughters as follow^: a son is to have twice as much as 
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a daughter, and the widow ;^500 more than all the five dill* 
dren together : find how much each person obtained. 

22a A cistern can be filled by two pipes m 1} hoars. 
The larger pipe by itself will fill the dstem sooner than 
the snuuler oy 2 honra. Find what time each will sepa- 
rately take to fill it 

229. The third term of an arithmetical progression is 
fonr times the first term ; and the sixth term is 17 : find 
theserieSi 

23a Sun to n terms 3) +2|+1}+ ... 

23L Simplify the following expressions : 

«+6 2a 2a(a-fe)' 



a»-3a6(a-6)-&> a«+6»' 
ice to its lowest terms ^ 
233. Solve the following equations: 



m Reduce to Its lowest terms g^^^^^^^ l^. 



234. 



(1) 


x'^2x 


1 7 
■"3i""3* 






(2) 


3 + 
1+d? 


i^,-^ 






(8) 


4x+5y 
40 


2a?-y 


2y= 


1 
"2 


Solre tiie foUowing equations : 

(1) ^® - ^^^ & 
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235. A body of troops retreating before the enemy, 
(rom which it is at a certain time 26 miles distant, marches 
18 miles a day. The enemy pursues it at the rate of 23 
miles a day, but is first a day later in starting, then after 
two days' march is forced to halt for one day to repair a 
bridge, and this they have to do again after two days' more 
marching. After how many days from the beginning of the 
retreat will th« retreating force be overtaken ? 

^236. A man has a sum of money amounting to £23. 15«. 
consisting only of half-crowns and florins ; in all he has 200 
pieces of money : how many has he of each sort 1 

237. Two numbers are in the ratio of 4 to 5 ; if one is 
increased, and the other diminished by 10, the ratio of the 
resulting numbers is inverted : find the numbers. 

238. A colonel wished to form a solid square of his 
men. The first time he had 39 men over; the second time 
he increased the side of the square by one man, and then 
he found he wanted 50 men to complete it. Of how many 
men did the regiment consist 1 

239. Extract the squiire root of 

a? + 2a»6 + 3a*&» + Aa^li^ + 3a2&* + 2a&' + &•, 
and of a'+46*4-9c2+4a& + 6ac+12&{?. 

240. Multiply x^^ - 2xy + 4^*y* by x^ + 2yK 

241. Simplify 
40^-(9^-8y)(5a?+2y)-(4y-3a:)(15aT+4y), 

and 1+^ , 1-^ l--a?+;g« l+£+^ 

l-x^i-^x 1 + a^ "■ l-si^ ^^' 

242. Find the g.o.m. of a^+aa^-\-2a^a^+^x+a^f 
and ^+{Mj3+2aV+3a3a?+a62^4-a*+a252^ 

243. Two shopkeepers went to the cheese fair with tho 
same sum of money. The one spent all his money but 58, 
in buying cheese, of which he bought 250 Iba, The other 
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bought At the same price 350 lbs., but was obliged to 
borrow 35t. to complete the payment. How much had 
they at first t 

244. The two digits of a number are inverted; the 
number thus formed is subtracted from the first, and 
leaves a remainder e^ual to the sum of the digits; the dif- 
ference of the digits is unity: find the number. 

245. Find three numbers tlio third of which exceeds 
the first by 5, sucn that the product of their sum multi- 
plied by the first is 48, and the product of their sum mul- 
tiplied by the third is 128. 

246. A person lends ^1024 at a certkin tnte of 
interest ; at the end of two years he receives back for his 
capital and compound interest on it the sum of ^£1150 : 
find the rate of interest. 

247. From a sum of money I take away j£50 more 
than the half, then from the remahider £30 more t^an the 
fifth, then firom the second remainder £20 more than the 
fourth part; at last only £\0 remains: find the original 
sum. 

248. Find such a fraction that when 2 is added to the 

numerator its value becomes -, and when 1 is taken from 

the denominator its value becomes - . 

249. If I divide the smaller of two numbers by the 
greater, the quo'Aent is ^21, and the remainder is '04162 ; if 
1 divide the greater number by the smaller the quotient is 
4, and the remainder is *742 : find the numbers. 

260. Shew that (^y^)^~(^)*^^ ^ -fL . 

251. Simplify 

6a + [4a - {86 - (2a + 4&) - 22&} - 7&] 

-[76 + {8a-(36+4a) + 8&}+6a]. 

252. Multiplya-d?8ucce8s?veIybya + aT,a«+a:»,a«+jr», 
flr+««; also mulUply a"-" 6"-f by a—^^'-'k 
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253. Find the 6.d.M. of 450*^-4- da*;i^~9a^+ S^ and 

5254. Solve the following equations : 
,,. a?-2 a?+23 10+4? 

(3) a-yi?=V{«'-^^(4«*-7^}. 

255. Divide the number 208 into two parts, such that 
the sum of one quarter of the greater and one third of the 
less when increased by 4, shall equal four times the diffe- 
rence of the two parts. 

256. Two men purchase an estate for ^9000. A 
could pay the whole hi B gave him half his capital, while B 
could pay the whole if A gave him one-third of his capital: 
find how much money each of them had. 

257. A piece of ground whose length exceeds the 
breadth by 6 yards, has an area of 91 square yards : find 
its dimensions. 

258. A man bUys a certain quantity of apples to diyide 
among his children. To the eldest he gives half of the wholes 
all but 8 apples; to the second he gives half the remainder^ 
all but 8 apples. In the same maimer also does he treat the 
third and fourth child. To tlie fifth he gives the 20 apples 
which remain. Find how many he bought. 

259. The sum of two numbers is 13, the difference of 
their squares is 39 ; find the numbers. 

260. A horse-dealer buys a horse, and sells it again for 
^144, and gams just as many pounds per cent, as the horse 
had cost him. Find what he gave for the horse. 

2^1. Simplify 
(a+6)(a-6)-{a+6-tf-(5-a-(?)+(6+c-«)}(a-6-c)i 
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.962. Multiply «"+a^+af*+«*+l by a? -1; and 

X a ^ a X 

263. What quantity, when multiplied by » — , will 



^™^-i-(«-iy, . 



264. Simplify the following expressions: 

33?»-13J?'-f23a?~21 
6«» + aj«-44a?-f21 * 
I g+ft a-h 2y \a-h 
l2(a-6) 2(a+6)"^a«-6«J ■2r' 

265. Solve the following equations : 

/n fi^+3 2a?--3 

(2) s/(3+.)W-=^. 

(3) y + 9y-91, ^+9a?=167. 

266. Solve the following equations: 

(1) aj*-4?-6=0. 

/2\ ^-H d?+2 _ 2a?+13 

(3) afl-xy-\-y^=7f a+y=5. 

267. The ratio of the sum to the difference of two 
numbers is that of 7 to 3. Shew that if half the less be 
added to the greater, and half the greater to the less, the 
ratio of the numbers so formed will be that of 4 to 3. 

268. The price of barley per quarter is 15 shillings 
less than that of wheat, and the vdue of 50 quarters of 
barley exceeds that of 30 quarters of wheat by £7. 10«.: 
find the price per quarter of each. 
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269. Skew that 

(J>cd+cda + dah-^ah€f'-'{a-^'b-^c-{'dfabcd 
=(bc-ac[){ca'-bd){ab''Cd). 

270. . Extract the square root of 

and of 83-20^2. 

271. If a=y+2f— 2a?, &=2f+j?— 2y, and«=«4-y— 22?, 
find the value of ¥+c^ + ibc-aK 

272. Divide a?*-21d:+8 by l-3a?+aj*. 

273. Add together -— -, — — -, and -=-—3. 

-, , 3a+a? - 27a«+3<M?+7a:* 
Tolte 3^r^ fro" i5a'^.a^-2;r' ' 

274. Multiply 3*-^5::3^ by <->— ^^^2^- 



276. 


Simplify 


1 






1 


1 


4 


.^^ 




and 


—— 


ax 








1 




1 


1 


1 






6+ 


C + flf 




S--^ 


oar 


■^i* 



S76. Solve the following equations : 

(1) »_L%?_o=:. 

^ ' X X X 

(2) 6y— 3a?=2, 8y— 6a?=l. 
. ap~2y a?-y f+y«4 



802 MISCELLANEOUS EXAMPLES^ 

877* Bolye the following^ equations: 

(3) ^/(13;r-l)-V(2a?-l)=5. 

278. A person walked to the top of a moantun at the 
rate of 21 miles an hour, and down the same way at the 
rate of 3| miles an hour, and was out 5 hours : how faa 
did he walk altogether ? 

279. Shew that the difference between the square of a 
number, consisting of two digits, and the square of the 
number formed by changing the places of the digits is dhri- 
nble by 99. 

280. It a ih w e : dy shew that 

281. Find the Talue of ^^r/^-^^ .^ ^ >/{5^-(^-^)\ 
vhena=3, 5=4. 

282. Subtract (p-a) {e--d) from (a-6) (e-d): what is 
the value of the result when a = 25, and d^^Zcl 

283. Reduce to their simplest forms : 

«*-7a;p-44a" "^ x-^-y" x-y y-«* 

284. Solve the equations: 

^' Z^x X Ix' 

/«) 3^"gy ^-y_, ?+y-4. 
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285. Solve the equatioiis: 

(1) 10j?+r-^=9. 

(3) a!*-«y+y'=7, 5a^-2y=9. 

286. In a time race one boat is rowed over the course 
at an average pace of 4 yards per second ; another moves 
over the first half ef the course at the rate of 8^ yards per 
second, and over the last half at 4^ yards per second, 
reaching the winning post 15 seconds later than the first 
Find the time taken by each. 

287. A rectangular picture is surrounded by a narrow 
frame, which measures altogether ten linear feet, and costs, 
at three shillings a foot, five times as many shillings as 
there are square feet in the area of the picture. Find the 
length and breadth of the picture. 

28& If a\h:\cid^ shew that 

a+5+c+rf: a+h—c-d :: a-^b-^c-d la—b—c-hd 

289. The volume of a pyramid varies jointly as the 
area of its base and its altitude. A pyramid, the base of 
which is 9 feet square, and the height of wliich is 10 
feet is found to contain 10 cubic yards. Find the height 
of a pyramid on a base 3 feet square that It may contain 
2 cubic yards. 

290. Find the sum of n terms of the arithmetical pro- 

111 
gression r--— , - — -=, _ — ... 

291. Find the value of fl^ - J^ + c* + Zdbc, when a« '0^ 
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-(a+6+c)y(6-r)+*»(«-«)+c^«-6)}=a 
293. If a+6+<;=0» shew that «>^M^^=3flBc; 
291. Reduce to Ub lowest tenns 
jr*+2*»+to-9 
i«-»-4r»+4*»-9* 

29SL Sohre tbe fcAowing ecjiiatioiis: 
/n ^Qg-^-n 12g^-2 _ fijc~4 

(2) (Ur-j^=l, y-i;=12. 

(3) |+8f=66, |+8«=129. 

296. Solve the foOowiog eqiiatkns: 

(2) V(2«+2)^/(4«-3)=20. 

(3) ^/(3a?+l)-^/(ap-l)=L 

297. A siphon wonld empty a cistern in 48 minotes, 
a cock would nU it in 36 minates ; when it is empty both 
begin to act : find how soon the cistern will be fill^ 

298. A waterman rows 30 miles and back in 12 honra, 
and he finds that he can row 5 miles with the stream in 
the same time as 3 against it Find the times of rowing 
np and down. 

299. Insert three Arithmetical means between a—b 
and a+&. 

aoo. Find4^if2^:2^::8:l. 
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16. 10;c*+8y'+12a? + 12. 17.-a^. 18. ae^ + y^-^^-'^xyz, 

VI. 1. 3a + 45. 2. 4a + 2<;. 3. a+65+4c+rf. 

4. ap2_2^_4^ 5, 3a?*-a?»-14r+ia 

6. «2_^jj^^.2fl[a, 7. — 6ajy-6:rxr + 2y2+y4f. 

a 3;c«+13«y-16a?^-l^-13y^. 9. 2a»-6a25+6a52-26». 

10. 3;»»+4a?+16, ««+ar2. 

VII. 1. «. 2. 2(7. 3. a+a^. 4. tf-.3ft. 

5. -2&r»-2c. 6. 3iC+3y-4?. 7. a-6+c+rf-<5. 

a a-6+2(j-rf. 9. 3<?. 10. 3a- 36. 11. 2a-*. 

12. 5a. 13. a. 14. 4a. 15. 4a-16d-2c. 
16. 8a-2tf. 17. 9 + 3a?. 18. 7ar+6. 19. a. 
20. 16-12^1?. 21. 12:9-15^. 22. ^. 23. 3a-2fiL 

S4. -.a»5-ar. 

f.JL 20 
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VIIL L to*. 2. 12a». 3. 4aV. 

4. 16^y»:8". 6. 49;j?*y*^. 6. 12a'5-9aW. 

7. 24a* -27a^. 8. 6^y-&irV+l€toV^'. 

10. 4aV^ + 6^y*^'-10;irV^. H. 24J«+3a:2(-2y". 

12. &r«-96. 13. a?*-2a? + l. 

14. l--2j?-31a:* + 72;B'-30ar*. 15. a?«-41a?-120. 

16. af»+15U-234. 17. 2ar»-18ar* + 39;i;»-2&r»+«+L 

la «•+ 100^1?+ 720. 

19. 4:c»-&i?» + air*-10j^-&r»-5;r-4. 

20. aj«+2;i:«+3;if*+2a:«+l. 21. ^-9a»j?. 

22. a* + 4a»^+ 4aV-;r*. 23. -10&3-a62+26a^-7a^. 

24. a*-a«62+2a6»-&*. 26. a* + 3a»63+46*. 

26. 12a?»-17^ + 3ajy*+2y». 27. afi-aiif'*+xY-^, 

28. 6.i5*+17irV+26ajV+19^ + 4y*. 

29. ;r*+y" + 3;ry-2a?-2y+l. 30. a?'-32y». 
81. 243;i?»-y». 32. ai'-^if+\2yz-^z\ 

33. a* + a«&+ae>« + 6» + 2&2a?-(a-5)a?2. 

34. a' + fts + c^-Safec. 35. a* + 8ftV(a«-2) + 16^M 
36. a*-2a«6«+&* + 4a&c«-c*. 37. ^-a*. 

38. 4»*+*»(a + 6+c) + a:(a6+atf+&c) + a&^. 

39. .E*-i-j?«a* + a«. 40. a?*-5a*;c« + 4<i*. 

IX. 1. 6«". 2. -3a». 3. 3ajy. 

4. -Sa^h^(^. 5. 4a*ftV. 6. :i:"-2;c + 4. 

7. -rt* + 4a-6. 8. ir*-3:i^ + 42/". 9. 5rt«6* + a5— 4. 

10. 15riV-12a6» + 9aftc«-5c*. II. «-4. 12. ;i?-8. 

13. ^Vjp + 3. 14. Sa^-2a;+4. 15. 3a;*4.2a? + l. 

le. ^-3a?+7. 17. ;ir* + a:* + a!'+a;»+4:+l. 

la a* + fl5-6« 19. a^ + 2a^y'^9ap* + 27u*. 

20* 3f-3!^+xt^. 21. a?*+;i?»y+a;y + ;i;j^' + y*. 

22. a* - 2a»6 + 4a«ft« - 8ri6« + 166*. 

23. 2ft*-6o*& + 18a6*-276». 24. s^+ary-^-y^. 

25. ^^ + 2a^ + 3y«. 26. a?«-24: + 2. 27. ;c»-3^— 1. 
S& -B-^&r+e. 29. 4;»-.4j? + a 30. aj«+&p+«. 



ANSWERS. 307 

SI. «"-iP-19. 32. l-3a?+2aj"-a!«. 

33. d?*+2aj' + ai5'+2a?+l. 34. a«+2a5 + 36". 

35. a'+2a»& + 2a6»+6V 36. a?*-3a:»+4ay+l. 

37. flr*+2a:8+3«*+2a?+l. 38. a^-:c»+2j?»-2. 

39. iP-c. 40. flw^ + 6a?+c. 41. aj*-2iry+»". 

42. :i:» + ^(y+l) + y»-y+l. 43. 7a? + 42r. 

44. a + 6 + c. 46. a+26 + <?. 

46. a«+a(26-c)+5'-&c+c*. 47. a(&+c)-6c. 

48. aj2-d?(a+6)+a6, 49. a?+y-r;2?. 60. x+y-{-z. 

X 1. 225aj8+420ajy+196y'. 2. 49;i!*-70a^y« + 25y*. 
3. a?* + 4x3-&i?+4. 4. d?*-10a?' + 39aj2-70a? + 49. 

6. 4r*-12a:»-7a:' + 24a?+16. 

^: a^ + Ay^+dz^+Axy-^^xz-^l^yz, 7. a?*+2a^y+a?V-2^- 
Q ai^j^a^+y^. 9. a^-xY^-lx^-y^. 

10. d?*-aV+2a?y»-y*. 11. iB"+2a:* + 6aJ*-l. 

12. a?*-l&i?«+8L 13. a^-4a262-4a5i-&4 

14. 16a?*+96a:V + 144«V-81y*. 16. a^«*-5V- 

16. c^a^-^l^aih^'^W' 

XL 1. <^+5»+c". 2. a« + 6»+A 

3. a>+5'+<j'+<^+2a<?+2M: 4. 6(a+5+c). 
6. 2(a+5+c). 6. 26(ic + 2^). 7. 5a?+ay+(a+6)4f 

8. ii?(2a+c)+y(25+a) + ^(2<?+5). 

9. 2{a+5+c)(47+y+;2?). 

10. 2{a'+5'+c^-a&-^J-ca). 11. h-\\a, 

12. &»-rf'. 13. 2a + 42>y. 14. (a:+a)'. 15. a. 

16. 2a-65+4c. 17. 6. 18. a^-^x^+xy'^-y', 

19. a?+:i:V+^+2^- 20. 12a&c. 21. a-f5 + c+<i 

22. 35. 23. 9a«-30a6 + 256». 

24. -6c"+c(9a+45)-6a6. 25. {x'-i-xy+y^jK 

26. (a^-xy+y*^. 27. a«-2a&+36«. 

28. «»-8iPy+162/». 29. a^-a^+h^. 30. a*-&^ 

»1. 2a'-3ad + 4&*. 32. «-l. 33. (a:-l)(a?+4> 

20—2 
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84. «+«. 36. a^+ft». 86. V- *-' 

37. (a?+4)(*+5). 8a {« 

39. («~6)(j^-10). 40. (a?-10)«. 4L («-ll)(«+12> 

42. (a?-l-4)(j»-ll). 43. {«-3){4f+3){««+9). 

44w (a?+6)(«*-fia?+25). 

45. {*-2)(#+2)(4J»+4)(a:* + 16). 

46. (x-2)(j?4-2)(«»+2«+4)(«»-2j?+4). 

47. (a4-46)(a+66). 48. («-6y)(«-7y> 
49. (a+6-6c)(<i+6-ec). 

60. (24?+2y-a-d)(a?+y-3a-35X 

XII. 1. 3^. 2. 4fl«6». 3. 12aV^. 
4. 7aV«V. 5. 2(jr+l). 6. 3(:i:+l). 

7. 4(a"+6^. 8. ««-j^. 9. « + 6. 10. «-T 

11. df-lO. 12. ar-12. 13. dJ*+3x + 4. 

14. 4j»-6j?+3. 15. 0^-6x4-7. 16. a;"-6d:-5. 

17. « + 3. la a?-4. 19. «*-ar + l. 

20. «*-«+l. 21. '3X+2. 22. ««-a?-l. 

2.^ :i:»-2. 24. af-2. 25. a!" + l. 

26. ^ + 34?+5. 27. 7a^+aF+l. 

2a x*-2x»'^Zx'-2x + l. 29. aF-Sv+l. 

30. ^+1. 31, a?+7. 32, a?+3y. 33. 4r + a; 

34. a?-2a. 85. ar-y. 

XIII. 1. 12aW 2. 36a»5V. 3. 24aV:rV- 
4. (a + 5)(a-.ft)«. 6. 12a6(a» + ft»). 6. (tf+5)(aS-^>s). 
7. (^+I)(ar+3)(*-4). a (^+2)(a?+4)(a;*+3«+l> 

9. fl?(2;i?+l)(3a?-I)(4.r + 3). 

10. (^-6a? + 6)(a?-l)(a?-4). 

11. (^+3;i?+2)(;i?-3)(ar+5). 

12. (^+a?+l)(;ir»+l)(^+l)(^«l), 

13. (^-:i;»-4;i? + 4)(4:-l)(.|.-4). 

14. (^-aaf+c^)(a!'+axA-a*)(af-a)' 

15. 86a'i»6-». 16. 120(a + &)«(a-^)« 
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17. 24(a-6)(a»4.&5). 18. 105a£^(a+6)(a-6). 

19. ««-l. 20. a^-h 21. a^-l. 

22. (a? + l)(^+2)(ar + 3). '23. (a?+l)(a?+2)(aj*+2ar"3X 

24. («"-19a?-30)(aj*+6a:+10). 

XIV. 1. 3a?+^. 2. 4ac+^. 3. 2a + ?^. 
7 9 4a 

4. 2a?-^. 6. a?+-^. 6. 2af^-^. 

6j7 iP+3 ir-3 

7.. a!*+3aa?+3a^+ —. S. a?-l-- 



a:— 2a* d?»-a?+l' 

2 4a' 

9. aj'+j?»+ir+l + -. 10, u^-a^-^x^l, 11. -;^. 

ar— 1 36 

8(a«-t>y) 3(a-&) ^ 

^^ 3(a+ft)- "^^ 2(a+&)- ^^ {a?-l)«(a?+l)- 

xV 1 ^^ 2. ^^ 3 ^'^^ ' ^^^ 



2b • *• 5^' 







a?*-3a? + l* A-^-f-oay+a** 

3^0? + 2 3a?(a:«-5a^, ^-H 

^^' 2a:«+a?+3" ^^' 2a^+3a» ' ^^' af*+aj*+r 
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93. 






34. 
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4(x-l) 
4(ai--l)'- 



37. 






40. 



X — c 



•(ar-a)(jr-6)(d?-c)''" 
6a— 6&-« 



XVL 1. 
4. -- -55. o. 



a 

12. 
16. 



ax 

b 
a-'b' 

a 



9. 
13. 
17. 



4 

a+b-^e 
abc 

a+b 
2a-2b' 
bja+b) 



2g 

6.-1- 
x-y 

Aa 



3. 



10. 



14. 



a-^x 
2d?-3 



a*+6aV+a?* 



. 7. 
11. 
. 15. 



g' + 2a6-y 
a2-6« • 
.12a? 
l-9;e«' 
2a«+9c' 
6ac * 
16 



a^-af^ 



18. 



(d?-2)(ii?+2)^ 
2 



6;»*-7;r 

19. . a .v. .... 20. 



4^ 



(;i? + l)(;i?+2)(a? + 3)* 



2a 



(;i:«-l)(^-2)- 
2a« 



21. 



24J« 



-. 2a^+6a«5« 
24. 



22. 



25. 



««-l 
3x^ 



4a'(a«-a^+a?«) 4(j?+10) &g»-9^+44 



6 

«(ii?+l)(af+2)' 



2a o, , „« a^-2x 
^_,. 31.1. 32.-^^. 



34. 
37. 
40. 
44. 



35. 



4a?» 

i*+«*+l' 
48a» 



41, 0. 42. 



(l+;c«)(l +;»»)' 

39. 

4a^ 



36. 



3a 0. 
2a?« 



_2y' „« 2:iJ> + 2 _ 4(a^x^-bY) 



a*x*-bY~ 
86' 



x*—a*' 



4a 



a8-6«- 



45. 



24M 



a(a«-6«)(a«-46*)* 
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Ait g ^7 ^ ^ J?(a + 6)-aft 

*^ («-«){^-6)- ^^' {x-a){x-hy **• {a?-a)(x-&) 

(a-c;(c-&) (c-a)(c-ft) 

1 «« 1 KA Sx-a-b-e 

62. ; rr iT. 63. 1. 64 



'c{c-a){e-b)' ' * (x-a)(a?-&)(a:— c)' 

65. , ^-/-rr'^.. 56. ^ 



(;»— a) (a?— 6) (^-c) ' * (x-a) {x—b) (x—c) ' 

XVIL X. ^. 2. 1. - -^'^ ' ' 



6a' ■ «V**' ' («-l)(«+2)* 

6. «-«. 6. -^j-. 7. ^3p. 8. ^-^. 

8. ^±1^. 10. ^. n. -^. 12. (^=^. 

XVIIL 1. % 2. ^. 3. ' 4. »^\ 

&a? 16aV x+y d(a+6) 

O. 5 . O. • /• — ; — • 0« . 

a* jr— y x+y w—a 

9. <L^, 10. ^^. 11. f^jy. 12. v'-:^. 

c+a—b dH-y" \d?— 3/ y» 

jg^ (a?'+a«)(^+fl*) 




SIS ANSWERS. 



35. a 


36 ^ 

86. 3. 


37. 2f . 3& 


a 39. a 


4a A 


XIX 


1. 6. 


2. 9. 3. 


7. 4. 11. 


5. 21. 


C 2. 


7. 4. 


a 7. 


a a 


la 5. 


11. 1& 


12L 6. 


13. 2. 


14. 27. 


16. 15. 


I6L 6S. 


17. 6a 


18. 36. 


19. 64. 


2a 9a 


21. 4& 


22. 24. 


23. 120. 


24. 7a 


25. 12. 


26. C 


27. 6. 


2a 1. 29. 


a 30. 2. 


31. a 


32. 3. 


33. li 


34. 7. 


35. 1}. 


3a 11. 


37. 6. 


38. 2i. 


39. 3. 


40. 7. 


41. 11. 


42L 12. 


43. 4. 


44. 3. 


4a 7. 


4a a 


47. 5i. 


4& li. 


49. 10. 


60. a 


61. 10. 


6a 7. 


63. 1. 


64 12. 


66. a 


«.!. 


67. 3. 


6& 2. 


69. a 


6a 2a 


61. 6. 


62. 2. 


63. 3. 


64. a 


6a 4. 


6a a 


XX. 


1. 10. 


a a 


a la 


4. a 


6. -7. 


& 16. 


7. a 


a 3f . 


a -a 


10. & 


11. a 


I.?. 


la a 


14. a 


16. 7. 


16. If 


17. f 


la 1. 


la 17. 


20. 2. 


21. 6. 


22. S. 23. 


a 24. 7, 


25. a 


26*. 2. 


27. 2. 


«•!■ 


2a 7. 


30. 4. 


31. -L 


«i- 


33. -2a 


34. a 


3a 5i. 


^ w 


37. 0. 


3a 20. 


3a a 


40. & 


41. a-d. 42. a+5. 43. 5-a. 44. ^. 

«,(..», «.^i|?^. «.„-^; 

(a+6)c-a»-6« a + 6 5? 




6a c 


6a 


6-a* 



ANSWERS. SIS 

^ ab-pq gg l(a+5+3). 56. ~^. 






67. 

60. 50. 61. 26. 62. i?. 63. (a-6)«. 64. a 
ol 

XXL 1. 30. 2. 2. 3. 13,20. 4. 35,60,70. 

6. 17, 31. 6. 28, 14. 7. 28. 8. November 20tti. 
9. 62. 10. 36,27. 11. 48,36. 12. 14,24,38- 
13. 28,32. 14. 103. 15. 64,21. 16. 8. 
17. 8, 12. 18. 10. 19. 36, 9. 20. 36, 12. 

21. 100,88. 22. 14. 23. 24,76. 24. 21. 
25. 36, 24. 26. 24, 60, 192. 27. 840. 28. 30000. 
29. 4^0. 30. 24. 31. 500. 32. 10, 14, 18, 22, 26, 30. 
33. 36, 26, 18, 12. 34. 50, 100, 150, 250. 35. 5, 6. 
36. 24,36,56. 37. 88,44. 33. 130,150,130,90. 
39. 13,27. 40. 75,25. 41. 85,35. 42. 1000. 
43. 18, 3, 3. 44. 24000. 46. 8(J. 46. 26, 16, 32, 27, 42. 
47. ^140. 48. lOid. 

XXII, 1. 72. 2. 20, 30. 3. 200 miles from 
Hdinbm^h. 4. 12, 16. 6. 8, 16. 6. 32, 16. 

7. 48. 8. 30. 9. 9, 16. 10. 30. 11. 18, 22, 10, 40. 
12. 6, 24. 13. 10, 15, 3, 60. 14. 10 shillings. 15. 55, 46. 
16. At the end of 56 hours. 17. 27, 17. 18. 16S, 84, 42. 
19. 16, 25, 7, 4Q. 20. 240, 180, 144 days. 21. 15, 21. 

22. 2560. 23. 36, 54. 24. 60. 25. 12. 26. 8 pence. 
27. 875,1126. 28. 25. 29. 10,20. 30. 20,80. 
31. 5^j. 32. 40,50. 33. 11,17. . 34. 28. 
36. 24. 36. 1024. 37. 450, 270. 38. 2200, 1620, 
1100,1080. 39. 60. 40. 7 + 12 + 32. 41. 30. 
42. 60. 43. 240. 44. Sd.9d.U.4d. 45. ^Od. 
46. £133}. 47. 24. 48. 60. 49. £120000. 
Sa 26. 61. ^,2i. 62. 39. 6a 40. 
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54. 200000000. 55. 6f. 56. 4& 57. 49^ minotes 

past three. 58. 32^ minutes past thi-ee. 59. £288. 

60. 2 seconds. 61. 40 minutes past eleven. 

62. £300 and £200. 6a 14 64. 640. 

XXIII. 1. 10; 7. 2. 17; 19. 3. 2; 13. 
4. 4 ; 1. 5. 5 ; 5. 6. 21 ; 12. 7. 20 ; 10. 
8. 2; -3. 9. 3; 2. 10. 3 ; 2. 11. 3^ ; 4. 
12. 10; 7. 13. 19; 2. 14. 38^; 70. 16. 6; 12. 
16. fi?; ^^ff• 17. 10; 5. 18. 12; 12. 19. 20; 20. 
20. 13; 5. 21. 9 ; 7. 22. 10; 4. 2.^ 4; 9. 
24. 5; 7. 25. 2^ ; 1. 26. '2; -2. 27. 10; 8.' 
2a 12; 3. 29. 3; 2. 30. 63; 14. 31. 3 ; 2. 
32. 2; 3. 33. 4; 12. 34. a\h. 35. a; &. 

^'' JTV i^' ^^' *'* ^- ^Th^' ?TP- 
39, J^. _^. 40. -^; 0. 41. a; 5. 

42. a-^h^a-b. 43. («+>)»; (a- 6)». 44. -^; -^. 
^ * '^ * a+b a+b 

XXIV. 1. 2;1;3. 2. 3; 4; 6. 3. 2 ; 1 ; 3. 
4. 9; 11; 13. 5. 4 ; ; 5. 6. 5; -5; 5. 
7. 45;-21;l. 8. 10; 7; 3. 9. 51;76;1. 

10. |; |; \. 11. «=i(&4.c-a),&c. 

2 1 

12. ir=x(a+6+c)-a, &C. 13. x=^(J>'¥c\hc. 

14. x=y=z= ^\^ — . 15. a=a,p==b, z=c. 

* '^ ab+bc + ca 9^9 

16. f?=3,il?=4,j^=5,4r = 2. 

XXV. 1. 42; 26. 2. 12 ; 16. 3. 116; 16& 
4. 24; 60. 5. 30d.;Sd. 6. 49; 21. 7. ^. 
& 45; 63. 9. 72; 60. 10. SOd,; I5d. 11. Bi.; 3#. 
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12. 20; 52. 13. 70; 50. 14. ?. 16. (24-1) 2a 

IC. 16; 66. 17. 12; 5. 18. 14; 10. 19. 24. 

20. 1;2. 21. 59. 22. 100 lbs. 23. 150 yards; 
30^ 20 yards per minute. 24. 21 ; 11. 25. 50 ; 75. 
26. 70 ; 42; 35. 27. 90 ; 72 ; 60. 28. 12 milea 

29. 4 miles walking, 3 miles rowing, at first. 30. 33^ 
miles per hour ; 48^ distance. 31. 45 ; 30 miles per hour. 

32. 30; 50 miles per hour. 33. 60 miles; passenger 
train 30 miles per hour. 34. 150 ; 120 ; 90. 35. 3$«. ; 
3#.; 2J«. 36. 4; 69; 55. 37. 120; 80; 40. 3a 432. 

39. 420; 35 ; 21 shillings. 40. 2 ; 4; 94. 

XXVI. 1. ±4. 2. ±25. 3. ±7. 4. d=9, 

5. ±9. 6. -1=6. 7. 1,2. 8. 2,3. 9. 2,-12, 

10. 3, -|. 11. 41,-3. 12. 10,5. 13. 5,-^. 

14. 6,-3. 16. ?,-3. 16. |, \. 17. 5,|. 

18. 3,-9. 19. 2J, -|. 20. 18, -li. 21. 1,2. 

22. 4. 2a 6,|. 24. 11, 3. 25. 5, 3^. 

26. 44, -2. 27. 7, -^. 28. 10, -la 

29. 3, -2i. 30. i, -3. 31. 2. 32. 2, -a 

33. *2. 84. 1,-4. 36. 3, -|. 36. 6,2|. 
37. 6,y. 38. 7,^. 39. 8, 2t^. 40. 3, -~4J, 
41. 3, -5. 42. 3, -^. 43. 2, -1. 44. 4, -1. 

46. 7,3H. ^. If, 1. 47. 4i,i. 48. 3, -g. 

40. 3,-9. 60. -10, 9if 51. 3, -1^. 62. 3, -1| 



316 ANSWERS. 

63. 4^ a 04. U,0. 6& 13,^. 56. ^ -t^ 

67. «, -lA- ^ ^U- ^^- 6»-U- «^- 21,0. 

.61. aij. 62. (a*5)«. 63. *>/(a&). 64. «i -^^^. 

XXVIL 1. ik2, ik3. 8. 49. a 4. 4. dbi. 
6. 6^-3. 6. 3, -2. 7. 6, 0. a 12, -a 

9. 9,-12. la dba H. 2»-'15i. 12. 4, llj^ 

la If. 14. 16. 15. 1. 16. |, |. 17. 4. 
18. 4. 19. ^^^;^y^ . 20. ^. 21. ZaK 
22. 0, *-A- . 23. 0, ±6. 24. 0, ± ^2. 25. 2, *1. 
2a 0, ±V(«2»). 27. 0,-20,-20. 2a «, |^, -|. 

XXVIII. 1. 36,24.- 2. 36,24. a 30,24. 

4. la 12, a 5. 12, la a 4, 6. 7. i96. 
a 3,4a a 11. la 7. ii. 6,1a la 15. 

la 24. 14. 27 lbs. 15. 8«. 9<f., 7#. la £20. 

17. 126,9a la %d. la 10,9 miles. 2a 56. 
21. 192, 128. 2a 9 gallons. 23. 64. 24. Bqual 
2a 4 per cent. 

XXIX. 1. 5,--4; 4, -a 2. 4, -y ; 1, -g. 
a ±8; ±a 4. 6, 12; 2, -4. a 7, -4; 4, -7. 

49 o 4^ *t o^ 6 ,„ 4 4 K 13 

a4, -j3;3, --. 7. -24,-; 12,-. »• <>, -gj; 5, gj • 

on KQ 2 a 

9. 2, -~ ; 4, -^. 10. 6, 0; 5, 0. 11. ^.O;^, «. 

18. 8,6 J J. |. ia4,|;8,|. 14. '^,Oi?J^,0. 18. 0^ fc 



ANSWERS. 817 

18. a,0;0,^ 19. d-4, aJ^; *3, -^. 20. *6; ^^ 
21. a7; *e. 22. A16; ^7. 23. ±4, il4; *!, t4. 
24. ±9; d-4. 25. *3, *36; d=6, -p^. 26. a9; ±3. 
27. *8; *6. 28. *2; ±1. 29. ±9, ^%fj2] ±7, =1.^2. 
30. ±4; ±1. 3K 0, 1, g; 0, 2, |j. 

^^- * ^CiV + 2)' *V(2a2+2)- ^^ ^'^^ '^ ^2 ' =*^^' "= 72"- 

34. ±a, db^^ ; ±1, ±^. 36. 6, -4 ; 4, -6. 

S6. 6, 4} 4, 6. 37. 4, 2 ; 2, 4. 38. 4, -3; 3, -4. 

39. 1, 2 ; 2> 1. 40. ±4, ±3 ; *3> ±4. 41, 2, 1 ; ^ , \. 

3 3 

42. *6; *3. 43. 2, 1, -1, -2 ; 1, 2, -2, - 1. 

1 -2*^3 -1*V13 . __ .3. -1^^/13 

45. 3,4;6,-|. 46. 5, -? ; 2, ^ 

49. a+6 + 1, -^^; ^ -^. 50. *J; *36. 
51. *|; i26. 62. 0,a+^|(a-5)±?^{(a+36)(a-&)}; 

0,a+5,|(a-&)=F^<s/{(a+35)(a-5)}. 53.a?=a-5-^(a5c); &a 

54. (a?+y)(y+4rX*+^)=-ra&<j; &a 65. *!; a2; ^a 
lu. 8 3 3 8 ^„ 
*^- 3' 2' 2' 3' ^ 



818 ANSWERS. 

XXX. 1. 11; 7. 2. 6; 18. 3. 8; 24. 4. a; !«. 
5. la; 16. 6. 10; 12. 7. 7; 5. a 18; 8: 6; 16. 
9. 5; 3. 10. 4; 2. 11. 2; 2. 12. 4; 6. 
13. 7; 4. 14. 12; 8. 15. 20; 15. 16. 30 ; 40. 
17. 60; 10. la 6*4. 19. 160; ^2. 20. 24; 4#.; 3«. 

21. 756; 36; 27. 22. 4^ walking; 4^ rowing at first 
2a 10 ; 12 miles per hour. 24. 6 miles. 

XXXI. 1. ar«i^z«. 2. -ac"i^^». a 81a*&«c» 
4a?* 64^ ar^« 

*• ^' ^' 27y«- ^- ^z»' 

7. a'+ 7tf^ + 21a»6'+ 35a<&» + 35aV+ 21aV+ 7a6«+ 6^. 

9. a^-3a*6«+3a"6*-fc*. 10. l-ac+aiJ»-;»», , 

11. 8 + 12a? + 62^+a:*. 12. 27 -64^+ 36a:" -ar*. 

la l+4j: + 6a:2 + 4;i;" + a?*. 14. ir*- 8^+244^ -32a? +16. 
15. 16a?* + 96a^ + 2l6«» + 216a?+81. 16. 2a»a;" + 6aa*V. 

17. 2a*a?«-».12aVftV + 2JV. 18. 2(5a?+l0a?»+a?»). 

la l-4«« + 6a?*-4a:« + a;». 20. l + 2a?+aB*+2a;»+a?*. 

22. l + ar-«*-2a:' + a?*. 23. l + 6a?+13j?2+12a:»+4a?*. 
24. l-6a?4-l&i?»-iai?* + 9**. 25. 2(4 + 2&c»+16a?*). 
26. l + 3j?+6a^4-7a:* + 6j?*+ai?'4-a;". 

28. l + ap-6j7»4-3jj»-a:«. 

29. l + 9a?+3ar* + 6a»»+66a?* + 36ar*f ar*. 

30. l-9a? + 36a?2-81a?»+108a?*-81a:' + 27««. 

31. 2(36a?+171«»+144ar»). 32. l-2a?+ac«-«* + 2a?»+«». 

33. l+4a?+10a!* + 20a?» + 25a?* + 24a?"+16««. 

34. ^{db-k-ad'^hC'^-cd), 35. 2(a2 + 2ac + c*+6*+2&<f + rf^. 

36. l + 6a?+15a?* + 20dj'+15a?* + 6j?«+a;*. 

37. l-12a?+60a;»-160«* + 240j?*-1924P*+64aJ». 

38. l+8J? + 2ai?* + 56a:'+70a?« + 66a?» + 2aB*+8af+a^. 

39. l-ai?» + 3x*-a:'. 40. i + ai?« + 6.r*+7a;*+6aj' + 3a?'<>+a?". 

XXXII. 1. 3a»6«. 2. 2ab, a -Aah\ 4. 2aftV. 
x%^ ^ ^^ ^ OoJ* •3a ^ a 



ANSWERS. 
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10. ^. 11. 4a +6^ 

14. 8a+3&<5. 16. iTT^-s-. 16. 



12. 7a'- 66. 13. 6«»+l. 
17. a;«+«+l. 



l-a?+aj"— V+«*. 



27. 

30. 2^:- 3y, 

33. a?+ 1. 

37. 61. 

41. 123. 

45. 6-42. 

49. 620-1. 

63. 12007. 

67. -76416. 



28. 



29. 1 + 0?. 



6a+2c' 2;i?-3 * 

18. l-a?+ar". 19. «' + 3;i?+8. 20. a/-2a?-2. 

21. l-2a?+3a7». 22. ^a^-x^-T.. 23. .a;*-aj7+2a*. 
24.j?'-a;r+&*.25.«"-6a^'+12;c-8. 26.a:* + 2aaj*-2a«j7-a'. 

2x 4x 3y 
3y bz 4z 
31. l-^+«'. 32. ar«-(a + 6)a?+a&. 
34. a^-xy+^. 36. 34. 36. 46. 
3a 72. 39. 87. 

42. 321. 43. 407. 

46. -914. , 47. 1234. 



60. 70-68. 61. 8-008. 

64. 604-06. 66. 1*8042. 

68. 443329. 69. -94868. 
'61. -66674. 62. '09233. 63. 412310. 
65. 18-63488^ 66. 119-66331. 

68. 12«» + 4y». 69. a?-a-6. 

71. a^-cuo-cfl. 72. 2x^ + 4cx-^K 
74. l-a?+«*-a;». 76. l+2ar. 

77. 27. 78. 36. 79. 64. 80. 61. 
83. 138. 84. 148. 85. 378. 86. 39-2. 87. 6-76. 
8a -604. 89. 1111. 90. '2765. 91. 45045. 92. 17479. 



40. 99. 

44. 65-5. 

4a 6420. 

62. •4937. 

66. 21319. 

60. 2-49 19a 

64. 11-36781. 

67. 2x + Zi/, 

70. w^+x+h 

73. l-Sx + Axl 

76. 3;c-l. 

81. 8a 82. 92. 



XXXIII. 1. 
6. a-«. 7. a« 



4. 100. 6. ^. 



^ 2 ^ 3 -i 

3- ^- 8' ^' 10- 

a a'\ 9. a-\ 10. a^T. 11. x^-^/ 
12. a-6. 13. ir' + 2a?* + ;i?-4. 14. ^« + l+a:-*. 15. a-»-l. 
16. a'-3a' + 3a"^-a"2. 17^ a' + 2aM + a6--a?^y^ 

18. x^ + J^y-xy^-p^' 19. x^-^x^y^ + x^p^+pK 



20. a^+aM+6*. 



21. 16a? »-12;p"»y-' + 9y 



»20 ANSWERS. 

22. iP+j/. 23 a*-aM + ft*. 24 a* + 5*-A 

25. ar* + 2ar'a* + 3a?*a+2«*a*+<i« 26. J-^^y^yK 

27. a?*-*2.»"*. 2a a?-2-ari, 29. «*-2a?i+;»i. 

30. 2jc* -3+4a?"*. 

XXXIV. L 7s/2. 2. 94^4. Z. 1^3. 4. ^. 

3 4 

^13^^ ^5|2 7.2 + 2^2-2^3. a 2 + ^^/6. 

9. 4+1^2. 10. 5 + 2^6. 11. ^'^'^^ ^ 

12. ^(l8 + 9^/6 + 4^/16 + 6^/10y . la 3+>/5. 

14. 3-^/7. 16. ^6+^/2. 16. y?- ^. 

17. <^3-j2. 18. 2 + 1^/3. 19. 1^/3. 20. ^10.* 

XXXV 1? ol?^?? a^ 

AJLAV. 1. g. z. j2» 8* 3' 4' 9" 27* 

4. 14,21. 5. 24,30. 6. 20,32.* 7. 1. 

8. 15,10. 9. 6, a 10. 35,42. 11. 4. 

12. -^. 13. 50,60,90. 14. 0,2:5. 
a-f5 ' * ' 

XXXVL 1. 14. 2. la 3. 15. 4. 12. 6. 4. 
6. 4. 7. 2, 2^. 8, 5. 9. 1, -1. 13. 45, 60, 80. 
14. 4,6,9. 





XXXVII. 1, 


4. 


a 


5 


:2. 




4. 


2. 


5. 4. 


6. 


5. 7. a 


a 


dbc. 




9. 






10. 


;£ll3i 


11. 


15. 12. 


^£15360. 















ANSWERS. 821 

XXXV^III. 1. 936. 2. 77i 8. 69. 4. 139|. 

5. 37i. 6. -^115. 7. H16, 18. a 14j, 14|,... 

9, 6J,6,... 10. -|, |,... 11. 10,4. 12. 82. 

la 6,9,13,17. 14. 5,7,9. 15. 1,2,3,4,5. 

16. 18, 19. 17. 7. 18. 6. 19. 1, 4, 7. 20. 1, 2. 

XXXIX. 1. 1365. 2. 13J. 3. 40j. 4. 63(^/2 + 1). 
665 463 3 ^4 2 .... 

5 41 212 657 

^^- 33* ^^- 3"33- ^^- 495- ^^1980' 

16. 4, 16, 64. 16. 8, 12, 18, 27. 17. -9, 27, -81, 24a 
18. 3, 12, 48; or 36, -64. 81. 19. 1, 3, 9,... 20. 3, 6, 12. 

XLl^^l 2 ^ ^ I 3S.i? 

4. J, j^, ^. 6. 6, 12. 6. 36, 64. 7. 1, 9. 8. 3, 9. 

XLI. 1. 134696. 2. 5040. a 126. 4. 30240. 

6. 11. 6. 1900. 7. 15504; 3876. 8. 27; 99. 

XLII. 1. a«-13a";p+78a"^...-78a«ajii+13aijM-a?". 
2. 243-810jjVl080;j?*-720aj* + 240a?'-3ai?^ 
a l-14y+84y«-280y« + 560y*-672y» + 448/-128y'. 

4. af +2w;»-»y+2n(»-l)«-V+ ~^— i^^^^— ^)«--y. 

6. l-f4p+2««-8a:'-5aj*+8ar'+2aj«-4fl^+a?'. 6. l + 5« 
+ 15«2+ 30i»» + 45a?*+ 51«»+ 45a:"+ 30;b'+ 15a^+ 6aj»+ a^\ 

7. l-8a?-f28«»-66a?»+704?*-56«"+28«»-&ir'+aj«. 

8.6922. 9.1590. 10.«=2,y=3,n=6. ll.a?=4,y=- , n=a 

__ 1 oT^x Za'^a^ 7a~Vdg' 77a" * ^ 
12..fli ^ j^g-. 

18. 1 + f+v + ^-r^- 14. l+2«?-f4j»-fai^i.... 

2 o 04 

T.A. a 



822 ANSWERS. 

17. a'^^lOa'%^^a-'^y^^'-^a^^^^ 

^®' TO • ^^^-^ 8 16' 

2«- 1^2-8-T6- 

XLIII. 1. 2042132. 2. 22600. a lllOlOOlOia 
4. 2076. 5. <4592. 6. Radix 8. 7. Eadix 6 

8. 9621; <^ 9. Radix 5. 10. eM, 

XLIV. 1. ^. 8. n=^. 

MisoELLAKBOUB. 1. 729,369,1,41. % 4L»-61y. 
3. 9-30j? + 87««-20«»+4a?*. 4. l+«-««-«*, 

l-;r+^-^. 5. ^^rr^- «• (^-9){9^-4). 
7. ?. 8. 3. 9. 240,360. 10. £2j X-2|. 

14. ia?-xy-il^. 15. ^~*~[ . 

59 

16. («-10)(*+l)(« + 3). 17. (^_io)(« + l)(;r + 3)- 

18. 6. 19. 7. 20. i-40. 21. 2a-26-ar-2y, 

rt + 3&4.4*-f4y. 22. XL 23. J?* -a*. 24.2+3-4. 

25. «»-2 26. ^5. 27. (16*3-1)(4P»-4). 

28. «. 29. 14#, 21*, 62J#. 30. lOa, 

81. 1. 32. (j»»-a«)(ai«-62), (4?-a)(a?-tX 



ANSWERS. 823 

35^ ^^y^r'^\ . 36. 1. 37. 4. 38. 2. 39. 30 minutea. 

2(3x- + y2) 

40. £18, ^£6. 41. 104P+104r. 42. 7d?»-2«y+y«, 

^a^-Qxy^1y\ l24P*-10d7»y-d;2y2 + 20«2^-12y*. 

43. a+ft-<J. 44. «■ + !. 46. -i^. 46. <««-4)(««-9). 

47. i^t2 , 48. 1. 49. ^. 60. 30lbfi. 

2*2 + J?-l 26 

61. 3a*-6o»&-12a262_^ + 354, 3a^-8««d-4aft"+368. 

62. 2ar-6. 63. 2. 64. (?±^. gs. 1.2. 66. 3; 6. 

67. 6; 8. 68. 4; 6; 2. 69. ^— ^-; j^^^. 

60. |. 61. -r*+^^.l + ^ + i. 

^^ 11^ + 2 „ 2/M? ftK X. r 

66. 2; 4. 67. 3; -3. 68. 3. ^9. 2. 

3ir-l 8 
70. 20;40yeart. 71. 1. 72. 2^3:^, 5- 

73. («-2)(^-l), (a^-2)(4P-6), (*-l)(^-6). 74. 0. 

76. -. 76. ^, t- ^7. 3 shiUings, 2 shillings. 
6 o «5 

7a 3««-*+l. 82. (j^-4y*)». 83. 3; -2. 

84. 6. 86. 47 or 74. 86. 46 gallons. 

87. 4a?»- 3^2 + 52/3. 88. 62 J. 89. 486409. 91. x-y. 

92. 8(;r» + ^;48(a^-y*). 93. ^^>f. 94.1. 96.4,6,6, 
96. 3, -|. 97. 20 miles. 98. Present price 3 pence 
per doaen. 99. 18 (l - gfc) J 1^. 100. 4. 8, 16. 



. 324 ANSWERS. 

101. «*-l, l+a?*+«*. 102. (««-a«)(«»-d»). 103. a. 
104.1. 105. 13, *^fj. 106. *3; *4; ^^5: 

or *3; *5; -p4. 107. 20 BhiUings. 

lOa 4a 109. -4-1-^. 111. ;if+l+ar--. 

2 

117. y 118. -a?-« 119. 612. 

,„ 2gy~gy-f a'- Softly 

121. 2ay,y4.g_5 . 122. 3«»-&!jy+2y«. 

123. « (3a? + 4) (a?- 6). 124. ^. 125. 2, |. 

I") 5 5 2 

126, »» -j;^,-. 127. 1, |;2; |. 129. 3. 

130. 8(3»-l). 131. -. 132. 2a?(3t? + 4X 

133. 4, -3. 134. aj»-a?-6=0. 135. af*=a* or ^. 

a* 

136. *2. 137. 819616. 138. 7-2 J3. 139.^^. 

•142. 197, 3«»-2;p^-5;i?-3. _ 143. a («« + ft«), ^^, . 

144. (1) 4. (2) 0, 5. (3) 6; 7. 145. (1) 3, g. (2) 8. 

(3) *7; ±5. 146. 16; 16. 147. 20. 14a 16, 24. 
149. ^,169. 160. A8 5tol. 151. «». 152. a«+4& ■ 

15a a?-a 164. (1) 5. (2) a Cs) 7; 4. 

156. (1) a (2) 9. (3) *9; i7. 166. 30 pence. 



ANSWERS. o25 

167. 80. 158. ^20. 15^. x-^ta. 

161. a, 21a-276 + 6<;, a""^. 162. Z{a-x). 

163. 72(j7-y)«(4?'+2^. 164. (1) 9. (2) 8. (^ 1% 

(4) 20; 2. 165. (1) 6, |. (2) 11. (3) *11, ±^3; 

±13, All. (4) ±2; -p1. 1,66. 12 days. 167. 4, 8. 168. ^^, 
170. 208; 400. 171. 236- 18a. 172. 2,p\x^. 

173. «8-3flw:« + 3a*a?-a» 174.(1)13. (2)4. (3) 6; 10. 
(4)3. 175. (1)?,4. (2) ±5; ±4. (3) *1, ±7; 

^1, i6. (4) 1, 6; 5, 1. 176. 16^^ minutes after 12. 

177. 36. 178. 40,23. 179. Se^l-I^), 

180. 7-^/6. 181. 15. 182. -^^-^i' ^^ ^^^ ^• 

(2) 6; 8. (3) 4^ -^. 185. (1) 13, -16. (2) 7. (3) 2, -1. 

186. 288,224. 187. 29 miles. 188. On the first day 
A won 8 games and lost 4 games. 190. —85^. 

l&»*+12;c»-43aj» + 36a?-18 6iC»-20aJ*+a?+36 



36. 



191. 



144 ' 4 



(2) 7. (3) 40; 16. 195. (1) |, -|- (2) IS- (3) 2,4; 

4(2. 196. 66infle8. 197. 24. 198. 23+15. 

199. cf-ab+V, a'+J*. 200. 2,4,8,16. 

^^- 3(7-2«) • '^^^ *^ * • (2+3*)" 

iTTO- 204. (1) 9. (2) f . (3) 6; a 



12 + &P-2&r^ 



.« " 



320 ANmVERS. 

2<NL 0) 7, |. (2) l|-4. (3) :k3; ^% 206. 10 mil0k 

S07. 24. 208. 6 erowns-f 18 ahilliiigs. 

a». 2j:«+2ajr-f 4^. 210. 7, 11, 16, ... 

SIL 3«»-2jrV-».3av»-C/. 212. - ** 

(3) 3; 6; 9. 215. (1) 3, -6. (2) ±7; *r>. (3) 2, 4; 4, 2. 
216. 114 of each. 217. 126. 2ia 21. 219. 11,12, 
13,14. 220. 3+2^/2. 221. a!« + «"+l, ]»a^+g:r-r. 

^ 6(Srb' i^c- ^- (7*-4)(3^-2)(*'-3;. 
224. (1)9. (2) 23; 19. (3)12; -24; 36. 225. (1) M, -3. 

(2)io(^-2oa (3)a^,-^^r^; ^^aSa«-y) - 

7 
226. ^ofamik. 227. «0a; 1000; 4000. 228. 2 hours; 

f)9t 

4honl«. 229. 2,5,8,.... 230. jg^^"**^' 

231 a^»^ b{ a* + b^ ^^-^ 

234. (1) 5, ^. (2) ^^. (3) 6; ±4. 235. 19. 

236. 160,60. 237. 40,60. 238. 1976. 

239. a'+a*6+a&*+6', a+26+3<;. 240. ^V*+84?V- 

241. 14^, ^^—-7—. .242. a? + a. 243. 105 shD. 
ling& 244. 64. 246. 3,6,8. 246. 6} per cent 

247. 2200. 248. ^, 249. 6-678, 1*234. 251. 2^-41, 



ANSWERS. 827 

262. a"-^', e. 253. a?(3a-f &»). 254. (1) 5. 

(2) 114; 77. (3) 0, |. 265. 112; 96. 256. ^ has 

;f 54D0, B has J7200. 257. 7; 13. 258. 80. 

259. 8; 6. 260. jCSO. 261. (^-^^hc. 

262. a?i«-l, -^,(2iC* + bo:»»-4aV-3a«;j?+2a*). 

1 1 a^—2a!+3 , „^_ /,n 3 

263. ^-*+l+i + ^- 264-2:?T5i^3''- '"'-^'^T- 

(*) 1. (3) 18; 9. 266. (1) 3, -2. (2) B, ^ . (3) 2, 3-; 3, 2. 

268. 45 shillings, 30 shillings. 270. a^ + g^S' ^~^'^^" 

0^,0 3(a2+^ 
271. 0. 272. aj2+3^ + 8. 273. ^2_^ » 

12a«-8a^-i-5a^ 4^ ^^, ^.(l-ar). 

275 bjc-^d)-^! «ir£±r:^. 276. (1)2. 

' ah(c+d)+a+c+d'' a^ + ax+a^ 

(2)U;7. (3)4;L«. ^77. (1) ^\ ^^ (2)4.7. 
(3)6. 278. 7 + 7 miles. 281. |^. 282. 2(a-6)(<;-«rf), 
-^- ^^-l^'-^- 284.(1)4. (2) 6; 4. 
(3) 6, ?. 285. (1) ^, ^. (2)20, -«,«, -|. (3) 1, g; 



-2' 19 



II. 286. Second boat 10 minutes. 287. 3 feet; 



n f 2 (w-l)^l 
2 feet 289. 18 feet 290. - |^-—+ -^--^J. 

aj24-3 
291. 0. 292. ft». 294. ^^^^^g . 



C28 ANSWERS. 

295. (1) 4. (2) 61; 73. (3) 16; a 296. (1) 7, -a 
(2) 7, -~. (3) 1,5. 297. 144 minutes. 

298. 4^ hours with the stream, 7^ hours against the 
streun. 299. •-^^^^'^2^' ^^* 3,-1. 



THE END. 



4 



^ 



